
ParametrizationQuantization with Free Boundaries
for TrimmedQuad Meshing

MAX LYON, RWTH Aachen University
MARCEL CAMPEN, Osnabrück University
DAVID BOMMES, University of Bern
LEIF KOBBELT, RWTH Aachen University

QGP, boundary-aligned
→ distorted elements

QGP, boundary-aligned
→ additional singularities

Our free-boundary generalization

Fig. 1. When generating quad meshes for given surfaces, alignment of the mesh to the surface boundary may or may not be relevant, depending on the use
case. Enforcing boundary alignment when this is not necessary, needlessly leads to lower mesh quality, e.g. distorted elements (left) or additional irregular
vertices (center). Trimmed quad meshing with non-aligned boundaries (right), enabled by our free-boundary generalization of integer grid map quantization
(QGP, [Campen et al. 2015]), avoids these issues and yields meshes of higher quality in such cases.

The generation of quad meshes based on surface parametrization techniques

has proven to be a versatile approach. These techniques quantize an ini-

tial seamless parametrization so as to obtain an integer grid map imply-

ing a pure quad mesh. State-of-the-art methods following this approach

have to assume that the surface to be meshed either has no boundary, or

has a boundary which the resulting mesh is supposed to be aligned to. In

a variety of applications this is not desirable and non-boundary-aligned

meshes or grid-parametrizations are preferred. We thus present a technique

to robustly generate integer grid maps which are either boundary-aligned,

non-boundary-aligned, or partially boundary-aligned, just as required by

different applications. We thereby generalize previous work to this broader

setting. This enables the reliable generation of trimmed quad meshes with

partial elements along the boundary, preferable in various scenarios, from

tiled texturing over design and modeling to fabrication and architecture,

due to fewer constraints and hence higher overall mesh quality and other

benefits in terms of aesthetics and flexibility.
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1 INTRODUCTION
Integer grid maps have been introduced as a versatile tool for the

generation of high quality quad meshes based on surface parametri-

zation [Bommes et al. 2013a, 2009; Kälberer et al. 2007; Tong et al.

2006]. Focus has often been on surfaces without boundary, or sur-

faces with boundary where quad edges coincide with the boundary

everywhere (boundary-aligned quad meshes).
For a variety of applications, e.g. in simulation, texturing, struc-

tural and architectural design (cf. Section 2), mesh or grid map

alignment to the surface boundary is neither necessary nor bene-

ficial – rather, it brings in needless distortion: the mesh could be

of higher quality (in terms of structural regularity, element shape,

element sizing, feature or curvature alignment) if it was not forced

to align with the boundary.

Unfortunately, straightforward application of the state-of-the-art

parametrization quantization algorithm for the robust generation

of integer grid maps [Campen et al. 2015] in a scenario without or
with only partial, selective boundary alignment leads to a number

of critical issues:
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� The method relies on amotorcycle graph partitionof the
surface into four-sided patches; without complete boundary
alignment, patches with more or less sides emerge (cf. Fig. 3).

� The method relies on these partition's patches being simply-
connected, disk-homeomorphic; without complete boundary
alignment, they can be of complex topology (cf. Fig. 3).

� The method relies on a parametric separation test to prevent
degeneracies; without complete boundary alignment, this test
yields false results, causing the parametrization to degenerate
or distort in an uncontrolled manner.

1.1 Contribution
We present a generalized quantization method for global seamless
parametrization to generate integer grid mapswithout enforced
boundary alignment. It is generic in the sense that it supports free
boundaries, aligned boundaries, as well as mixed, selectively aligned
boundaries.

On a technical level, the key innovation lies in generalizations or
replacements of the core components of the quantized global para-
metrization (QGP) technique of [Campen et al. 2015]. Concretely,
we propose the following:

(1) a domain partitioning algorithm that guarantees simply con-
nected four-sided parametrically rectangular patches also
in the presence of arbitrary boundaries; partial patches are
completed through virtual extensions in order to streamline
subsequent algorithmic stages. (cf. Section 4)

(2) a technique to guarantee the parametric separation of critical
points (singularities, features) � crucial for non-degeneration
of the resulting quantized map � also in the presence of sur-
face boundaries and with respect to these, as well as the
non-degeneration of boundaries themselves. (cf. Section 5)

(3) a replacement of the �nal parametrization computation by a
robust constructive technique, drawing from ideas of [Myles
et al. 2014] but reducing complexity and generalizing to set-
tings with non-aligned boundaries. (cf. Section 6)

A more detailed, technical overview of these contributions is given
after a recap of QGP in Section 3.

We show the correctness of our generalization to the free-boundary
setting, and demonstrate the increased �exibility and consequent
advantages of non-aligned parametrizations and meshes.

2 RELATED WORK
Parametrization-based Quad Mesh Generation.The generation of

semi-structured quadrilateral meshes through surface parametriza-
tion has proven to be a versatile approach. It supports automatic
and interactive work�ows as well as a multitude of local and global
constraints concerning the resulting mesh geometry and connectiv-
ity. This �eld of integer grid mapping has been an active research
topic for the past decade [Bommes et al. 2013a,b, 2009; Campen
and Kobbelt 2014; Ebke et al. 2013, 2014, 2016; Kälberer et al. 2007;
Kovacs et al. 2011; Liu et al. 2017; Marcias et al. 2013; Panozzo et al.
2014; Pietroni et al. 2011; Ray et al. 2010; Tong et al. 2006; Zhou et al.
2018]. It is based on �nding a locally injective map from a given

surface to the plane such that it pulls back the regular integer grid
from the plane onto the surface, implying a quad mesh. To this end,
the map needs to be seamless [Mandad and Campen 2019; Myles
and Zorin 2012] and certain values (parametric positions of extraor-
dinary vertices, translational components of transitions) need to be
integers, de�ning an integer grid map [Bommes et al. 2013a].

The discrete optimization of the integer degrees of freedom of
the problem (also referred to asquantizationof the map) is one of
the non-trivial challenges in this context. It has been addressed in
a variety of ways. For instance, a continuous relaxed version of
the problem can be optimized, followed by rounding/snapping to
nearest integers, either atomically [Kälberer et al. 2007] or incre-
mentally [Bommes et al. 2009; Nieser et al. 2011]. As this approach
is non-robust in general (the resulting integers may not admit any
non-degenerate integer grid map), advanced techniques have been
proposed as well. It was shown that a generic branch-and-bound
solver can be employed [Bommes et al. 2013a] for robustness. A
special purpose optimization strategy tailored to the problem and
guided by its geometric nature was subsequently proposed [Campen
et al. 2015]. It was shown to be faster by several orders of magnitude
in challenging cases. Unfortunately, this latter method does not
support parametrizations with non-aligned boundary.

After the integer degrees of freedom have been settled, an integer
grid map can be obtained via standard (non-convex) locally injective
parametrization optimization or, more robustly, using the �nal para-
metrization construction step of [Myles et al. 2014]. However, this
step likewise requires complete boundary alignment; non-aligned
boundaries are not supported.

Our method is most closely related to the latter two works [Campen
et al. 2015; Myles et al. 2014]; it can be viewed as a combination of
their respective robustness bene�ts in the context of a generalization
to the selective boundary alignment setting.

Other Quad Mesh Generation Paradigms.Our focus in this pa-
per is on meshing using integer grid maps. A large number of
other paradigms, with di�erent properties, bene�ts, and limitations,
have been proposed for the generation of quadrilateral meshes. An
overview of the various approaches is given by a number of surveys
[Armstrong et al. 2015; Bommes et al. 2013b; Campen 2017; Owen
1998; Shimada 2006].

Worth noting particularly for the non-boundary-aligned setting
are the classes of methods based on local/periodic parametrization
[Huang et al. 2018; Jakob et al. 2015; Ray et al. 2006; Schertler et al.
2017] or on Morse-Smale complexes [Dong et al. 2006; Fang et al.
2018; Huang et al. 2008; Ling et al. 2014; Zhang et al. 2010]. These
naturally support the free-boundary setting � enforcing alignment
actually requires extra measures. Our work provides an enrichment
of the �eld by enabling integer grid maps to robustly and e�ciently
be used in that setting as well. Due to their di�erent properties and
speci�c bene�ts, additional use cases can be covered. For instance,
any kind of non-local constraints � like global mesh connectivity
constraints [Myles et al. 2010] and global holonomy prescription
[Crane et al. 2010] � are inherently di�cult to handle and not sup-
ported by current methods based on periodic parametrization or the
Morse-Smale approach; precise control over extraordinary vertices
likewise is an issue. A further bene�t due to the integer grid map
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based approach is the immediate availability of a continuous, locally
injective surface parametrization from the result, useful for applica-
tions beyond mesh generation. If other mesh generation techniques
are used, some additional e�orts may be necessary to this end.

Motorcycle Graphs.A central component of QGP as well as of
our method is the parametric motorcycle graph, a variant of a con-
struction proposed by [Eppstein and Erickson 1999]. We extend it
in order to deal with free boundaries in a manner suitable for our
purpose. This concept has also been used for quad mesh partitioning
[Eppstein et al. 2008; Gunpinar et al. 2014], �eld-guided parametri-
zation [Myles et al. 2014], quad layout construction [Raza�ndrazaka
et al. 2015], and texturing [Schertler et al. 2018].

Applications of Non-Boundary-Aligned Grid Maps and Quad Meshes.
One of the key application scenarios of quad meshes lies in the con-
text of the Finite Element Method. Numerous extensions of this
method to partial elements were proposed that facilitate dealing
with and bene�ting from interfaces and boundaries cutting through
elements, e.g. X-FEM [Fries and Belytschko 2010; Nicolas et al. 1999],
IGFEM [Kedi et al. 2015], CBF-FEM [Gu et al. 2011]. The texturing
of objects (whether for virtual use or for physical fabrication) using
a tiled texture or structure templates relies on grid parametrizations
[Akleman et al. 2005]; alignment to the surface boundary can be
unnecessary and would only needlessly incur distortion. Also in
the context of architectural design, quad mesh structures without
boundary alignment are of relevance, cf., e.g., [Pottmann et al. 2008;
Zadravec et al. 2010]. For the reconstruction of surfaces on the basis
of trimmed versions of NURBS [Farin and Hansford 2000], NUR-
CCS, or other parametric representations, likewise a non-boundary-
aligned regular or semi-regular grid-like surface parametrization
builds the foundation.

3 OVERVIEW & RECAP
As our method is based on the high-level strategy of the quantized
global parametrization (QGP) algorithm of Campen et al. [2015], in
the following we summarize the this algorithm's key aspects; we
refer to the original publication for further background. We then
explain the issues that prevent it from handling the non-boundary-
aligned setting and give an overview of our novel solutions.

3.1 Recap of QGP
Input to the method is a surface triangle meshM with a (non-
quantized) seamless parametrizationF . Seamlessness in this context
refers to the parametrization being related by certain rigid transi-
tions across a cutgraph on the surface. The method then proceeds
in four main steps:

(1) Based on the input parametrizationF a motorcycle graph
[Eppstein et al. 2008] is constructed onM by simultaneously
tracing iso-curves starting from all singular points of the
parametrization. These traces form the arcs of a graph that
partitions M into patches, cf. Fig. 2. In the case of the sur-
face being closed or the parametrization being aligned to its
boundary, the resulting partition is guaranteed to consist of
four-sided disk-homeomorphic patches only. Parametrically,
all these patches are rectangles.

Fig. 2. Exemplary motorcycle graph on a closed surface. Arcs are depicted
in black, extraordinary nodes in red (degree 3) and blue (degree 5).

(2) A quantization, i.e. an assignment of integer lengths to all mo-
torcycle graph arcs, is constructed. It needs to be consistent
(each patch needs to remain rectangular under these newly
assigned lengths) while resembling the initial parametric arc
lengths as closely as possible. It is constructed through an it-
erative greedy strategy that incrementally optimizes towards
this goal while maintaining consistency throughout. The
atomic operations that are used for consistency-preserving
modi�cation consist of equally increasing or decreasing the
assigned lengths of each arc crossed by an elementary circuit
of the dual graph of the partition.

(3) Besides consistency, another property is required of the quan-
tization: certain critical points (singular points, feature points,
boundary points) must be parametrically separated, i.e. their
distance in terms of the newly assigned integer arc lengths
must be greater than zero. Otherwise the quantization would
imply degeneracies or inversions in the �nal integer grid
map. Hence, after an initial phase where all arcs are assigned
strictly positive integers, all further tentative modi�cations
are only performed after passing a separation-preservation
test concerning all involved critical points.

(4) Finally, a new parametrization ofM is constructed, constrain-
ing parametric distances between pairs of critical points to
the integer values given by the quantization (and one such
point to the origin), yielding the �nal integer grid map.

3.2 Boundary Issues
The de�nition of quantization consistency, the de�nition of the
dual graph, the separation-preservation test, as well as the �nal
re-parametrization � these key ingredients of the above algorithm
all rely on the partition's patches being simply connected four-sided
rectangular patches:

De�nition 3.1 (Rectangular Patch).A patch of a surface embedded
graph, bounded by its arcs and/or the surface boundary, is called
rectangularif it (modulo transitions across cuts) is mapped by the
parametrizationF bijectively onto an axis-aligned rectangular do-
main in the plane.
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