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Embedding Optimization of Layouts via Distortion Minimization
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Figure 1: We propose a method for optimizing the embedding of a given layout. As input, we expect a target surfaceT , a layout connectivity
L , and an initial embedding ofL in T . Our method strictly preserves the connectivity prescribed byL throughout the optimization process. By
repositioning layout nodes, it improves the geometric quality of the embedding from which downstream applications such as quad meshing can
directly bene�t.

Abstract
Given an embedding of a layout in the surface of a target mesh, we consider the problem of optimizing the embedding
geometrically. Layout embeddings partition the surface into multiple disk-like patches, making them particularly useful for
parametrization and remeshing tasks, such as quad-remeshing, since these problems can then be solved on simpler subdomains.
Existing methods can either not guarantee to maintain patch connectivity, limiting downstream applications, or are specialized for
quad layout optimization, relying on principal curvature information. We propose a framework that balances per-patch distortion
minimization with strict connectivity control through an explicit representation. By inserting additional nodes along layout
arcs, they can be embedded as piecewise geodesic curves on the surface. This sampling of arcs provides additional �exibility
where required, enabling joint optimization of both node positions and arc embeddings. Our representation naturally supports
a multi-resolution work�ow: optimization on coarse meshes can be prolongated to high-resolution inputs. We demonstrate its
effectiveness in applications requiring connectivity-preserving, low-distortion surface layouts.
Code will be available athttps://github.com/7-AlexH/layout-embedding-optimization .

CCS Concepts
• Computing methodologies! Mesh models; Mesh geometry models;Shape modeling;

1 Introduction

Layout generation,i.e., the process of partitioning a surface into a
coarse network of disjoint disk-topology patches, is a key ingredient
in many applications such as parametrization, quad meshing, or
shape correspondences. As such, signi�cant effort has been poured

into the fully- or semi-automatic generation and optimization of
layouts for surfaces.

While the precise role of layouts may differ depending on the
application, their main objective is to capture the structure of a
complex surface and dividing it into smaller, more manageable parts.
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Although there is no universally accepted de�nition of a good layout
embedding, commonly desired properties include embedded arcs
that follow principal curvature directions and, most importantly,
near-developable patches that yield low-distortion uv-maps.

In the context of surface parametrization,e.g., for texturing, lay-
outs specify the cuts of the curved surface. The placement of these
cuts has a signi�cant impact on the quality (i.e., the distortion) of the
�nal parametrization. Typically, the connectivity and geometric em-
bedding are constructed from scratch. A prominent example is the
approach by Sharp and Crane [SC18], where the layout connectivity
evolves freely during optimization while minimizing parametriza-
tion distortion.

While such freedom in connectivity can be advantageous for
parametrization, it limits applicability in tasks like quad meshing
or shape correspondence via joint layout, where explicit control
over the layout connectivity is essential. This highlights the need for
approaches that balance geometric quality with structural control,
depending on the target application.

In quad layout generation, the initial connectivity is typically
established by connecting singularities in a guiding direction �eld
and then quantizing the resulting connections. Geometric optimiza-
tion is subsequently performed in the parameter domain over the
layoutarcs, i.e., theuv-isolines. The positions of quad mesh sin-
gularities, corresponding to layoutnodes, are usually moved only
a posteriori through simple smoothing [LCK21b]. A more sophis-
ticated alternative was introduced by [CK14b], who propose an
alternating optimization scheme between a global parametrization
and the placement of singularities. Their method is tailored to quad
layout optimization, as it explicitly leverages alignment with princi-
pal curvature directions without explicitly considering the shape of
patches.

We aim to �ll the gap and propose a method for embedding
optimization of layouts driven by a patch-based objective func-
tion, in the spirit of Sharp and Crane [SC18], while retaining
explicit control over layout connectivity. In contrast to Campen
and Kobbelt [CK14b], all degrees of freedom in our formulation
live directly on the surface, enabling simultaneous optimization of
node and arc embeddings. By representing layout arcs aspiecewise
geodesics, as in Nomaet al. [NSS*24], we control the �exibility of
arcs and allow alignment with curved regions.

Our main contributions are:

� an explicit representation for layout embeddings (Section3.2),
enabling connectivity maintenance throughout optimization,

� an auto-differentiable evaluation procedure for a layout embed-
ding state (Section4),

� a patch-based objective function penalizing parametrization dis-
tortion that is differentiable w.r.t. boundary shape parameters
(Section5), ensuring patch-shape-aware gradients,

� an optimization strategy for handling the non-convex energy land-
scape of the patch-aware objective (Section6).

In Section7, we compare our method to [SC18] and [LCK21b], and
demonstrate its effectiveness on downstream applications,i.e., quad
meshing and shape correspondence.

2 Related Work

Research onlayout generation and embeddingconnects to several
neighboring areas, in particularcone and cut placementin surface
parametrization, and the large body of work onparametrization.
We review representative approaches in each category that are most
relevant to our setting.

Layout Generation. A wide range of methods address layout gen-
eration on surfaces. Depending on the application, layouts may
be triangular [SAPH04; SCBK20] or quadrilateral. Quad layouts
can be obtained through T-mesh quantization [LCK21a; LCK21b],
without quantization [CDH*24; PPM*16], or guided by auxiliary
structures such as skeletons [PBS22; ULP*15]. Other approaches
generate polygonal-patch layouts [PNA*21], while interactive tools
allow user-driven design [TPSS13; CK14a]. For a detailed survey
of quad layout techniques, see [Cam17]. In general, these methods
simultaneously determine the combinatorial structure of layouts and
compute a geometric embedding. The resulting layout embeddings
can serve as input to our method.

Layout Embedding and Optimization. In applications such as
compatible quad remeshing or inter-surface mapping, a prescribed
layout must be embedded into a target surface. Greedy approaches
[PSS01] have been explored, as well as a branch-and-bound algo-
rithm focusing on the topology of the embedding [BSK21]. Once
the connectivity is �xed, research has focused on optimizing the
geometry of the embedding, commonly via global parametriza-
tion [TPP*11; LCK21b]. Singularities are generally �xed at this
stage and only smoothed afterwards, with the exception of [CK14b]
and [LNTC24]. In [CK14b] both the singularity placement and
parametrization are optimized for curvature alignment. As the
method relies on curvature alignment, it is only suitable for quad
layout optimization and dif�cult to apply in the presence of noise.
[LNTC24] proposed a framework for optimizing layout embeddings
using objectives based on the geodesic lengths of embedded arcs.
We follow a similar embedding approach for layout arcs. While their
method effectively reduces patch deformation, it tends to distribute
the remaining deformation uniformly across all patches. In contrast,
our approach allows modi�cation of the parameter domain, which
can be interpreted as changing the rest shape. Additionally, their
method requires patches to be approximately intrinsically �at.

Cone and Cut Placement.Conformal parametrizations preserve
angles but not areas, motivating numerous approaches for cone sin-
gularity placement [LFZ*23b; LFZ*23a; FOL*21]. These methods
aim to minimize area distortion while controlling the number of
cones. Cone placement concentrates curvature in isolated points,
whereas cut placement distributes it along seams. Approaches range
from user-guided [LDB17] to automatic [SC18]. In [SC18], an im-
plicit representation is used, limiting their approach to valence-3
singularities. Further, patches may appear or disappear during the op-
timization process. These aspects make it unsuitable for approaches
where the layout connectivity needs to be preserved.

Parametrization. Parametrization techniques complement layout
and cut-based approaches by optimizing embeddings locally within
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patches. The main objective is to obtain typically planar embeddings
with low distortion. This problem has been studied extensively with
methods ranging from linear formulations to non-convex optimiza-
tion minimizing various distortion measures [SS15]. A comprehen-
sive overview is provided by Shefferet al. [SPR06]. In the context
of quad meshing, direction-�eld-aligned parametrizations are most
common [BZK09]. More recently, Cormanet al. [CC25] introduced
a non-linear formulation for rectangular parametrizations. Due to its
non-linearity, it is not ef�ciently applicable in our framework.

Note that our setup is an inversion of the typical parametriza-
tion problem: we search for patches corresponding to a prescribed
parametrization domain, allowing us to promote a speci�c shape for
the embedded patches, rather than �nding a parametrization for a
given patch.

3 Layout Embedding

A layoutL is an abstract 2-dimensional cell complex: a combinato-
rial description of a 2-manifold surface, with no geometric informa-
tion attached to it. Its connectivity is de�ned by a simple, connected
graphL = ( N ;A ), with nodesN andarcsA . Additionally, a layout
speci�es cyclic orderings of arcs around each noden, which induce
a set of layout patchesP and their adjacency. The layoutL uniquely
determines the topology of the surface represented byL , including
its genusg.

As target surfacesT , we consider orientable, closed 2-manifold
surfaces of arbitrary genusg. (See SectionB, for modi�cations
needed to handle surfaces with boundary.) For a layout to serve as a
valid blueprint of a target surface, their topologies must coincide, in
particularg(L ) = g(T ).

In the continuous setting, an embeddingM : L ! T is a map
that realizes the combinatorial structure ofL on T . Speci�cally
[BSK21]:

� Every noden 2 N is mapped to a distinct pointM(n) 2 T .
� Every arca = ( n1;n2) 2 A is embedded as a continuous path

M(a) onT with M(n1) andM(n2) as endpoints.

A layout embedding isvalid if the following conditions hold:

� The cyclic order of arcs around each node, or equivalently, the
patch adjacency, is preserved.

� No two arcs intersect except possibly at shared endpoints.
� The embedded arcs partition the target surfaceT into patches

each homeomorphic to a disk.

3.1 Problem Statement

We address the following problem: Given a layoutL , a target sur-
faceT , and an initialvalid embeddingM0 (see sectionC), �nd an
embeddingM� that minimizes a given objective functionE:

M� = argmin
M

E(M);

subject to the constraint that the embedded path of each arca re-
mains in the same homotopy class as prescribed byM0(a), i.e., the
embedded arc winds around the surface handles in the same way and
with the same number of twists. The objectiveE(M) integrates over
the patches and arcs ofL on T and is customizable. Our speci�c
formulation is introduced in Section5.

3.2 Discrete Representation

In practice, we use discrete representations of target surfaces and em-
beddings. A target surfaceT is given by a triangle mesh(V;E;F ),
with verticesV, edgesE and facesF . We denote the 3D positions
of vertices of the target surface bypv 2 R3 for vertexv.

The layout connectivityL is speci�ed by its set of nodesN , arcs
A and patchesP . Following [NSS*24], each arc is embedded as a
piecewise geodesic curve onT . To this end, we sample each arca,
introducing additional nodes that are inserted intoN and thereby
subdivide the corresponding arc inA . Nodes can be identi�ed by
their valence, with sampled nodes having valencedeg(n) = 2 and
original corner nodes at patch junctions having valencedeg(n) � 3.
(In SectionB, we discuss modi�cations to handle T-junctions.)

We represent an embeddingM of a layoutL into a target surface
T as a tupleM = ( j ;G) (see Figure2), with

j : N ! F � R2; (node-to-surface map)

G: A ! g(a) � T : (arc-to-curve map)

The node-to-surface mapj assigns to each node ofL a position on
the surfaceT , encoded as barycentric coordinatesl 2 R2 in a face
f 2 F of the target mesh. (To be precise, barycentric coordinates
for points inside a triangular face are2 R3 and add to one.) The
barycentric coordinates of nodes withinf constitute the continuous
degrees of freedom of our embedding representation.

The arc-to-curve mapGspeci�es, for each arca of L , a geodesic
curveg(a) embedded in the target surfaceT , connecting the end-
points of arcs. The initial curves are provided by a method of choice
[MMP87; SC20].

Figure 2: Embedding representationM(L ). For a given layoutL ,
j maps the magenta layout nodes (deg(n) � 3) and sample nodes
(deg(n) = 2) to a face on the target surfaceT . The arc embedding
is provided byG, making the representation intrinsic.

4 Differentiable Evaluation of Layout Embeddings

Starting from a given embedding stateM = ( j ;G), in this section,
we discuss how to evaluate the objective functionE(M) in a auto-
differentiable manner, enabling the computation of gradients w.r.t.
the embedding's degrees of freedom,i.e., the node embeddings,
which can then be optimized. We collect these degrees of freedom
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(a) (b) (c) (d)

Figure 3: Obtaining the overlay tessellation. (a) Collection of target faces not touched by layout arcs (blue) and layout faces that lie entirely
within a single target face (magenta). (b) Insertion of intersection points (petrol) and collection of polygons bounded by intersection points
and target vertices (green). (c) Collecting polygons bounded by layout nodes (orange). (d) Ear clipping of polygonal faces.

in x := j (N ). The geodesics de�ning the arcs and patches are
determined implicitly by the positions of the embedded nodes. The
objective depends not only on the positions of the nodesN and the
geometric embedding of the arcs, but also, crucially, on the geometry
of the patches induced by the embedded layout (see Section5). To
ensure differentiability of the resulting patch embeddings derived
from M, all operations are designed to allow the computation of
derivatives with respect tox.

Overview. The goal is the extraction of theoverlay O =
(VO ;EO ;F O ), i.e., the common triangulation of the target surface
T and the embedded layout induced byM = ( j ;G). The overlay
enables us to compute the objective function as sum over piece-
wise linear elements of the overlay mesh. The overlay computation
consists of three stages:

(1) Overlay Geometry: We extract the overlay geometry by identi-
fying intersection points of arcsa and target mesh edges along
the triangle strips traced by their geodesicsg(a), see Section4.1.

(2) Tessellation:We adapt the tessellation ofT so that it aligns
with the embedded arcs, yielding a triangle mesh overlayO, see
Section4.2.

(3) Patch Extraction: We assign each resulting overlay facefO to
its corresponding layout patch, see Section4.3.

The overlay provides the combinatorial and geometric backbone
for evaluatingE(M). During the construction, we carefully track
references to the original structures,e.g., which triangles of the
overlay constitute the original triangles of the target and which
edges correspond to the embedded layout arcs. These references are
needed for the evaluation of the objective function.

4.1 Overlay Geometry

The positionspn 2 R3 of nodesn on the target surface are obtained
directly from the barycentric interpolation of face-vertex positions
provided by the node-to-surface mapj . The remaining construction
can be carried out independently for each arca 2 A as follows:

(1) On triangle meshes, geodesic paths are piecewise linear, with
segments lying within faces or along edges. From the geodesic
g(a), we extract the ordered triangle strip that supportsg(a)

on T . We embed the strip inR2 by isometrically unfolding
(“puzzling”) its triangles. Ifg(a) passes through a vertexv 2 V ,
the one-ring of faces aroundv is conceptually split along the
path ofg(a) giving rise to two half-sectors atv. We select one
of the two half-sectors and include it in the strip. For these
vertices, the half-sector cannot be embedded isometrically due
to nonzero Gaussian curvature at a vertex traversed byg(a). For
these faces, we fallback to a greedy embedding approach (see
SectionA).

(2) To maintain differentiability, intersection parametersa 2 (0;1)
are computed from arc-edge intersections for this planar embed-
ding of the unfolded strip.

(3) We map the intersection points back toT and assign them
differentiable positions inR3 based on the intersection edge and
parametera. Together with the node embeddings fromj and
the target vertices, they constitute the overlay vertices used in
the subsequent tessellation.

4.2 Overlay Tessellation

The overlay tessellation is a layout compatible tesselation of the
target surface. To obtain the overlay tessellation, we start by carrying
over all target triangles that are not intersected by the embedded
layout, and collect all layout patches that lie entirely within a single
target triangle, see Figure3a. For faces intersected by layout arcs,
we proceed per target facef 2 F :

(1) We begin by inserting the intersection points (Figure3b). Then,
we collect all polygons (green) bounded by the intersection
points and vertices of the target mesh.

(2) Further, we collect the polygonal faces bound by intersection
points, vertices and layout nodes (orange), see Figure3c.

(3) Lastly, we triangulate all collected polygons. Since the polygons
may be concave, we apply ear clipping to produce the overlay
facesF O and overlay edgesEO (Figure3d).

4.3 Patch Extraction

Since we track the correspondence between layout arcs and overlay
edgesEO , we can recover the patches induced by the layout embed-
ding. We mark overlay edges that correspond to layout arcs as patch
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boundaries and then perform a �ood �ll over the overlay faces to
obtain the set of layout patches, where each overlay face receives
the label of its corresponding layout patch.

5 Objective Functions

In Section4, we have successfully extracted the overlay tesselation
and geometry from a given embedding stateM together with a
patch labeling per overlay facefO . To make the explanations more
accessible, we present the objective functions in terms of overlay
mesh elements. It is worth noting that there is a connection to
the layout and that the derivatives of the objective functions are
computed with respect to the variablesx.

While the objective function can be customized for each appli-
cation and need, we propose an objective based on parametrization
qualityEdist(O) (Section5.1), and a regularization termEalign(O)
aligning the patch boundary with a given direction �eld (Section5.2).
The �nal objective is the weighted sum of both terms:

E(M(L )) = E(O) = wdistEdist(O) + walignEalign(O):

5.1 Parametrization Distortion

In the usual parametrization setting, the goal is to map a surface
patch onto a 2D domain. Here, we consider the inverse: starting
from a planar domain, we want to determine the best placement of
boundaries, which correspond to the embedded layout arcs, for a
given boundary shape. For simplicity, we focus on quad layouts,
though the approach can be extended to general polygons with only
minor adjustments, see SectionB.

Figure 4: We compute a planar parametrization for a given patch
P i

O in the overlay. Note that we prescribe the shape of the parameter
domain, i.e., a rectangle, but not its dimensions. The latter are part
of the optimization.

Let P i
O denote theith quadrangular patch in the overlayO with

the boundary originating from the embedding of layout arcs connect-
ing four corner nodes(deg(n) � 3), see Figure4. We heuristically
determine the dimensions of the corresponding planar rectangu-
lar domain by averaging the embedded lengths of opposite arc
sequences. Using these dimensions as boundary conditions, we
compute a harmonic parameterizationF : R3 7! R2 by solving two
Laplace equations:

L
�

ui
ub

�
=

�
0

u�
b

�
and L

�
vi
vb

�
=

�
0
v�

b

�
;

whereui andvi collect the uv-coordinates of the interior vertices
of the patch, andub;vb correspond to the vertices along the rect-
angular boundary subject to boundary position constraintsu�

b;v�
b.

The boundary constraintsu�
b;v�

b are obtained by local arc-length
parametrization along the boundary arcs. For the LaplacianL, we
use the standard cotangent discretization. Note that in practice, the
system is reduced by incorporating the boundary conditions into the
right-hand side.

The geodesic length of the embedded arcs is computed in a dif-
ferentiable manner. The same holds for solving the two linear sys-
tems to computeF . Thus, the dimensions of the rectangle and the
parametrization are implicitly part of the optimization.

A wide range of distortion measures based on the map Jacobian
JF 2 R2� 2 are available. Letsmin andsmax be the singular val-
ues of JacobianJF , we use the following point-wise objective for
promoting isometry, similar to [APL14]:

eiso(JF ) =
�

1
smin

� 2

+ ( smax)
2:

Further, we use a separate term for promoting area preservation:

earea(JF ) = ( 1� sminsmax)
2 : (1)

With F de�ned in a piecewise-linear manner, we have piecewise-
constant JacobiansJF ( fO ) per overlay facefO . Thus, for the entire
patchP i

O , the distortion energy is given by integrating over the
overlay surface:

Edist(P
i
O ) =

Z

P i
O

wisoeiso(JF ) + wareaearea(JF ) dA

= å
fO 2P i

O

j fO j(wisoeiso(JF ( fO )) + wareaearea(JF ( fO ))) ; (2)

wherej fO j is the area offO in R3.

In parametrization and shape matching, the well-known symmet-
ric Dirichlet energy (SDE) is typically used as the objective. Our
setup, however, differs from classical parametrization approaches,
making this objective unsuitable. The SDE measures the distortion
of both the mapF and its inverseF � 1. Hence, part of the integra-
tion is performed over the parameter domain. Consequently, this
formulation would introduce an incentive for patch shrinkage. Since
we aim to preserve patch connectivity, the collapse of patches must
be avoided. While the non-symmetric variant of the Dirichlet en-
ergy could be considered, we found that having �ner control over
distortion is more bene�cial in our setting. In this sense,eareacan
be viewed as a regularization term: ifF must introduce distortion, it
should do so in an area-preserving manner.

For the entire overlayO the distortion energy reads as:

Edist(O) = å
i

Edist(P
i
O ):

5.2 Principal Direction Alignment

Our patch-based objective tends to place the layout arcs in regions
of high Gaussian curvature. For some applications, it is desirable to
control the shape of the boundary further, following the principal
curvatures of the surface. To this end, we formulate a direction �eld
alignment term.

We compute a smooth face-based4-rosydirection �eld on T
based on the principal curvature directions. This can be done with a
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Figure 5: Steps of our embedding optimization. (a) For a given embedding M(L ), we evaluate the gradientr xE. (b) Using the gradient
information, we compute update directionsu (petrol directions). (c) Using the Levi-Civita connection of the surface and the directionu, we
updatej . With the updated mapj , we recompute the geodesic connectionsGfrom scratch and the process is repeated. After convergence (d),
we obtain the �nal embedding M� (L ), ready to be used in downstream applications.

method of choice [KCPS13; PCS24]. Following the representation
in [KCPS13], the �eld orientation is represented by a single complex
numberz� ( f ) 2 C per target facef 2 F . The �eld orientationz�

is found by raising any of the four �eld directions to the4th power,
effectively making directions differing by90� indistinguishable
from each other.

Using this smooth direction �eld, the objective can be formulated
per overlay edgeeO 2 EO (A ) originating from a layout arc. First,
we look up the target facef , in whicheO is embedded. The direction
of the edge is computed w.r.t. the reference edge and raised to the4th

power, yieldingz2 C. Now, z is compared to the target orientation
z� ( f ), so the alignment term is given by:

Ealign(A ) =
1

jEO (A )j

Z

A
ealign(s) ds (3)

=
1

jEO (A )j å
e2E O (A )

jej
�
z� z� ( f )

� 2; (4)

wherejej is the length of an edge in the overlay mesh inR3 and
1

jEO (A )j normalizes by the total length of embedded arcs.

6 Optimization Strategy

With the construction in Section4, we compute derivatives of the
objective function in Section5 for optimization w.r.t. the degrees
of freedomx = j (N ) associated with the nodesN of the layout.
In this section, we discuss the optimization procedure depicted in
Figure5.

Momentum Estimation. Our objective function is non-
convex and not continuous. To mitigate the effects of deriva-
tive discontinuities, we use a momentum-based gradient-

descent procedure. After computingr (i)
x E at iteration i via

backpropagation usingLibTorch [AYH*24], we compute
the update directions similarly to VectorAdam [LSJ22].
In the original formulation, the gradi-
ent directions are de�ned in ambient
space. Since our variablesx are re-
stricted to the tangent space of the
surface, special care has to be taken when updating the �rst and
second moments. They must be expressed in the same tangent space
as the gradient, which can be achieved using parallel transport (PT)
via the surface's Levi-Civita connection [dGDT16]. More precisely,
whenever we move from one triangle to another (when applying
an update step), we unfold the triangles (see inset �gure). In the
unfolded setting, the transport of vectors, corresponding to the opti-
mizer's state (magenta), is a simple parallel transport (petrol).

Update of j and G. We update the vertex-to-surface mapj as
follows:

x(i+ 1)  PT
�

x(i); s� u
�

r (i)
x E; i

��
;

wheres is a user-de�ned step-size. The update directionu is com-
puted by our adapted VectorAdam strategy, which is also expressed
in tangent space of the target surfaceT . Since the nodesx(i) are
restricted to the surface, we have to trace the update vectoru along
the target surface via the same parallel transport operator used above
to obtain the new positionsx(i+ 1) on the target surface. After updat-
ing the mapj , the piecewise geodesic embedding of the layout arcs
A is recomputed.

Arc Resampling.After several optimization iterations the samples
are unevenly distributed along arcs. In regions with fewer sample
points, the �exibility of the arcs is reduced. In regions with denser
samples, the probability for self-intersections after an update is
higher. In order to maintain �exibility and a larger step-size, we uni-
formly re-sample the arcs after a certain number of iterations. Since
this introduces new optimization variables, we have to re-initialize
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the optimizer's state for all degrees of freedom. To mitigate the effect
of noisy gradient directions, we scale downs after re-initialization
and linearly increase it to the original step-size over several itera-
tions, effectively implementing a warm-up strategy. To avoid costly
backtracking in the case of intersecting embedded arcs, we remove
sample nodes whose geodesic distance to an adjacent node falls
below a threshold. To preserve patch neighborhood relations, layout
corner nodes with deg(n) � 3 are not merged.

Patch Validity. To avoid the collapse of a patch, we enforced a
minimum side length for the sides of the parameter domain. While
the described strategies (resampling, collapsing and minimum side
length) do not guarantee that arcs remain non-intersecting and that
patches don't collapse after an update, we rarely observed the need
for backtracking in practice when using a suf�ciently small step size
s.

7 Evaluation and Applications

In the following, we evaluate the proposed method for layout em-
bedding optimization. Figure6 presents a collection of results. We
begin by analyzing robustness with respect to the initial embedding
and noise (Section7.1). Further, we compare our objective function
to an alternative choice and highlight the effect of the direction-
�eld alignment term (Section7.2). In Section7.3, we demonstrate
that optimized layouts can be transferred across different mesh res-
olutions. We show that our method preserves the combinatorial
structure of layouts and compare it to the approach of Sharp and
Crane [SC18] (Section7.4). Further, we present applications where
the improved embeddings are bene�cial,i.e., quad meshing and
inter-surface mapping, and compare our method to alternative ap-
proaches (Sections7.5and7.6). Lastly in Section7.7, we report on
the performance of the algorithm .

Evaluation Setup.For all experiments, we isotropically retriangu-
late the input surfaces and normalize their total area to 1. The opti-
mization is primarily driven byEdist with a �xed weightwdist = 1:0.
The individual weights were set towarea = 0:5 and wiso = 0:5,
which yielded consistent results. The alignment term is mostly used
for regularization, with weights0:0 � walign � 0:5. Most commonly,
we usedwalign = 0:1.

For Adam optimization, we useb1 = 0:9, b2 = 0:9, and� = 10� 8,
with a maximum step size ofs = 1:5 � 10� 3 combined with a
warmup strategy.

Resampling is performed with a target edge length dependent on
the input surface, typically around 0.03, but each arc is subdivided at
least once. Resampling is initially applied after 5 iterations and then
the interval is always increased by 15 iterations after resampling.
This schedule allows us to preserve the optimizer's internal state
for longer, when updates become smaller and resampling is less
necessary.

The initial embeddings are either created manually or derived
from a given quad mesh. Quad meshes are computed using the
method of Lyon et al. [LCK21b]. Note that our approach can be
integrated into the pipeline of any quad-meshing algorithm, prior to
the extraction of the quad mesh.

7.1 Robustness

We evaluate the robustness of our method w.r.t. both initialization
and noise.

Initialization. To demonstrate �exibility, we selected multiple
layouts for the same target surface. In all cases, our optimization
converges to the expected embedding, see Figure7. The top row
shows the optimized embeddings, while the bottom row depicts the
corresponding initial embeddings. The objective preserves patches:
a single patch per cube face would suf�ce, yet none of the3� 3
patches collapse. It also handles asymmetric setups and �nds a good
solution even when multiple patches start from an initial embedding
far from the optimum.

Noise. We demonstrate that our objective function supports reliable
optimization even in the presence of noise, compared to [CK14b],
which fails in this setting because it relies on principal curvature
information, which is not robust to noise. For this experiment, we
remesh a target surface isotropically and perturb it by displacing
vertices along their normals. The displacement magnitudes are sam-
pled from a uniform distribution and scaled relative to the average
edge length. As shown in Figure8, our method produces reasonable
embeddings across a range of noise levels. For higher levels of noise,
however, the construction of the initial solution may yield invalid
embeddings, preventing successful optimization.

7.2 Objective Function

We perform an ablation of our main distortion minimizing energy
term by replacing it with the Hencky energy used in [SC18], fol-
lowed by a discussion of how the direction �eld alignment term
affects the solution.

Hencky Energy. Instead of explicitly parametrizing the surface
to measure distortion, an elegant alternative, used in [SC18], is
to solve the Yamabe equation, which provides the scale factoru
for the metric resulting from a conformal parametrization. Since a
conformal parametrization preserves angles, the scale factoru can
be used as measure for distortion. Compared to our approach, this
requires solving only a single Poisson equation, whereas our method
involves two and a singular value decomposition of the Jacobian for
each triangle inO. We implemented the Hencky energy

EH =
Z

W
u2 ds;

as used in [SC18], within our framework and compared it to our
objective in Figure9. As already pointed out in [SC18], minimizing
EH is ill-posed: the distortion can always be further reduced by
introducing longer cuts. While our framework would allow the
preservation of the patch connectivity, the patch shapes hinder the
use of the embedding in downstream applications.

Direction Field Alignment. The primary objective of our formula-
tion is the distortion energyEdist. While the optimization reliably
minimizesEdist (Figure10 (a)), the resulting embeddings may not
always match with human intuition. To address this, the additional

© 2026 The Author(s).
Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.



8 of 13 A. Heuschling I. Lim L. Kobbelt / Embedding Optimization of Layouts

Figure 6: Collection of layout embeddings optimized with our method, shown alongside their initial embeddings (small inset �gures). The
results demonstrate our method's ability to reposition layout nodes to achieve higher-quality embeddings while preserving the input layout's
connectivity.

Figure 7: Different layoutsL for the same target surfaceT . Top:
optimized embeddings. Bottom: initial embeddings. Note that even
with super�uous patches or unfavorable initialization, our optimiza-
tion is able to converge to the expected embedding.

Figure 8: We show the robustness of our optimization under differ-
ent noise levels.

direction �eld alignment termEalign operates as a regularizer, bi-
asing the optimization toward embeddings that also respect the
direction �eld (Figure10 (b-c)).

The quality of the direction �eld, in particular the locations of
its singular points, affects the �nal embedding. Some patch corners
in the layout are attracted to these singularities (see Figure11).
When singularities are misplaced, for example due to asymmetry,
the resulting layout adapts to this undesirable placement.

Figure 9: Comparison of Hencky energyEH and our distortion
objectiveEdist. EH tends to increase the length of the embedded arcs,
while Edist keeps the patches rectangular.

7.3 Multi-resolution

To transfer a layout between low- and high-resolution models, it
suf�ces to transport the mapj and recompute the geodesic connec-
tions. This is straightforward, as our representation is independent
of mesh resolution. An example is shown in Figure12.

7.4 Preservation of Combinatorial Structure

The explicit representation has several advantages over implicit
representations,e.g., used in [SC18], hereafter referred to as VSC.
First, we can represent singularities of arbitrary valence, whereas
in VSC, they are restricted to valence 3. Already when converting
our representation to the implicit one used in VSC, the original
patch connectivity is lost (see small inset �gures in Figure13),
both because VSC can only handle valence 3 and because their
representation is mesh-resolution dependent.

While in theory the �ow optimized in VSC does not alter patch
connectivity, in practice this cannot be guaranteed (see Figure13).
Consequently, VSC is unsuitable for applications such as quad
meshing.
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Figure 10: Starting from the same initial solution (small inset
�gure), we optimized the embedding with different weights of the
alignment termEalign. While the patches in (a) have lower distor-
tion under our metric, the patches in (b) and (c) better align with
principal curvature.

Figure 11: Using our alignment termEalign, an asymmetric direc-
tion �eld (right, with singularities in red) implies an asymmetric
layout embedding (left).

7.5 Quad Meshing

Typical parametrization-based approaches for quad meshing operate
in multiple stages. Most state-of-the-art methods begin by comput-
ing a direction �eld, which is then used to produce a parametrization.
At some point during their process, all approaches must settle on
a layout, induced by the uv-isolines connecting singularities. Typi-
cally, once singularities are detected in an early stage, they remain
�xed throughout the pipeline.

We show that introducing our embedding optimization as an ad-
ditional step after the extraction of the quad layout improves the
quality of the resulting quad mesh. In our experiments, allowing
singularities to move freely yields higher mesh quality than using
Laplacian smoothing as a postprocessing step to relocate the singu-
larities, as done in [LCK21b]. As demonstrated in Figure14, the
resulting quad meshes exhibit higher quality, even though the layout
connectivity is identical and originates from [LCK21b].

For evaluation, we measured both the minimum scaled Jacobian
J and the maximum inner angle per quad as quality indicators. Our
quad meshes were generated using the following pipeline:

Figure 12: A result can trivially be transported across different
target mesh resolutions, since our representation is independent of
the mesh resolution.

Figure 13: Comparison of [SC18] (VSC) and our method. By pre-
serving patch connectivity, our optimized layout embeddings can
be used in downstream applications. Note that VSC is restricted to
valence 3 layout nodes, which requires a slightly different initializa-
tion to our method.

(1) Embed the provided quad layout into the target surface and
perform our optimization.

(2) Select a number of subdivisions per dual loop.
(3) Compute a harmonic parametrization of each patch with a rect-

angular boundary, effectively producing an integer-grid map.
The dimensions are prescribed by the dual loop subdivisions.

(4) Extract the quad mesh from the integer-grid map by mapping
vertices at integer locations back to the input surface.

7.6 Inter-surface Maps

The computation of correspondences between surfaces is a well-
studied problem with a wide range of approaches. Most methods
struggle with highly non-isometric relations between shapes, as they
typically rely on intrinsic regularization terms,e.g., geodesic length
preservation or map distortion. For our comparison, we selected the
distortion-driven approach of Schmidtet al. [SPK23], which seeks
correspondences that minimize the overall distortion introduced by
the map in a least-squares sense. In addition to the inter-surface
map, this method also produces a compatible triangulation of the
input surfaces. To visualize the correspondence, we cluster normals
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Figure 14: Comparison of a quad mesh generated from the orig-
inal layout embedding of [LCK21b] with one produced using our
optimized embedding. Note that their result already includes a post-
processing smoothing step.

on one surface and transport the clustering to the others via the
inter-surface map, see Figure15 (left). Since the triangulations are
compatible, there is a one-to-one correspondence between faces,
making this transport trivial.

A layout can be viewed as a topological template without �xed
geometry, unlike templates used in typical template-based shape
correspondence approaches. We compute maps from each layout
patch to the target surfaces. Since patches may differ in size between

Figure 15: Comparison of correspondences generated by [SPK23]
and by our approach. Starting from initial embeddings of a com-
mon layoutL (small inset �gures), our method produces a map
that adapts to the non-isometric deformation between the shapes,
whereas the map of [SPK23] distributes distortion in a least-squares
sense.

the two targets, our method can introduce distortion where necessary
(see Figure15) and overall respect features such as creases.

The correspondence is prescribed only at a coarser, global level.
A true point-to-point map can then be obtained by applying any
distortion-based method within each patch. Figure16 shows results
on a second pair of input surfaces. Effectively, our method produces
a co-segmentation, preparing the surfaces for various co-processing
tasks such as compatible remeshing. Overall, these results demon-
strate the strength of our approach in producing meaningful corre-
spondences even under challenging non-isometric conditions.

Figure 16: Co-segmentation of two teddy models (initial embed-
dings shown as small inset �gures). The relation between the two
models is non-isometric. Our layout embeddings respect this re-
lation, as patches are embedded with different dimensions on the
two surfaces. (Note: the embedding of the right teddy was obtained
without direction alignment; see Section7.2.)

© 2026 The Author(s).
Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.



A. Heuschling I. Lim L. Kobbelt / Embedding Optimization of Layouts 11 of 13

7.7 Runtime Analysis

The proposed layout embedding optimization algorithm was im-
plemented in C++. All experiments ran on a system with an AMD
Ryzen 9 5900X CPU (12 cores) and 62 GB of RAM, running De-
bian GNU/Linux 13. Table1 summarizes the measured runtimes
and analyzes the distribution of computational costs across different
parts of the algorithm. From the table, we observe that the runtime
per iteration, as expected, depends on the number of faces of the
target surface and the number of patches in the layout. To better
understand the computational effort per iteration, we analyze the
portion of time spent in the main components of the algorithm:
embedding the layout to obtain the overlay mesh, evaluating the
objective function, and computing gradients via backpropagation.
We �nd that the runtime is dominated by the backpropagation step.
For meshes with a larger number of faces and more complex layout
connectivity, the embedding step also contributes a more signi�cant
portion of the total runtime.

8 Limitations and Future Work

In the previous sections, we motivated the need for an embedding
optimization method that preserves a prescribed layout connectivity
and showed that our method satis�es this requirement. Further, we
showed the bene�ts of our optimized embeddings for down-stream
applications.

Nevertheless, the implementation of our proposed method could
be improved in the future. Currently, a large portion of compute is
spent in the backpropagation step. Replacing the auto-differentiation
bears potential for performance improvements, making our method
more ef�cient. Moreover, the method suffers from limited numerical
robustness. One source are badly shaped triangles near the embedded
layout arcs in the overlay mesh. Lastly, a backtracking procedure
would increase the robustness of the implementation, allowing the
algorithm to recover from invalid embeddings encountered after an
update step.

While our construction for differentiable
geodesics (SectionA) works well in practice, it
happens in rare cases that, after our modi�cation
step, the cyclic ordering around the layout nodes
is not preserved (see inset �gure). In this case,
the embedding is invalid. It is worth noting that a
modi�cation that preserves said ordering always
exists. It would therefore be interesting to inves-
tigate different strategies or to �nd a different
formulation that connects the nodes. One possi-
bility is to compute geodesics under a constant curvature metric as
in [SCBK20]. However, the constant curvature connects nodes unin-
tuitively. To circumvent this, a denser sampling would be needed.

As a general direction for future work, it would also be worth-
while to explore objectives that are speci�cally tailored to an ap-
plication. For instance, one could investigate how to incorporate
semantic labels for shape correspondences.
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Appendix

A Differentiable Geodesic Paths

Figure 17: Unfolding of triangle strip supporting the geodesic
(magenta) of an arcg(a).

Our method depends on �nding differentiable intersections of
the faces ofT with layout arcs. We start by unfolding the ordered
triangle strip that supportsg(a) on T , obtaining the blue triangles
in Figure17. If a geodesicg(a) crosses vertices inT , we need to
ensure that the intersection parametera is in (0;1) and that there
is a unique edge associated with the intersection. To this end, we
apply the following construction: If only a single vertex is crossed,
we greedily add one triangle fan to the triangle strip (green faces).
The embedding cannot be isometric, therefore, we embed them
considering the available angle. If multiple vertices are crossed, we
greedily select one of the triangle strips containing these vertices
(orange faces) and embed them in the available space. After the
embedding, we shift the vertices that were the original intersection
points slightly upwards. Now, the geodesic (magenta line) intersects
the unfolded triangle strip, yielding intersection parametersa 2
(0;1).

B General Layout Patches

The proposed method can be readily extended to non-quadrangular
patches, layouts with T-junctions, and layouts embedded in target
surfaces with boundaries. In the following, we describe the necessary
adaptations required to handle these cases.

Non-quadrangular patches. For handling non-quadrangular
patches, the main difference lies in de�ning the appropriate boundary
conditions for the harmonic parametrization, with the sole require-
ment that the resulting boundary must be convex in the parameter
domain. Under this condition, the resulting harmonic parametriza-
tion is guaranteed, at least theoretically, to be bijective,i.e., free
of �ipped triangles. The speci�c boundary shape may be chosen
depending on the application. For triangular patches, one option is
to use the embedded edge lengths as side lengths. If these lengths
violate the triangle inequality, a robust fallback is to use an equilat-
eral triangle whose edge length is given by the average embedded
edge length.

Quadrangular patches with T-junctions. To support T-junctions,
it is necessary to identify the layout nodes forming the junction, as
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Model #Faces #Patches Total (min) (s)/Iter. Embed. (%) Eval. (%) BP (%)

SHREC07-177 4;176 114 36 12:1 15:9 5:3 72:1
SHREC07-169 4;642 114 52 12:3 18:6 5:2 69:8
bunny 6;000 148 94 16:0 20:8 4:2 68:2
SHREC07-35 6;522 113 31 14:3 14:9 5:1 73:6
hand (remeshed) 1;480 78 32 4:9 12:4 5:7 74:8
hand 6;400 78 90 14:0 18:6 4:8 70:3
bob 10;642 87 76 22:8 24:2 4:1 65:7
kitten 11;320 198 157 33:3 31:5 3:4 59:2
spot 17;018 206 173 58:8 44:8 2:8 47:2

Average 22:4 5:1 66:7

Table 1: Performance summary of the algorithm, reporting face and patch counts, total runtime, per-iteration time, and percentage of overall
runtime for selected components. Percentages may not sum to100%since some minor parts of the algorithm are excluded. The percentages
for Embedding, Evaluation, and Backpropagation indicate the share of total runtime spent computing the overlay mesh in a differentiable
way, evaluating the objective function, and computing gradients, respectively. The reported averages show that runtime is dominated by the
backpropagation step.

well as the half-edges along the T-base and T-bar. This information
is typically provided by methods that explicitly construct T-junction
layouts. T-nodes are then treated as patch corners in the two patches
adjacent to the T-base, while in the patch over the T-bar, they are
treated as arc samples. During resampling, T-junction nodes are
handled like regular layout nodes and must be preserved.

Target surface with boundary. When the target surface has a
boundary, layout nodes lying on the boundary require special han-
dling. If the layout is intended to cover the entire surface, these nodes
and the arcs connecting two boundary nodes must be constrained
to the boundary of the target surface. At the implementation level,
this implies that boundary nodes are embedded in boundary edges
rather than interior faces. During the update procedure, boundary
layout nodes are restricted to move along the boundary, traversing
successive boundary edges according to the length of the update
direction.

C Input Layout Validity

Given a layoutL and an initial embedding of the layout nodes, the
geodesic arc embeddings may intersect or the cyclic order around
a node may be violated. In such a case, the layout embeddingM is
invalid and the algorithm cannot extract valid patch embeddings. If
an invalid embedding is encountered, a procedure can be used to
modify the layout in such a way that the resulting embedding will
be valid. To this end, any embedding procedure can be used that
guarantees a valid embedding,e.g., the layout embedding procedure
by [BSK21]. This embedding procedure will produce an embedding
for the layout arcs, which can now be sampled such that a piecewise
geodesic embedding will result in a valid embedding.
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