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We present a fully automatic technique which converts an inconsistent input mesh into an output
mesh that is guaranteed to be a clean and consistent mesh representing the closed manifold surface
of a solid object. The algorithm removes all typical mesh artifacts such as degenerate triangles,
incompatible face orientation, non-manifold vertices and edges,overlapping and penetrating poly-
gons, internal redundant geometry as well as gaps and holes up to a user-de�ned maxim um size
� . Moreover, the output mesh always stays within a prescribed tolerance " to the input mesh.
Due to the e�ectiv e use of a hierarchical octree data structure, the algorithm achieves high voxel
resolution (up to 40963 on a 2GB PC) and processing times of just a few minutes for moderately
complex objects. We demonstrate our technique on various architectural CAD models to show its
robustness and reliabilit y.

Categories and Subject Descriptors: I.3.5 [Computational Geometry and Ob ject Mo deling ]: Geometric algorithms,
languages, and systems

General Terms: Algorithms

Additional Key Words and Phrases: mesh repair, polygon meshes,surface extraction, voxelization

1. INTRODUCTION

In computer-aided industrial development and design processesthe concurrency and dependency of the
various project stagesis increasing the requirements for 
exible exchange of geometry data. Sophisticated
sub-tasks like numerical 
uid-, structure-, or crash-simulation, scienti�c visualization, interactive shape
design,and rapid protot yping all should ideally operate on a common 3D model during the processin order
to enable a proper product data management. This is why polygonal mesh models (e.g., in the form of
STL-�les) have establishedas a universal languageto communicate geometric information betweendi�eren t
software systemsin many computer graphics application areasranging from mechatronics and architecture
to automotive-, ship-, and airplane design. Moreover, polygon meshesare quite easyto generatesinceall we
needis a set of samplepoints on the object's surfacethat have to be connectedin order to de�ne a piecewise
linear approximation of the underlying surface.

On the other hand, sincedi�eren t applications imposequite di�eren t requirements on the consistencyand
quality of the geometry data, many compatibilit y problems occur in practice. For example, the tessellation
backendsof most CAD systemsproduce polygon meshesthat are su�cien t for mere visualization but often
the resulting surfacesare not suitable for further processingsince they may have small holes, overlapping
faces,degeneratetriangles, or topological inconsistencies.

This leadsto application scenarioswheremore time is spent to convert and repair geometry data between
the di�eren t phasesof the processingpipeline than to perform the actual computations on it. Even worse,
due to the various kinds of errors and inconsistencies,it is consideredvery di�cult to repair polygon meshes
in a fully automatic manner. Often the user has to support the procedure interactively which signi�cantly
adds to the project costs.

In this paper we present a fully automatic technique for the restoration of polygon meshes. Our input
consistsof a possibly inconsistent triangulated polygon mesh,a tolerance value " , and a threshold � for the
maximum size of holes to be closed. Our technique generatesa new triangle mesh that approximates the
original meshasgood aspossiblebut at least up to the prescribed tolerance" and that hasall inconsistencies
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smaller than " �xed. Moreover, if the original data has gapsor holesthat are larger than " but smaller than
� , we �x theseautomatically by locally �lling in surfacepatches. The output is guaranteed to be a cleanand
consistent meshthat represents the closedmanifold surfaceof a solid, i.e., at every edgeexactly two triangles
meet and the fan of triangles around each vertex is topologically equivalent to a disk. Such models can be
used directly for down-stream applications like numerical simulation or rapid protot yping and standard
meshprocessingalgorithms like remeshingand meshdecimation can be performed on such mesheswithout
problems.

Our automatic technique is able to remove all typical mesh inconsistenciessuch as degeneratetriangles,
incompatible faceorientation, non-manifold vertices and edges,overlapping and penetrating geometry, nar-
row gaps,small holesand internal redundant geometry (lik e double walls). At the sametime, even though
the algorithm resamplesthe original model, all important geometric featureslike sharp cornersand edgesare
well preserved. Our technique is su�cien tly fast to processeven complex input models with high precision
in just a few minutes on a standard PC.

Although we do not make any speci�c assumptions about the type of input geometry, we are focusing
on technical CAD datasets. In principle, densely sampled meshesas they are generated by 3D scanners
could also be processedby our algorithm. However, for this kind of input data the precision requirements,
especially for sharp feature preservation, are usually not as high sincethe input data is noisy anyway. Also
face orientation and redundant internal geometry are minor problems when dealing with densely scanned
data.

2. PROBLEM DEFINITION

In this sectionwe give an intuitiv e and abstract explanation of the basic ideasand conceptsof our algorithm.
These concepts are best described in a continuous setting which doesn't rely on implementation details.
However, this continuous setting cannot be implemented robustly by a discrete data structure. Hence, in
the subsequent sectionswe show how to approximate and adapt this continuous setting by a discrete voxel
grid. Of course,we will then have to adapt our algorithm accordingly, but its basic conceptsstay the same.

Let f Ti g be a set of triangles that inconsistently describes the geometric shape of a solid object S. By
inconsistent we mean that the orientation of each triangular face can be arbitrary and that the edgesof
neighboring triangles do not have to match perfectly, i.e., we can have gapsand holes in the surfaceas well
as self-penetrating geometry. Moreover, complex vertices and edgescan occur where the surfacelocally fails
to be homeomorphicto a (half-) disk. We are interested in constructing a cleanand consistent triangle mesh
which approximates the boundary of the solid S. Obviously, due to the inconsistenciesof the meshf Ti g the
solid S might not be uniquely de�ned. Henceour goal is to reconstruct at least a solid S0 which tightly �ts
to the input triangles within the prescribed tolerance " . This meansthat for every point on any relevant
triangle Ti the surfaceof the solid S0 is not further away than " . Here, the relevant triangles are those that
contribute to the outside surfaceof S.

The complete surface restoration problem falls into two sub-tasks. One is to determine the topology of
the resulting surface and the other is to properly sample the surface in order to faithfully reconstruct its
geometric shape.

Let f E i g be the set of boundary edgesin the triangle soup f Ti g, i.e., those edgesthat belong to just
one triangle. Similarly let f Vi g be the set of boundary vertices whose adjacent triangles do not form at
least one cyclic fan around it. Notice that according to our de�nition, complex edgeswith more than two
adjacent triangles and complex verticeswith more than onecyclic fan are not consideredasbelonging to the
boundary.

Now assumewe replace each triangle with a 
at triangular prism of in�nitesimal height " , then the
boundary of the resulting solid S" trivially is a manifold surface(possibly consisting of several components).
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If we further replace each boundary edgeE i by a cylinder of radius � and each boundary vertex Vi by a
sphereof radius � we still have a well-de�ned solid S";� with manifold boundary1. As � increasesthe di�eren t
components of the solid S" are progressively merging. Since the input triangles are supposedto provide a
reasonableapproximation of the surfaceof somesolid object S, there is a value � for which the solid S";�

divides the embedding spaceinto exactly one outside component C and one or several inside components.
The interface Q between this solid S";� and the outside component C de�nes the topology of the restored
surface R that we want to construct. This de�nition implies that we automatically remove any internal
geometry (see Fig. 1). Note that we cannot derive � from the input geometry, as we do not know the
underlying solid S. Hence, in practice, � has to be speci�ed by the user and the algorithm will then close
all gapsof diameter � 2� .

a) b) c)

Fig. 1. Starting from an inconsistent polygon model (a) we let cylinders with radius � grow at all boundary edges. At some
point, the resulting solid separates the outside component from the interior components and we �nd the interface (green) that
de�nes the restored surface's topology (b). The geometry of the restored surface �nally matches the original data wherever it is
available. The holes in the original data are eventually closed by smooth patches (c).

The geometric shape of R is reconstructed by re-sampling the input triangles f Ti g. To avoid sampling
artifacts we have to make sure that sharp features de�ned by adjacent triangles are properly sampled. For
those regions of R which correspond to the cylindrical boundary parts of Q there is no underlying input
geometryavailable. Hence,we �ll in smooth membrane patchesthat interpolate the original boundary edges.

3. OUR APPROACH

We use a combination of a volumetric geometry representation and the original triangle data in order to
exploit the advantagesof both. The collection of input triangles f Ti g provides the best available geometric
information and is necessaryfor the reliable detection and faithful reconstruction of sharp features. The
volumetric representation is conceptually based on a voxel grid (in fact, we use an adaptive octree data
structure) which makesit easyand safeto detect and resolve topological inconsistenciessincewe can rely on
the simple voxel set topology. In fact, the theory of digital topology [Kong and Rosenfeld1989]states that
we can consistently represent a manifold surfaceby a set of voxels if we consider \full" voxels as adjacent
if they are face-neighbors (6-neighborhood) and \empt y" voxels as adjacent if they are vertex-neighbors
(26-neighborhood).

Henceour approach is to determine the meshconnectivity (= topology) of the resulting surfaceexclusively
basedon the voxel topology and to de�ne the vertex positions of the output mesh(= geometry) exclusively

1 If the boundary happens to be non-manifold becauseof a con�guration with two cylinders or spheres exactly touching each
other, we can always in�nitesimally adjust the radius � to obtain a manifold con�guration. Since our implementation is based
on a �nite voxelization, we will apply well-known results from digital top ology to avoid such non-manifold con�gurations.
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basedon the input triangles. This extremely simpli�es the handling of topological degeneraciesin the input
and it guaranteesthat the output faithfully approximates the input.

Our speci�c contributions in this paper are:

| A fast and reliable sparseadaptive voxelization technique which comeswith the guarantee that the col-
lection of \full" cells exactly represents the topology of the input solid S" .

| A set of spaceand time e�cien t voxel operations that exploit the hierarchical structure of the octree.
These operations include triangle voxelization, volumetric seed�lling as well as morphological dilation
and erosion.

| A feature sensitive surfacesampling technique that computesoptimal samplepositions in the interior of
those voxels that are intersectedby the surface.

| An extensionof the dual contouring algorithm [Ju et al. 2002]that, unlike the original, producesguaranteed
manifold meshes.

Putting all theseingredients together, we present an algorithm that restoresmeshescompletely automat-
ically. The technique is 100% robust against any type of inconsistency in the input triangle soup since it
doesnot rely on inherently error-prone computations such asray intersection test with an inconsistent mesh.
Through the e�ectiv e use of hierarchical data structures, we are able to run voxel resolutions as high as
40963 for moderately complex models on a PC with 2 GB main memory.

4. RELATED WORK

In the computer graphics literature one can distinguish betweentwo fundamentally di�eren t approaches to
surface restoration. One approach is surface basedand makes the implicit assumption that artifacts and
inconsistenciesa�ect only a small fraction of the object. One tries to identify consistent sub-mesheswhich
are then mergedtogether by snapping corresponding boundary segments or by stitching small patches into
the remaining gapsand holes[B�hn and Wozny 1992;Dolencand M•akel•a 1991;Borodin et al. 2002;Barequet
and Sharir 1995;Barequet et al. 1998;Barequet and Kumar 1997;Gu�eziecet al. 2001;Turk and Levoy 1994;
Liepa 2003]. Other local inconsistenciescan be removed by �rst cutting the mesh and then stitching, e.g.,
complex vertices and edges[Gu�eziecet al. 2001]or small handlesand tunnels [Guskov and Wood 2001].

The major di�culties with this approach arise from numerical robustnessissuesand from the fact that
spatial proximit y not always coincideswith geodesicproximit y [Weiheand Willhalm 1998]. As a consequence,
artifacts like overlapping geometry and \double walls" are di�cult to handle. Moreover, some surface
artifacts might not even be detectablein the connectivity of the input mesh,e.g., two topologically consistent
meshesspatially penetrating each other.

The other approach is volume oriented. Here the idea is to convert the given meshdata into a volumetric
representation, e.g., a signed distance function [Frisken et al. 2000], and then generatea consistent mesh
when converting back to a surface [Lorensenand Cline 1987;Gibson 1998]. In the volumetric setting, various
�lter operations can be applied to �x someof the topological artifacts and holes[Davis et al. 2002]but this
also removessharp featuresfrom the input data. Hence,most volumetric approacheshave beensuggestedin
the context of topology-modifying surfacesimpli�cation [Andu�jar et al. 2002;Nooruddin and Turk 2003]. In
contrast, we are not aiming at simpli�cation but rather at preserving as much geometric detail as possible.
Neverthelesswe could useour algorithm for simpli�cation by choosing a large tolerance threshold " .

In the volumetric approach the conversion from surfacesto signeddistance functions can be tric ky in the
presenceof penetrating geometry and cracks [Nooruddin and Turk 2003]. Moreover, when converting back
from volumes to surfaces,alias errors can compromisethe output quality unlessfeature sensitive sampling
techniques are employed [Kobbelt et al. 2001;Ju et al. 2002].
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Recently [Ju 2004]presented a hybrid approach that resamplesthe input geometryon the edgesof a regular
grid and usesapproximate discrete minimal surfacesto �ll the holes. However, as the hole boundaries are
explicitly traced, interpenetrating non-manifold geometry, like dangling triangles, can lead to unexpected
and wrong �llings. Furthermore, the approach does not adapt to the surface shape and hence produces
overly �ne tessellatedoutput mesheseven in 
at regionsof the surface.

The technique presented in this paper combinesthe surfaceand the volumeapproach in a way that exploits
the advantages of both. We use the volumetric approach to restore a proper surface topology but instead
of trying to compute the characteristic function of the unknown solid S inconsistently de�ned by the input
data f Ti g [Andu�jar et al. 2002; Nooruddin and Turk 2003], we compute the characteristic function of the
known solid S" (seeSect. 2) which is much more reliable. Similar to [Brunet and Navazo 1990; Gre� and
Klein 2003]we usea hierarchical representation which associates polygonal geometry with every octree cell.

5. DETAILS OF THE ALGORITHM

Our algorithm proceedsin six steps. First an adaptive octree is generatedwhere each cell stores references
to the triangles that intersect with it. In the secondstep, this octree representation is adaptively re�ned
further to increasethe resolution in regions of high geometric complexity and in the vicinit y of boundary
edges.The third step applies a sequenceof morphological operations to the cells of the octree to determine
the topology of the restoredsurface. This topological information allows us to compute the connectivity of a
triangle meshin the fourth step by using an extensionof the dual contouring algorithm [Ju et al. 2002]which
guarantees that the restored surface has a proper manifold topology. Next, in step �v e, we compute the
vertex positions for the output mesh. This is done by feature sensitive sampling of the input geometry. The
�nal step six performs somesimple and local meshoptimization operations on the output meshto determine
the shape of the patchesthat cover the holes in the input mesh.

The input to our algorithm consistsof an unstructured set of triangles f Ti g, a tolerance value " and a
value � which controls the maximum sizeof holes in the surfacethat should be �xed.

5.1 Voxelization

We assumethat the input model is centered at the origin and that

M := max fj x i j; jyi j; jzi jg

is its maximum absolute coordinate value. We initialize the root cell of an octree [Samet and Webber 1988]
with a bounding cube that has its corners at (M + s")[� 1; � 1; � 1]T . By setting the maximum re�nement
level of the octree to k with

k � 1 < log2 ( M =" + s ) + 1 � k

we guarantee that the sizeof the smallest leaf cells (voxels) is below the prescribed tolerance " and that we
have at least s layers of empty voxels along the facesof the root cell. This simpli�es the implementation of
voxel operations sinceno special caseswherea relevant part of the geometry intersectsboundary cellsof the
voxel grid, have to be considered.

For every input triangle Ti we recursively traversethe octree and store a referenceindex i in each leaf cell
that is intersectedby Ti . A cell is split as soon as two non-coplanar triangles are registeredwhere we de�ne
the supporting planes of two triangles to be numerically coplanar if they deviate by lessthan " within the
current cell.

Let E1 = [n1; d1] and E2 = [n2; d2] be the normalized equationsof the supporting planesof two triangles
T1 and T2 that intersect the sameoctree cell with edgelength 2h centered at the origin. If n1 and n2 are
parallel, the deviation of E1 and E2 is simply jd1 � d2j. If n1 and n2 are not parallel, we conservatively
estimate the deviation of the two planesE1 and E2 within a sphereS of radius r =

p
3h centered at the cell
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center c. Elementary geometry tells us that the maximum deviation occurs in the plane E � spannedby n1

and n2 and which passesthrough the point p that is the point on the intersection line of E1 and E2 lying
closestto the cell center. The point p is computed by solving the underdetermined system

�
nT

1

nT
2

�
p =

�
� d1

� d2

�

in the least norm sense.Now let

b1 =
n1 + n2

jjn1 + n2jj
; b2 =

b1 � (n1 � n2)
jjb1 � (n1 � n2)jj

be the two angle bisectorsof E1 and E2 and let

f a1; a2g = E1 \ E � \ S

f a3; a4g = E2 \ E � \ S

which can be computed by simple ray-sphereintersection tests. We then estimate the deviation � of E1 and
E2 by projecting the extremal points a1; a2; a3; a4 onto the bisectorsb1; b2, i.e.

� = min(� 1; � 2)

where

� i = max
j =1 ;2;3;4

bT
i aj � min

j =1 ;2;3;4
bT

i aj

When � > " we split the current cell and assignthe registeredtriangles to the corresponding sub-cells.
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Fig. 2. Subdivision criterion in the plane E � to compute the maxim um deviation of two planes E 1 and E2 .

For each triangle Ti the octree traversal is controlled by a quick triangle-cell intersection test which uses
the separatingaxis theorem (SAT) for convex polytopes[Gottschalk et al. 1996]. The idea is to project both
objects onto an axis and check if the resulting intervals are disjoint. SAT says that we only have to check a
�nite number of axes. Let D be the set of all edgesfrom both objects then we have to check every axis that
is de�ned by the crossproduct of any two vectors from D. In the triangle-cell casethis meanswe have to
check at most 13 di�eren t directions.
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The traversal stops if the �nest level k has been reached. After the �rst phase we have an adaptively
re�ned octree with each leaf cell referring to a set of triangles intersecting with it. Our cell splitting criterion
guarantees that all triangles in a cell that is not from the �nest level k, are coplanar up to the prescribed
error tolerance " .

5.2 Octreedisambiguation

Sincewe want to usethe digital voxel topology, i.e., face-adjacencyor 6-neighborhood [Bischo� and Kobbelt
2002] to determine the surfacetopology of the output mesh,we have to make sure that both are equivalent
wherethe input data is (locally) manifold. This implies that we have to re�ne our octree representation such
that the given surfaceactually passesthrough all facesbetweenadjacent \full" cells (seeFig. 3). By this we
automatically guarantee that non-adjacent geometric features of the input mesh are su�cien tly separated
by at least one layer of empty cells. In order to achieve this we make another pass over the octree, this
time splitting each cell that hasanother non-coplanar triangle in any of its 26-neighbors (i.e., face-,edge-,or
vertex-adjacency). Moreover, if the triangles in two face-neighboring cells are numerically coplanar, we still
have to check for each triangle whether its supporting plane actually intersects the common face between
the two cells in order to guarantee that the resulting voxel topology correctly re
ects the surfacetopology
of the input mesh. This test can be done very fast by just checking if the four cornersof this common face
are lying on the sameside of the supporting plane.

a) b)

c) d)

Fig. 3. In order to have the input surface top ology correctly represented by the collection of full octree cells, we have to re�ne
the octree in a number of ambiguous con�gurations. In (a) the surface does not pass through the octree facet between two
full cells (fat facet). Further re�nemen t in (b) established this prop erty. In (c) two components of the input geometry are not
su�cien tly separated. Again, the con�guration can be resolved by further octree re�nemen t (d).

In the samepasswe also re�ne every cell that contains a boundary edgesuch that eventually all boundary
edgesof the input data are represented on the �nest level k. We tag the corresponding voxelsas\b oundary".
This status information will be usedin the next step to closethe gapsand holes in the input surface.

The robust detection of boundary edgesrequires somee�ort sincewe do not assumeany reliable connec-
tivit y information in the input data. We solve this problem by exploiting the graphics hardware. Let us
assumethat we have a cell from octree level k0 � k and that all triangles in this cell are numerically coplanar.
Our idea is to render thesetriangles and check for pixels in the frame bu�er that remain in background color.
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According to the de�nition of the root cell in the octree, we �nd that the size of the level k0 cell is not
larger than 2(k � k 0) " . Hence,we use a frame bu�er with 2(k � k 0+1) � 2(k � k 0+1) pixel resolution. We set the
viewing frustum to the cell geometry (i.e., parallel projection) and we de�ne the viewing direction by the
maximum component of the normal vector to the supporting plane of the triangles.

Into the cleared frame bu�er we �rst render the supporting plane in green with z-bu�er and frustum
clipping enabled. Then we render all the triangles in blue with a z-o�set of " . We know that the cell contains
a boundary edgeif the resulting frame bu�er has at least one greenpixel left (seeFig. 4).

As our rendering test only evaluates the cell geometry at a �nite number of pixels we may fail to classify
a cell as \b oundary" even if it contains boundary edges. However, this can only happen if the boundary
edgesare closerthan " � � . Becauseof the volumetric representation, such a cell will nonethelessbe tagged
as \full" and the gapswill be \in visible" to the dual contouring algorithm which we use to reconstruct the
geometry.

PSfrag replacements

view

image

Fig. 4. Boundary detection by two-pass rendering of all triangles in a cell.

5.3 Topologicalhole �xing by morphologicaloperations

After the secondphasewe have an adaptively re�ned octree with full and empty cells from all levels. The
\full" voxel's face neighborhood relation properly represents the topology of the input mesh. All geometric
features are separatedby empty cells and someof the �nest level cells are tagged as \b oundary".

In order to closethe gapsand holesand to determine the restored surfacetopology, we apply a sequence
of morphological operators. The goal is to implement a discrete version of the cylinder growing process
described in Sect.2. Sincethe user-de�ned maximum radius of thesecylinders is � , we simulate the cylinder
growing by performing s = d�=" e elementary dilation steps on all \b oundary" voxels. Some more voxel
operations are then necessaryto actually determine the outside component and to shrink back the \dilated"
voxels to the original \full" voxels.

Morphological operations with a small and symmetric template can be understood as proceduresthat
exchange information between adjacent voxels [Gonzalez and Woods 1992]. For example, an elementary
dilation operation sets all voxels to active that have an active neighbor. Conversely, we can think of each
active voxel passing its active status on to neighboring voxels. Hence we can decompose the elementary
dilation into sub-operations, i.e., �rst passthe status information to the left neighbor, then to the right, top,
bottom, front, back and so forth.

Each of thesesub-elementary operations can be implemented very e�cien tly by a simple recursive traversal
of the octree. The idea is to call a procedure for each pair of sourceand target voxel that are supposedto
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exchangeinformation. As an example,we present the pass back to front() procedures(cf. Fig. 5 for the
indexing scheme). Passingstatus information to the other directions is implemented analogously.
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Fig. 5. Indexing scheme for the children of an octree cell.

pass_back_to_front_1(cell c) {
for each back sub-cells c[1] ... c[4]

pass_back_to_front_1(c[i])
for each neighbor pair (c[1],c[5]), ... (c[4],c[8])

pass_back_to_front_2(c[i],c[i+4])
for each front sub-cells c[5] ... c[8]

pass_back_to_front_1(c[i])
}

pass_back_to_front_2(cell c1, cell c2) {
if both cells are leaves

c2.next_status = c1.current_status
else if c1 is a leaf cell

for each back sub-cell c2[1] ... c2[4]
pass_back_to_front_2(c1,c2[i])

else if c2 is a leaf cell
for each front sub-cell c1[5] ... c1[8]

pass_back_to_front_2(c1[i],c2)
else for each neighbor pair (c1[5],c2[1])...(c1[8],c2[4])

pass_back_to_front_2(c1[i+4],c2[i])
}

Once the status information has beenpassedinto all directions, we call the procedure

commit(cell c) {
if c is a leaf

c.current_status = c.next_status
else

for each sub-cell c[1] ... c[8]
commit(c[i])

}

to �nalize the elementary dilation operation. Notice that this operation can be applied to an adaptively
re�ned octree and the status information is passedfrom each active leaf cell to its neighbors no matter from
which re�nement level they are.

A CM Transactions on Graphics, Vol. V, No. N, Mon th 20YY.



10 � StephanBischo� et al.

If we want the dilation operation to grow the active region with uniform speedinto all directions we cannot
passinformation betweencells from di�eren t re�nement levels, e.g., when we want the growing cylinders to
stay approximately circular. Hence, in situations where the dilation speed matters, we restrict the status
transfer to the �nest level voxels (restricted dilation ). As a consequencewe have to re�ne each cell that is
adjacent to an active voxel, down to the �nest level before it is activated. This is done by replacing the
pass back to front 2() procedurewith

pass_back_to_front_2'(cell c1, cell c2) {
if both cells are finest level voxels

c2.next_status = c1.current_status
else if c1 is an active finest level voxel

if c2 is a leaf cell
refine c2

for each back sub-cell c2[1] ... c2[4]
pass_back_to_front_2'(c1,c2[i])

else if c1 is a leaf cell
return

else if c2 is a leaf cell
for each front sub-cell c1[5] ... c1[8]

pass_back_to_front_2'(c1[i],c2)
else for each neighbor pair (c1[5],c2[1])...(c1[8],c2[4])

pass_back_to_front_2'(c1[i+4],c2[i])
}

Obviously, depending on the number of restricted dilation steps, this will increasethe complexity of the
octree representation signi�cantly . However, sincewe apply this kind of restricted dilation operators only to
the \b oundary" voxels, just a few regionsof the volume are actually a�ected.

The elementary dilation operators can now be combined to implement our topology reconstruction algo-
rithm, seeFig. 6. Each individual step performs a dilation from status-x cells to status-y cells. By this we
mean that status-x is consideredthe active status for this operation and only cells with status-y are a�ected
by the operation. All other cells' status remain unchanged.

Step (a): Initially all cells in the octree are \full" or \empt y" and somevoxels are tagged \b oundary".
We start by performing s = d�=" e restricted dilation stepsfrom all \b oundary" voxels to the \empt y" cells.
Since we de�ne the topology of the output surface via the 6-neighborhood of \full" voxels, the restricted
dilation propagates information only in the six major directions. All voxels that receive a status update
during thesesteps are tagged \dilated". If the input data has gapsand holes that are smaller than � then
theseare �lled with \dilated" voxels by this operation, seeFig. 6 a.

Step (b): We set all \empt y" cells that are touching the outer facesof the root cell to \outside". This
is correct due to our de�nition of the root cell in Sect. 5.1. Then we perform several unrestricted dilation
steps from the \outside" cells to the \empt y" cells until no more cells change their status. By this we in
fact implement a seed�lling algorithm that �nds the complete outside component enclosinga solid which
consists of \full", \dilated" and \empt y" cells, seeFig. 6 b. The re�nement in the disambiguation step
(Sect. 5.2) guaranteesthat the seed�lling actually reachesall parts of the outside component. Sincewe use
the 6-neighborhood between \full" and \dilated" voxels, we use the 26-neighborhood for the complement,
i.e., the \outside" voxels. This guaranteesa compatible digital topology [Bischo� and Kobbelt 2002].

Step (c): Now we perform s dilation operations from the \outside" cells to the \dilated" cells. This
shrinks back the boundary of the solid enclosedby the \outside" cells while not changing the status of any
\full" cell, seeFig. 6 c. Sinceall \dilated" cells into which the \outside" cells propagate their status, have
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beengeneratedin step (a), they already are from the �nest level. Hencethe propagation speed is uniform
even if we do not apply restricted dilation operations.

After this last step, we have the surfacetopology of the output meshimplicitly de�ned by all 6-connected
\full", \dilated" or \empt y" cells that are 26-adjacent to an \outside" cell, seeFig. 6 d. If the input data
happensto contain gapsand holesthat are larger than the user-de�ned threshold � then theseare not closed
in this phase. However, the following phasesof our model restoration algorithm are not handicapped by this.
The algorithm will still produce a proper manifold surfacewhich covers both the inside and the outside of
the input surface. Geometrically the two sheetswill coincide but topologically they are distinct. Notice that
there is no way of automatically solving the generalhole �lling problem for large holes. If signi�cant parts
of the input geometry are missing then the semantics of the object cannot be recovered.

a) b) c) d)

Fig. 6. Hole-�xing by morphological operations. (a) First the boundary cells are dilated (magenta) into the empty cells (green).
(b) Next we determine the outside component (blue). (c) The outside component is dilated back into the already dilated cells
(magenta). (d) The result is a clean separation of outside (blue) and inside cells (white) from which we deduce the surface
top ology of the output mesh.

5.4 Surfacetopology extraction

We turn the implicit voxel topology information into explicit mesh connectivity information by applying
an extension of the dual contouring algorithm [Ju et al. 2002]. Our extension guarantees that the output
meshis a clean manifold by carefully splitting complex vertices and edgesthat are produced by the original
algorithm.

We use a face basedmesh representation where each face stores pointers to its neighboring facesand to
its adjacent vertices. Note that we do not needan explicit representation for the edgesof the mesh. In fact,
using just the face neighborhood relation implies that the mesh data structure cannot represent complex
edgesat all.

The mesh is then build up in 3 steps: First we create the faces, secondwe set the pointers between
neighboring facesand �nally we create the vertices and set the corresponding vertex pointers.

Step 1: A grid-vertex in the octree is considered\outside" if it has at least one adjacent \outside" cell.
A grid-edgeis considered\inside" if all the surrounding cells are \full" or \dilated". We enumerate all pairs
(v ; e = (v ; w)) of \outside" grid-vertices v and incident \inside" grid-edgese = (v ; w) where all adjacent
cells are leaf-nodes. This is done by a recursive octree traversal procedure similar to [Ju et al. 2002]. For
each such pair we create a dual polygonal face f , namely a triangle or quadrangle depending on whether e
has three or four adjacent leaf cells. By dualit y, each edgeof such a polygonal face f is associated with an
octree grid-facet F . Finally we assigna piercing point and a piercing normal

p f =
2
3

v +
1
3

w

n f = v � w
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to f . The piercing point lies on e and provides a preliminary geometric embedding for the face f . This
piercing point is necessaryto distinguish between the two facesthat might be associated with the edgee
if both end points are \outside". Notice that the piercing point position is not used for reconstructing the
geometricshape of the �nal surface. The piercing normal is chosensuch as to always point to the \outside".

Step 2: We recursively visit all octree grid-facets F and collect the polygonal facesf 1; : : : ; f n associated
with F (if any). Note that by construction, n is even. Note also that by dualit y, all f i conceptually share
an edgethat is dual to the octree grid-facet F . Let c be the center of F and p1; : : : ; pn the piercing points
assignedto the facesf 1; : : : ; f n . The vectors p i � c all lie in the supporting plane of F and henceinduce
a canonical counterclockwise ordering f � (1) ; : : : ; f � (n ) of the facesf i where we can assumewithout loss of
generality that n f � (1) points in counter-clockwise direction. To establishthe faceconnectivity, we double link
the facesf � (1) ; : : : ; f � (n ) in that cyclic order (seeFig. 7). Note that since we do not represent mesh edges
explicitly , there is no needto split the complex edgecommon to all f i .

Step 3: Finally, we create a new vertex for every cyclic triangle/quad fan in the polygonal meshand set
the pointers of the corresponding facesto this vertex. This is implemented by iterating over all facesand
following the face-neighbor links until each n-sided facehas all its n vertices. This procedureautomatically
splits complexverticessincea newcopy is generatedfor each fan adjacent to it. Hencethe result is guaranteed
to bea closedand manifold polygonal mesh. Notice that in contrast to the original dual contouring algorithm,
more than one vertex can be generatedfor a cell. The geometric position for the vertices is determined in
the next step.

a) b) c) d)

Fig. 7. The �gure shows the supporting plane of an octree grid-facet. Octree facets that are adjacent to two full cells are marked
green, facets that are adjacent to one or two empty cells are blue. For each pair of an \outside" vertex and an \inside" edge (a)
we create a polygonal face f and its associated piercing point p f symbolized by bars and dots in (b). The faces are then link ed
in counterclo ckwise order (c). Finally , we create a vertex for each cyclic triangle/quad fan (d). The actual geometric positions
of these vertices are determined in the geometry reconstruction phase.

5.5 Surfacegeometryreconstruction

Once the meshconnectivity has beenreconstructed, we have to compute the vertex positions. Each vertex
is associated with one cell of the octree. If this cell is \full" we compute a feature sensitive sample point
basedon the set of triangles that are registeredin this cell. If the cell is \dilated", i.e., it has beenactivated
during the topological hole �lling then there is no local geometric information available and we set the vertex
position to \don't care". The actual position of theseverticesis determined in the concludingpost-processing
phase.

After the hierarchical voxelization phase,all the input triangles are registered in the corresponding leaf
cells. The re�nement criterion guaranteesthat if a leaf cell is not from the �nest level k then all the triangles
that intersect this cell are numerically coplanar, i.e., they deviate by lessthan " . Hence,we can be sure that
the samplepoints computed for each voxel are satisfying the prescribed tolerance " .
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On the other hand, a commonproblem with CAD datasetsare \double walls" and other internal redundant
geometry. These are geometrically irrelevant becausethey do not contribute to the outside surface of the
solid S but they still might a�ect the sample point computation if the internal geometry reaches into a
cell where the restored surfacepassesthrough, i.e., a cell which is adjacent to an \outside" cell. Although
the resulting geometric artifacts are not violating the error tolerance, they might neverthelesscausesome
disturbing deviation of the normal vectors (seeFig. 8).

a) b)

Fig. 8. Redundant internal geometry lik e double walls can a�ect the sample position (a). Although this does not violate the
prescribed tolerance " , we can usually further impro ve the qualit y of the output mesh by a local visibilit y test from the blue
outside region. This test detects the redundant triangles and excludes them from the sample point computation (b).

Hencewecanvisually improve the quality of the output surfaceby locally determining for each cell which of
the registeredtriangles actually contribute to the outside surface. The feature sensitive samplecomputation
is then basedonly on thesetriangles. If the manifold extraction proceduregeneratesmore than one surface
sheetwithin a cell, this local test has to be done for each copy of the splitted vertex.

To avoid complex visibilit y tests, we implemented the culling procedurefor irrelevant geometry, again, by
exploiting the graphics hardware. For each surfacesheetwe selectone of the \outside" cornersof the octree
cell as the viewing position and de�ne the three adjacent grid-facets as clipping planes. Then we render the
registeredtriangles each with a di�eren t color and �nally read out the frame bu�er to check which triangles
are visible at least in one pixel. After this local visibilit y test, we useonly the remaining relevant triangles
to compute the actual samplepoint.

It is tempting to try to make this visibilit y test globally, i.e., to determine which triangles are contributing
to the outside surfacein a pre-processand then to start the meshrestoration algorithm only with this subset.
However, this pre-computation turns out to be asdi�cult asthe meshrestoration itself sincewe cannot usea
simple from-viewpoint-visibilit y test and sometriangles might be partially relevant and partially irrelevant.

For computing a sample point in a \full" cell, we distinguish between the caseswhen all triangles lie in
the samesupporting plane, when they belong to two intersecting supporting planes,or when they belong to
three or more planes. In order to minimize the number of potential fold-overs in the resulting mesh,we aim
at �nding samplepoints that lie in the interior of the corresponding cells. Henceamong the candidatesfor a
good samplepoint position we want to pick the one that is closestto the cell center in the k � k1 -norm since
this one could lie inside of the cell even in situations when the optimal sample according to the Euclidean
norm lies outside [Varadhan et al. 2003]. For the casesof one or two supporting planes the k � k1 -optimal
point can be calculated easily, for three and more planeswe fall back to the standard approach of the quadric
error metric [Garland and Heckbert 1997] for feature sensitive sampling [Kobbelt et al. 2001].

One supp orting plane: The optimal samplepoint that is closestto the cell center with respect to the
k � k1 -norm can be found by placing an in�nitesimally small cube around the center and letting it grow until
it touches the supporting plane of the triangle. Sincea \full" voxel doesnot contain a boundary edgeit is
obvious that this growing cube touchesthe triangle with a corner �rst. In special axis-alignedcon�gurations
the growing cube might touch the triangle simultaneously with an edgeor a face. In thesesituations we can
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pick any of the involved corners. The cellsclassi�ed as \b oundary" can be treated as \dilated" with no valid
geometry information which implies a \don't care" vertex position, or they can be handled as if they had
two supporting planes intersecting along the boundary edge.

We compute the closestcorner point by shooting rays from the cell center (which we take to be at the
origin in what follows) into all spacediagonal directions [� 1; � 1; � 1]T . Let E = [n; d] be the normalized
plane equation then the respective distancesto the intersection points are

� � ;� ;� =
� d

� nx � ny � nz

and the minimum distance is

� min =
jdj

jnx j + jny j + jnz j
:

The position of the corresponding samplep is then given by

p = � min sign(d)

0

@
sign(nx )
sign(ny )
sign(nz )

1

A :

Tw o supp orting planes: In this casewe want to place the sample on the intersection line L between
the two planes in order to preserve the potentially sharp edge. We use the sameanalogon of the growing
cube and �nd that this time the cube will touch the (unbounded) intersection line L with one of its edges
�rst. Again special axis-alignedcasescan occur but we can still selectone of the involved edges.

In order to �nd the nearestpoint on L : q + � r to the cell center (= origin) in the k � k1 -norm we have
to compute intersections of L with the planes spanned by the cell center and the edgesof the cell. We
simplify the calculations by projecting the local con�guration into each coordinate plane. For example in
the xy-plane we �nd that the projection of L has the implicit form

[r y ; � r x ]
�

x
y

�
= dxy = qx r y � qy r x :

Shooting rays into all diagonal directions [� 1; � 1]T in the xy-plane givesthe minimum distance

� xy ;min =
jdxy j

jr x j + jr y j
:

Analogously we compute the minimum distances� yz;min and � zx; min in the other coordinate planes. Finally,
the minimum spatial distance � min is the maximum of the three values � xy ;min , � yz;min , and � zx; min . Let
� min = � � � ;min then the coordinates of the samplepoint p are eventually obtained by

�
p�

p�

�
= � min sign(d� � )

�
sign(r � )

� sign(r � )

�

and the third coordinate can be read o� the parametric formulation of L . If the sample position obtained
by this construction happens to lie outside the cell, we simply discard it and set the corresponding vertex
to \don't care". This situation occurs when two planes pass through a cell but their intersection line lies
completely outside. We do not losesigni�cant feature information by discarding this feature sensitive sample
since the corresponding edgewill be properly sampled in the neighboring voxel which is guaranteed to be
full as well due to our voxelization strategy (seeFig. 9).

Three or more supp orting planes For three supporting planes the optimal sample point is uniquely
de�ned by the intersection of the three planes. If even more numerically non-coplanar planes have to be
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a) b)

Fig. 9. (a) Sample points are computed by growing cubes from the cell centers. If only one plane intersects a voxel, the sample
point is found along one of the voxel diagonals (b ottom left and righ t). In case of two planes, the sample point is found along
the edge of the cube (top cell). If a cell is intersected by three or more planes and the sample point lies outside of the cell,
we set the sample point to \don't care" (b ottom middle). (b) The corresponding vertex will be split in two by the manifold
extraction procedure (Sect. 5.4) and the sample positions will be computed in the post-pro cessing step (Sect. 5.6).

considered, the most reasonableway to de�ne the optimal sample point is by using error quadrics and
choosing that point which has the minimum squareddistance to all involved planes[Garland and Heckbert
1997]. Again we discard the sampleposition and tag the vertex as \don't care" if the samplelies outside the
current octree cell.

5.6 Post-Processing

5.6.1 Computing the \don't care" positions. In the last phaseof the algorithm we already have a polygon
meshconsistingof quadsand triangles with most verticeshaving their coordinates assigned.What remainsis
the instantiation of the \don't care" verticesand the �nal triangulation which should avoid 
ipp ed triangles.

For the \don't care" verticeswe could not compute a position in the earlier phasessincethey correspond to
voxels that have beenactivated by the dilation operation to closeholesand hencethey cannot be associated
with any input geometry. In the resulting mesh, the \don't care" vertices form small patches that span
the holes in the input data and that are surrounded by vertices from \full" voxels. Hence the easiestway
to de�ne their vertex positions is to apply an iterativ e smoothing �lter [Taubin 1995]. Since the vertices
which correspond to the \full" voxels do not changetheir positions, the patchesof the \don't care" vertices
convergeto smooth membrane patchesthat �ll in the holesin the input data [Kobbelt et al. 1998]. Moreover,
since the vertex positions obtained by feature sensitive sampling in the geometry reconstruction phaseare
not a�ected by the smoothing operation all sharp features of the input model are well preserved. Note,
however, that we currently do not restrict the movement of the vertices during smoothing. Hence, in rare
casesit may happen that the membrane surfaceintersectsanother part of the reconstruction.

To obtain a triangulated output mesh we have to split the quads generated with the extended dual
contouring method by inserting diagonals. Here we have to choosethe diagonalscarefully in order to avoid

ipp ed triangles. If the quad contains two opposite feature vertices we select the diagonal that connects
thesevertices, otherwise we simply pick that diagonal which leadsto the smaller angle betweenthe normals
of the adjacent triangles.

A problem may arise if an edgeis inserted multiple times, which may happen e.g.whenwe triangulate two
opposing quads by the samediagonal or if more than two quads sharea common edge. Then the resulting
con�guration can still be represented by any halfedgeor face-baseddata structure but not by an indexedface
set, which is unfortunately the structure usedfor many �le formats. Hence,beforesaving our reconstruction
to such a �le format we proceed as follows: We detect double edgesby enumerating for each vertex all
incident edges.We disambiguate such edgesby doing a 2-to-4 split (i.e., insert the midpoint of both copies
of this \double" edgeand connect it to the two opposite vertices of the adjacent triangles).
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5.6.2 Reducing the output complexity. Even a polygon model with just a few triangles can have local
con�gurations like tiny handlesor tunnels that could be relevant or irrelevant depending on the designintent.
We leave this decision to the user by letting him set the precision tolerance " as an input parameter to our
algorithm. Since this tolerance implies that the algorithm has to resolve all topological features up to this
resolution, wehave to re�ne the octreedata structure up to the corresponding level if necessary. However, our
algorithm automatically adapts the re�nement depth to the local feature sizeand henceprovidesa maximally
sparserepresentation. In particular the complexity (=n umber of octree nodes) of our data structure scales
like O(n) compared to O(n3) for a naive, uniform grid and to O(n2) for a restricted octree as is used
in [Ju 2004]. Accordingly, the output complexity of our algorithm is an order of magnitude lower than that
of other approaches which generally have to apply a marching cubes or dual contouring algorithm on the
highest resolution. For example,the reconstruction at a resolution of 10003 of the architectural model at the
top left of Table I producesapprox. 1 million triangles with our algorithm compared to 6 million triangles
for [Ju 2004]with the implementation provided by the author.

The output complexity of our algorithm could either be reducedby incorporating an octree pruning step
before the surface extraction, as was done in [Ju et al. 2002]. This, however, would make the scheme less
intuitiv e and simple and would have to rely on additional assumptionson the input geometry. Hence we
have opted to apply a mesh decimation scheme after the extraction taking into account somewhat larger
intermediate meshes. For our purposeswe use a standard QEM decimation algorithm basedon half-edge
collapsesthat wasmodi�ed to provide feature preservation by taking into account the normal variation before
and after the collapse. Sincee�cien t out-of-coredecimation techniquesare available [Wu and Kobbelt 2003],
this is not considereda seriousbottleneck.

6. RESULTS

We have run our algorithm on a large variety of technical and architectural CAD models (seeFig. 10, 11, 12,
13). The algorithm never failed to producea closedand consistent manifold mesh. Table I givesan overview
over somemeasurements. The timings for \v oxelization" include steps5.1 to 5.3 while \geometry" includes
5.4 to 5.6 (without post-decimation).

The running time of our algorithm depends on the prescribed tolerance " as well as on the amount of
detail in the object. In 
at regionsthe re�nement stopson coarselevelswhile in the vicinit y of sharp corners
and boundaries the re�nement goesdown to the �nest level.

A problem with somearchitectural modelsis the presenceof doublewalls that are extremely closetogether.
This cantrigger excessivere�nement in apparently 
at regionsof the input model becausethe local re�nement
criterion in the �rst phasedoesnot have accessto the inside/outside information computed in the third step.

The resampling of the original data preserves all geometric features but it also increasesthe number of
facessigni�cantly . This is becauseour input models are usually generated by hand and hence facesare
placed intelligently . In contrast our automatic resamplingdoesnot know the model \semantics" and decides
locally where to put the samplepoints. However, we can reducethe output complexity down to a size that
is comparable to that of the input mesh. In the examplesshown in Figure 11 we have applied a standard
QEM decimation algorithm that has been extended by a normal cone criterion. This criterion prevents
edge-collapsesthat would result in a strong normal deviation of the adjacent triangles and leadsto a better
preservation of the sharp features. If the output becomesvery large we can simplify it out-of-core using a
streaming decimation algorithm [Wu and Kobbelt 2003].

Figure 12 demonstratesthe automatic hole detection and hole closing capabilities of our algorithm. Note
that even if we skip the hole closing stage,the output of our algorithm will still be manifold, although some
parts of the surfacemight be triangulated from both sides.

Finally, Figure 13 shows how our algorithm nicely removesunwanted interior geometry that is due to the
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architect arbitrarily sticking together the piecesof the model.

20003

15003

13003

Fig. 10. The �gures above show the reconstructions of various architectural models. The original models shown in blue have
a large number of artifacts since most features are modeled as individual objects that are inconsistently stuck together. Note
how the size of the triangles of the reconstructed models (green) adapts to the local feature size in the original models.

7. CONCLUSIONAND FUTURE WORK

With the algorithm that we present in this paper the reconstruction of a clean and consistent triangle mesh
from an inconsistent input meshcanbedonefully automatically. The algorithm just requirestwo parameters,
one is the error tolerance " and the other is the maximum size � up to which gapsand holes in the surface
should be �xed. The algorithm is guaranteed to produce a correct result since topology reconstruction is
done basedon the digital topology of an (adaptive) voxel grid. For the meshrestoration only the geometric
location of the input triangles is used and no consistent normal orientation or connectivity information is
required.
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original
1124 triangles

reconstruction at 10003 ,
279892 triangles

decimated consistent result,
7018 triangles

original,
3346 triangles

reconstruction at 10003 ,
1370802 triangles

decimated consistent result,
18032 triangles

Fig. 11. Our algorithm automatically adapts the octree re�nemen t depth to the local feature size of the input models. However,
to further reduce the number of triangles in the output mesh, we can apply a standard mesh decimation algorithm to the
reconstruction. Here we used an algorithm that is based on quadric error metrics and that incorp orates a normal cone constrain t
for better feature preservation.

In our experiments we demonstrate the restoration of complex architectural CAD models that have many
inconsistenciesand geometric features from a large range of magnitudes. Due to the e�ectiv e use of a
hierarchical octreedata structure wecould run voxel resolutionsashigh as40963 and the completerestoration
processusually took only a few minutes. Only on very detailed input models (Table I, top right) the
reconstruction might take considerably longer, which we attribute to memory swapping e�ects on our 2GB
machine.

In rare casesour algorithm may accidentally �ll in features like notchesthat are located in the immediate
vicinit y of boundary edges. Hence, we plan to design and evaluate heuristics to detect and preserve gaps
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original with gap reconstruction without gap closing reconstruction with gap closing

Fig. 12. Our algorithm automatically �lls holes up to a user prescribed threshold with smooth membrane surfaces (righ t).
Even if the hole-�lling step is skipp ed, the reconstruction still has a top ologically valid connectivit y (middle) but every wall is
triangulated from both sides.

Fig. 13. The �gure above shows the interior of an architectural model before (blue) and after (green) reconstruction. Note that
the algorithm has successfully removed all interior dangling triangles.

that are actually intended by the designer.
Our next step towards an improvement of the algorithm is to enable virtually in�nite voxel resolutions

(and hencearbitrary precision) by decomposing the global octree into smaller bricks that are processedone
at a time in main memory. The dependenciesbetweenneighboring bricks can be taken care of by providing
su�cien t overlap. The thin wall problem is still another open research questionwhich hasnot beenaddressed
in the literature.
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