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Abstract

The useof polygonalmeshedor the representationf highly com-
plex geometricobjectshasbecomethe de facto standardn most
computegraphicsapplications Especiallytrianglemeshesrepre-
ferreddueto theiralgorithmicsimplicity, numericakobustnessand
efficient display The possibility to decomposea given triangle
meshinto a hierarchyof differently detailedapproximationsen-
ablessophisticatednodelingoperationgik e themodificationof the
globalshapeunderpreseration of the detailfeatures.

So far, multiresolutionhierarchieshave beenproposedmainly
for mesheswith subdvision connectiity. This type of connecti-
ity resultsfrom iteratively applyinga uniform split operatorto an
initially givencoarsebasemesh.In this paperwe demonstratéow
asimilar hierarchicalstructurecanbe derived for arbitrarymeshes
with norestrictionsontheconnectiity. Sincesmooth(subdvision)
basisfunctionsareno longeravailablein this generalizedcontext,
we useconstraine@negy minimizationto associatsmoothgeom-
etry with coarselevels of detail. As the enegy minimizationre-
quiresoneto solve aglobalsparsesystemwe investigateheeffect
of variousparameterandboundaryconditionsin orderto optimize
the performancef iterative solvingalgorithms.

Another crucial ingredientfor an effective multiresolutionde-
compositionof unstructuredmeshess the flexible representation
of detailinformation.We discussseveralapproaches.

1 Introduction

Subdvision techniquesprovide very efficient and flexible algo-
rithms for the generationof free form surface geometry[2, 5, 6,
18, 25, 39). Startingwith an arbitrary control mesh#/y we can
apply the subdvision rulesto computefiner andfiner meshesV,
with control verticesp{" becomingmore and moredenseuntil the
desiredapproximatiortolerancerequiredfor a given applicationis
reached.Theresultis a smoothsurfacehaving the sametopology
astheinitial controlmesh.

The distinct subdvision levels My, give rise to powerful mul-
tiresolutionsemanticsincewe canconsidera subdvision scheme
asthelow passreconstructioroperatorin thefilter bankalgorithm
for awavelet-typedecompositiorof the geometricshape The sub-
division basisfunctionswhich areassociatedvith the controlver-
ticesgeneralizehe conceptof dyadicscalingfunctionsto polyhe-
dral parametedomaing26, 31, 40].
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However, subdvision techniquesare genuinely basedon the
coarse-to-finegeneratiorof hierarchicalgeometryrepresentations:
a coarsebasemeshwith only few facesis iteratively refined by
introducingan exponentiallyincreasinghumberof degreesof free-
dom for capturingfiner andfiner detail information. As a conse-
guencethe control meshesmust have so-calledsubdivisioncon-
nectivity which meansthat sub-regjions of the refined mesh M,
which correspondo onesinglefaceof theoriginal basemesh/ g,
have theconnectiity of regulargrids(cf. Fig. 1).

It turnsoutthatthis restrictionis notsuitablefor severalstandard
applicationscenariosIn practiceoneis often given someexisting
geometrianodelwhichis to be modifiedby makinglocal or global
adjustments. Since suchtriangular meshesusually do not come
with the ratherspecialsubdvision connectvity, we cannotapply
subdvision techniquesvithout preprocessing.

Thispreprocessinfasto performaglobalremeshingf thedata.
Althoughseveralflexible androbustalgorithmshave beenproposed
for this problem[7, 24, 22] therearestill difficultieswith automat-
ically finding a suitablelayoutfor the basemesh. Semi-automatic
approachetike [23, 24] with constraintssetby the useronly par
tially solve this problem. Moreover, the remeshings alwaysa re-
samplingprocessandhenceeven an optimal remeshingalgorithm
cannotrecover the original shapeexactly. High frequeng artifacts
dueto aliaserrorsareratherlikely to appear

The rigidity of subdvision connectiity meshessmepgesfrom
the factthat the classificationof the detail coeficientsinto prede-
finedrefinementevelsis donetopologically Theactualsizeor geo-
metricfrequencyassociateavith a detailcoeficient hencestrongly
depend®n the sizeof the correspondindpasetrianglein theunre-
finedcontrolmesh.As it is usuallynotpossibleto have all triangles
in thebasemeshof unit size,detailfeatureonthesamerefinement
level andtheir correspondingupportcanvary by oneor moreor-
dersof magnitude Avoiding this problemby usingadaptve refine-
mentstratgiesis notappropriatén someapplications.

Another problemwhich is inherentto the multiresolutionrep-
resentatiorof freeform geometrybasedon subdvision surfacesis
thefixedsupportof themodifications.If controlverticesareusedas
handlesto modify the surfacegeometryon a certainlevel of detalil
thentheregion of the meshwhich actuallychangesis determined
by the supportof the associatedbasisfunction. We could simulate
moreflexibility in the definition of the supportby moving several
controlverticesirom somefinerlevel simultaneouslyut thiswould
diminishthe advantage®of amultiresolutionrepresentation.

Moreover, the coarsescalecontrol verticesin a subdvision rep-
resentatiorarealignedto the coarsescalegrid. This meanghatwe
lose spatialresolutionif we modify a surfaceon a low frequeng
band.Consequentlywe canapplymodificationsf theglobalshape
only at a very limited numberof locations. In fact, asevery con-
trol vertex c in a subdvision connectvity meshis introducedon a
certainrefinementevel I (c) the supportof the modificationwhen
moving c is boundedyy the sizeof thebasisfunctionsonthatlevel.

For example,if we move a controlvertex ¢ which topologically
correspondso a vertex in the basemeshthenwe canchoosethe
basisfunctioncontrollingthe editfrom ary refinementevel. How-
ever, moving a directly adjacentvertex ¢y, on refinementievel m
canonly affect the finestscalesincecy,, doesnot have a represen-
tationon ary coarsetevel. Hence a coarsescalemodificationcan
be centeredat ¢y but not at ¢y, which lies only € away. Thisis not
intuitive for the designetto whomthe actualsurfacerepresentation
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Figurel: Subdvision connectvity meshegesultfrom iteratively applyinga uniform split operationto the facesof aninitial controlmesh.
Only afixednumberof isolatedextraordinaryverticeswith valence# 6 remainin themesh.

Figure2: In a multiresolutionmodelingenvironment,the support
of the modificationandits characteristicshapeshouldadaptto the
givengeometry(here:the bust’s hair). Thelow-frequeng modifi-
cationaffectsexactly the region definedby the designer The high
frequeny detailis preseredin a naturalway.

shouldbeopaque.

With all thesdifficultiesenumeratedye understanthatcoarse-
to-finehierarchieemeging from subdvisiontechniquesnightcer
tainly be the bestway to effectively represensmoothfree form
geometryin applicationdik e surfacereconstructionscatterediata
interpolation,or ab initio designwherethe facelayoutfor the base
meshis definedby the designer However, it doesnot appeatto be
the optimalsolutionfor flexibly modifying existingmodelslik e the
onesobtainedfrom capturingreal objectgeometryby laserscan-
ning devices.

Our goalis to enabletrue free form multiresolutioneditswhere
thesupportandthecharacteristicef amodificationcanadaptto the
surfacegeometry(cf. Fig. 2). In [21] we generalizedhe concept
of multiresolutiondecompositiorandmodelingto mesheswith ar-
bitrary topology and connectiity. The key obseration is thatwe
canno longerstick to the notion of surfacegeometrybeingrepre-
sentedby the superpositiorof smoothscalarvaluedbasisfunctions
over anestedsequencef grids. Thereasorfor thisis thatwe can-

not make ary assumption®n the actualdistribution of the mesh
verticesa priori. Hence,imposingary kind of vectorspacestruc-
turewould requireusto constructexplicitly acustomtailoredbasis
functionfor eachvertex.

Leaving theclassicaket-up,it turnsoutthatfor merepolygonal
mesheg(not control meshes) coarsenessand smoothnesare no
longer synoryms. While in the subdvision framework the basis
functionson the coarsescalesare alsosmootherin the sensethat
they have lesscurvature,we find that for plain polygonalmeshes
the effect of shifting a control vertex on a coarsescalestill causes
asharpfeature.To speakaboutsmoothpolygonalmeshesve need
moredegreesof freedomsincesmoothmeshesretypically rather
fine tesselations.
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Figure 3: For plain triangle meshesve have to distinguishcoarse
andsmoothapproximationgupperandlower row). If meshesre
consideredas control mesheswith respectto scalarvalued basis
functionsthenthe connectiorbetweenthe upperanthe lower row
is provided by evaluatingthe weightedsuperpositiorof the control
vertices'’influence.

We have to solve two centralproblemsn orderto developeffec-
tive multiresolutionalgorithmsfor arbitrarymeshesFirstwe have
to construciatopolagical hierarchy of differentresolutionswith the
finestresolutionbeingthe original mesh. This hierarchymustnot
rely on ary assumptionsboutthe connectiity of thegivenmesh.

Besideghetopologicallevels of detailwe needa geometrichi-
erarchy, i.e., we needa propercharacterizatiorof smoothcoarse-
scalegeometry In the subdvision basedmultiresolutionsetting,



we have the associatedcalingfunctionswhich fill in the smooth
geametrybetweerthe coarsescalecontrolvertices.In thegeneral-
ized settingwe have to find an alternatve definition sincea priori

definedscalingfunctionsare no longer available. A possibleso-
lution to this problemis to usediscreteenegy minimizationtech-
niguesto obtainsmoothlow-detail approximationgo the original

model.

While the basicprinciplesof this approactave beenpresented
in [21], we discussmoretechnicaldetailsin this paper After ex-
plaining the generationof coarse-to-finehierarchiesand fine-to-
coarsehierarchieswe comparedifferentwaysto representhe de-
tail information betweenthe resolutionlevels. The crucial issues
areherehow to definethe local frameswith respectio which the
detailis encodedandhow to chosethe numberof hierarchylevels.
In the context of discreteenegy minimizationwe investigatethe
effect of variousparametersn the multi-level solving algorithm,
namelythe numberof hierarchylevels and the numberof Gauf3-
Seideliterationson eachlevel. We demonstrat¢hatimposinginter-
polationconstraintatthe centersof thetriangularfacesaccelerates
theglobalconvergenceof theiterative solver comparedo imposing
the constraintsaatthevertices.

2 Multiresolution representations

Most schemedor the multiresolutionrepresentatioandmodifica-
tion of triangle meshesemepge from generalizingharmonicanal-
ysis techniquedik e the wavelet transform[1, 26, 31, 34]. Since
thefundamentalarederivedin the scalarvaluedfunctionalsetting
R > R, difficulties emepge from the factthat manifoldsin space
arein generanot topologicallyequialentto simply connectede-
gionsin IRY.

The philosophybehindmultiresolutionmodelingon surfacesis
henceto mimic the algorithmic structureof the relatedfunctional
transformsand presere someof the importantpropertieslike lo-
cality, smoothnessstability or polynomial precisionwhich have
related meaningin both settings[8, 13, 40]. Accordingly the
nestedsequencef spaceaunderlyingthe decompositiorinto dis-
joint frequeng bandss thoughtof beinggeneratethottom-upfrom
a coarsebasemeshup to finer andfiner resolutions. This implies
that subdvision connectiity is mandatoryon higherlevels of de-
tail, i.e., the meshhasto consistof large regular regionswith iso-
lated extra-ordinaryvertices. Additionally, we have to male sure
that the topologicaldistancebetweenthe singularitiesis the same
for every pair of neighboringsingularitiesandthis topologicaldis-
tancehasto be a powver of 2. Obviously, sophisticatednodeling
operationdike booleanopeiations necessarilyequirea complete
restructuringof the resultingmeshto re-establishsubdvision con-
nectity.

Thesespecialtopologicalrequirementprevent suchtechniques
from beingapplicableto arbitraryinput meshesTo obtaina proper
hierarchy global remeshingand resamplingis necessarywhich
givesriseto alias-errorandrequiresnvolvedcomputation$?7, 24].

Luckily, therestrictedconnectyity is not necessaryo definedif-
ferentlevels of resolutionor approximationfor a triangle mesh.
In the literature on meshdecimationwe find mary examplesfor
hierarchiesbuilt on arbitrary mesheq12, 17, 20, 27, 29, 32, 36).
Thekey is alwaysto build the hierarchytop-davn by eliminating
verticesfrom the currentmesh(incrementalreduction cf. Fig. 4).
Runningameshdecimatioralgorithm,we canstop,e.g.,everytime
a certainpercentagef the verticesis removed. The intermediate
mesheganbe usedasa level-of-detailrepresentatiofil 7, 26].

In bothcasesi.e., thecoarse-to-finer thefine-to-coarsgenera-
tion of nestedvertex-) grids, the multiresolutionconceptis rigidly
attachedo topologicalentities. This makessensef hierarchiesare
merelyusedto adjustthe compleity of therepresentatioriVe will
exploit thesequencef nestedyridsemeging from this topological
hierarchyto generalizethe conceptof multi-grid solversfor large
sparsesystems.

In thecontext of multiresolutionmodeling however, wewantthe

hierarchynot necessarilyo ratemeshesccordingto their coarse-
nesshut ratheraccordingo theirsmoothnesd~or thiswe needage-
ometrichierarchyaccompaying the topologicalone. To complete
our basicequipmenfor the multiresolutionset-upon unstructured
meshesve henceneed(besideghe staticlevels of detail)to define
thedecompositiomndreconstructioroperationsvhichseparat¢he
high-frequeng detailfrom thelow-frequeng shapeandeventually
recombinethe two to recover the original mesh. Here, the recon-
structionoperatorhasto generatehe smoothlow-frequeng shape
if the detailinformationis suppresseduringreconstruction.This
is wherediscretefairing techniquessomein. Further we have to
encodehedetailinformationrelative to thelow-frequeng shapen
orderto guaranteentuitive detail preseration after a global modi-
fication(local frame3.

2.1 Coarse-to-fine Hierarchies

For subdvision basedmultiresolution representatiorthe recon-
structionoperatoris given by the underlyingsubdvision scheme.
We transform a given mesh My, to the next refinementlevel
My,.1 = SMm by applying the stationarysubdvision operatorS
andmove theobtaineccontrolverticesby addingtheassociatede-
tail vectors: M1 = Mr’n+1+ Dm. Thesupportof the subdvision
maskimplies that eachcontrol vertex p™ in My, hasinfluenceon
several control verticesin Mé1+l' Consequentlythe modification
of p/™s position eventually causesa smoothbump on the result-
ing surface. The actualshapeof this bump can be computedby
applyingthe subdvision operatorS without detail reconstruction,
i.e. Dy := 0. Obviously, the supportof the bump dependn the
refinementevel m on which the modificationis applied.

The decompositioroperatorhasto be an inverseof the subdi-
vision operator i.e., given a fine mesh#,,,1 we have to find a
meshMy, suchthat M1 &~ SMm. In this casethe detail vectors
D := Mmy1 — SMm becomeas small as possible[40]. Due to
the uniform split which is part of the subdvision operators, it is
obvious that this techniqueappliesonly if My,1 hassubdvision
connectvity.

2.2 Fine-to-coar se Hierarchies

If we build the hierarchyby usinganincrementameshdecimation
schemethe decompositioroperatorD appliesto arbitrarymeshes.
Givenafine mesh?, 1 we find Mm = D M1, €.9.,by applying
anumberof edgecollapseoperationsHowever, it is not clearhow
to definethedetail coeficientssinceinversemeshdecimation(pro-
gressivameshesalwaysreconstructshe original meshandthereis
no canonicalway to generatesmoothlow-frequeng geometryby
suppressinghe detailinformationduringreconstruction.

To solve this problemwe split eachstepof the progressie mesh
refinementnto atopologicaloperation(vertex insertion)andageo-
metricoperationwhich placesthere-insertedserticesat their orig-
inal position. In analogyto the plain subdvision without detail
reconstructionwe have to figure out a heuristicwhich placesthe
new verticessuchthatthey lie on a smoothsurface(insteadof their
original position). Thedifferencevectorbetweerthis predictedpo-
sitionandtheoriginal locationof thevertex canthenbeusedasthe
associatedetail vector

Sincewe operateon unstructurednesheswe cannotusefixed
(stationary)rulesfor the placemenbf the re-insertedvertices. In-
steadwe usediscreteenegy minimization which meansthat the
re-insertedverticesare placedsuchthat someglobal bendingen-
ey is minimized. In Section3 we review a simpletechniquefor
the effective generatiorof meshesvith minimum bendingenegy
without specificrequirement®n the connectvity.

2.3 Detail encoding

In orderto guaranteéntuitive detail preseration undermodifica-
tion of the global shapewe cannotsimply storethe detail vectors
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Figure 4: For multiresolutionrepresentationbasedon subdvision techniquesthe hierarchiesare built from coarseto fine by applyinga
uniform subdvision operator(top row, left to right) while incrementameshdecimatiorgeneratebierarchiesrom fine to coarseby iteratively

remaoving vertices(bottomrow, left to right).

with respecto a global coordinatesystembut have to definethem
with respecto local frameswhich arealignedto thelow-frequeng
geometny[10, 11]. Usually, theassociatetbcal framefor eachver-
tex hasits origin atthelocationpredictedby thereconstructiorop-
eratorwith suppressedetail. Thisis in analogyto decompositions
basedbn aglobalparameterizationf the surfaces.

However, in mary caseshis canleadto ratherlong detail vec-
torswith asignificantcomponentvithin thelocaltangeniplane(cf.
Fig. 5). Sincewe prefershortdetail vectorsfor stability reasons,
it makes senseto use a different origin for the local frame. In
fact, the optimal choiceis to find that point on the low-frequeng
surfacewhosenormalvectorpointsdirectly to the original vertex.
In this case,the detail is not given by a threedimensionalvector
(Ax, Ay, Az)T but ratherby a basepoint p = p(u,Vv) on the low-
frequeng geometryplus a scalarvalue h for the displacementn
normaldirection.If alocal parameterizationf thesurfaceis avail-
ablethenthe basepoint p canbe specifiedby a two-dimensional
parametevalue(u, V).

Figure5: The shortestdetail vectorsare obtainedby representing
the detail coeficientswith respecto the nearestocal frame (left)
insteadof attachingthe detail vectorsto the topologically corre-
spondingoriginal vertices.

The generalsettingfor detail computatioris thatwe have given
two meshesM 1 and M’m+l where M1 is the original data
while M:n+1 is reconstructedrom the low-frequeng approxima-
tion My with suppressedetail, i.e. for coarse-to-fineéhierachies,
the mesth'ml is generatedby applyinga stationarysubdvision

schemeand for fine-to-coarsehierarchiesM,,; is optimal with
respectto someglobal bendingenegy functional. Encodingthe
geometricdifferencebetweerboth meshegequiresusto associate
eachvertex p of M1 with a correspondindasepoint q on the

continuous(piecavise linear) surface M| 1 suchthat the differ-
encevectorbetweerthe original pointandthebasepointis parallel

to the normalvectorat the basepoint. Any pointq on M 'm+1 can
bespecifiedby atriangleindex i andbarycentriccoordinatesvithin
thereferredtriangle.

To actuallycomputethe detail coeficients,we have to definea

normalfield on the mesthﬁnH. The mostsimpleway to do this
is to usethenormalvectorsof thetriangularfacesfor the definition
of a piecavise constaninormalfield. However, sincethe orthogo-
nal prismsspannedy atrianglemeshdo not completelycover the
vicinity of the mesh,we have to acceptnegative barycentriccoor

dinatedor thebasepointsif anoriginal vertex lies closeto anedge

of My, 1 Orif My, 4 is notsmoothenough(cf. Fig 6). This leads
to non-intuitive detailreconstructiorif thelow-frequeng geometry
is modified(cf. Fig. 7).

A techniqueusedin [21] is basedon the constructionof a
local quadraticinterpolantto the low-frequeng geometry The
basepoint is found by Newton-iteration. Although this technique
reducesthe numberof pathologicalconfigurationswith negative
barycentriccoordinategor the basepoint, we still obsere artifacts
in the reconstructedigh-frequeng surfacewhich are causedby
thefactthattheresultingglobalnormalfield of thecombinedocal
patchess notcontinuous.

Wethereforeproposeadifferentapproachwhich adaptghebasic



Figure6: The positionof a vertex in the original mesh(high-frequeng geometry)is given by a basepoint on the low-frequeng geometry
plusadisplacemenin normaldirection. Therearemary waysto definea normalfield on a trianglemesh.With piecevise constannhormals
(left) we do not cover thewhole spaceandhencewe sometimehave to usevirtual basepointswith negative barycentriccoordinatesTheuse
of local quadraticpatchesandtheir normalfields (center)someavhatimprovesthe situationbut problemsstill occursincethe overall normal
field is not globally continuous. Suchdifficulties are completelyavoidedif we generatea Phong-typenormalfield by blendingestimated

vertex normals(right).

Figure7: We modifiedthe original surface(left) by using a two-bandmultiresolutiondecomposition.Sincein this particularexperiment
thelow-frequeny geometrywaschosemot sufficiently smooth,mary detail vectorshase basepointswith negative barycentriccoordinates
whenwe usea piecavise constantnormalfield. Consequentlyno properdetail reconstructioris possibleafter the modification(center).
Representinghe detail vectorswith respecto the Phongnormalfield on the low-frequeng meshleadsto the expectedresult(right).

ideaof Phong-shading®] wherenormal vectorsare estimatecat
theverticesof atrianglemeshanda continuoushormalfield for the
interior of thetriangularfacesis computedy linearly blendingthe
normalvectorsatthecorners.

Supposewe aregiven a triangle A(a, b, c) with the associated
normalvectorsNa, Ny, andNc. For eachinterior point

g = aa+pBb+yc
with a + B4y = 1 wefind theassociatediormalvectorNg by
Ng = oNa+BNp+yNc.

Whencomputingthe detail coeficientsfor agivenpointp we have
to find the basepoint q suchthat

(p—a) xNg

hasall threecoordinatessanishing. By pluggingin the definition
of g andNg andeliminatingy = 1— a — 3 we obtaina bivariate
quadratidfunction

F:(uy) — R
andwe have to find the parametewalue(a, 3) suchthatF(a,B) =
(0,0,0)T. This canbeaccomplishedby performingseveralstepsof
Newton-iteration. Notice that F canbe interpretedasa quadratic

surfacepatchin IR® which passeshroughthe origin. The Taylor
coeficientsof F canexplicitly begivenby

F o= W+wWw
Fi = U+UW-wW-—2ww
o= V+VW—W-—2WW
Fu = UU-—UW+WW

Fow = UV—UW-_VW+2WW
Fw = VV—VW+WW

where

P x Na
P x Np
P x Ne
NaXa
Np x b
NcXC
(Np x @)+ (Na x b)
(Ne x @)+ (Na x €)
(Ne x b)+ (Np x C)

U

\%
W
uu
\AY
Ww
uv
uUw
VW

In caseoneof thebarycentriccoordinate®f theresultingpointq is
negative, we continuethe searchfor abasepointin thecorrespond-
ing neighboringtriangle. Sincethe Phongnormalfield is globally
continuouswe always find a basepoint with positive barycentric
coordinates.Fig. 6 depictsthe situationschematicallyand Fig. 7
shavs an exampleedit wherethe piecevise constantormalfield
causesneshartifactswhich do not occurif the Phongnormalfield
isused.

2.4 Hierarchy levels

For coarse-to-findnierarchieghelevelsof detailaredeterminedy
the uniform refinementbperator Startingwith the basemesh,
the mth refinementlevel is reachedafter applying the refinement
operatorm times. For fine-to-coarsehierarchieshereis no such
canonicalchoicefor the levels of resolution. Hencewe have to
figure out someheuristicgto definesuchlevels.

In [21] a simpletwo-banddecompositiohasbeenproposedor
themodeling,i.e. thehighfrequeng geometryis givenby theorig-
inal meshandthelow-frequeng geometryis the solutionof some
constrainedptimizationproblem.This simpledecompositiorper
formswell if the original geometrycanbe projectedonto the low-
frequeny geometrywithoutself-intersectionsk-ig. 8 schematically



Figure8: Whenthedifferencebetweertwo geometridevelsof de-
tail is too big, the high-frequeng geometrycannotbe projecteddi-

rectly onto the low-frequeng geometrywithout self-intersections.

In orderto guaranteeorrectdetailreconstructionye have to gen-
erateintermediatdevels suchthat the mappingbetweentwo suc-
cessve levelsis one-to-one.

shaws a configurationwherethis requirements not satisfiedand
consequentlyhedetailfeaturedoesnot deformintuitively with the
changeof theglobalshape.

This effect canbe avoided by introducingseveral intermediate
levelsof detail,i.e., by usingatrue multi-banddecompositionThe
numberof hierarchylevels hasto be chosensuchthatthe (i 4 1)st
level canbe projectedontolevel i without self-intersection Detail
informationhasto becomputedor every intermediatdevel.

The intermediatelevels can be generatedy the following al-
gorithm. We startwith the original meshandapply anincremen-
tal meshdecimationalgorithmwhich performsa sequencef edge
collapseoperations.Whena certainmeshcompl«ity is reached,
we performthe reversesequencef vertex split operationswhich
reconstructshe original meshconnectiity. The positionof there-
insertedverticesis found by solving a globalbendingenegy mini-
mizationproblem(discretefairing). Themeshthatresultsfrom this
proceduras asmoothedrersionof the original meshwherethede-
greeby which detailinformationhasbeenremored dependon the
targetcompleity of the decimationalgorithm(cf. Fig 10)

Supposeheoriginal meshhasny, vertices wherem is the num-
berof intermediatdevelsthatwe wantto generateWe cancompute
the meshesM ,, ..., My with fewer detail by applyingthe above
procedurewherethe decimationalgorithm stopsat a tarmget reso-
lution of nm,...,Nng remainingverticesrespectiely. The resulting
mesheyield amulti-banddecompositiorf theorignaldata.When
amodelingoperationchangeshe shapeof M o we first reconstruct
thenext level M'l by addingthe storeddetail vectorsandthenpro-
ceedby successiely reconstructing¥, , from 4.

The remainingquestionis how to determinethe numbersn;.
A simple way to do this is to build a geometricsequencewith
ni+1/ni = const. This mimics the exponentialcompleity growth
of the coarse-to-finehierarchies. Anotherapproachis to stopthe
decimationevery time a certainaverageedgelengthl; in the re-
mainingmeshis reached.

A more complicatedheuristictries to equalizethe sizesof the
differenceshetweenevels, i.e., the sizesof the detail vectors. We
first computea multi-banddecompositiorwith, say 100 levels of
detailwherewe choose//nj = const For every pair of successie
levelswe cancomputethe averagdengthof the detail vectors(dis-
placementvalues). From this information we can easily choose
appropriatevaluesn; = nj; suchthat the geometricdifferenceis
distributedevenly amongthe detaillevels.

In practiceit turnedoutthataboutfive intermediatdevelsis usu-
ally enoughto guaranteeorrectdetail reconstructionFig. 9 com-
paresthe resultsof a modelingoperationbasedon a two-bandand
amulti-banddecomposition.

3 Constrained discrete fairing

In the previous sectionwe explainedhow to generatetopological
hierarchiedor mesheswith arbitrary connectiity by incremental
meshdecimation. An associatedjeometrichierarchycan be ob-

tainedby re-insertingthe removed verticesand moving themto a
new positionsuchthata globalbendingenegy functionalis mini-

mized. Theideais to computea meshwhich is assmoothaspossi-
ble while still containinga controllableamountof geometriadetail.
Fig. 10 shavs anexample.

FromCAGD it is well-known thatconstraine@&negy minimiza-
tion is a very powerful techniqueto generatéhigh quality surfaces
[3, 14, 28, 30, 37]. For efficieng, one usually definesa sim-
ple quadraticenegy functional £(f) and searchesmongthe set
of functionssatisfyingprescribednterpolationconstraintsfor that
function f whichminimizesE.

Transferringthe continuousconceptof enegy minimizationto
the discretesettingof triangle meshoptimizationleadsto the dis-
cretefairing approacH19, 38]. Local polynomialinterpolantsare
usedto estimatederivative information at eachvertex by divided
differenceoperators.Hence,the differential equationcharacteriz-
ing the functionswith minimumenenpy is discretizednto alinear
systentor thevertex positions.

Sincethis systemis globalandsparsewe applyiterative solving
algorithmslik e the Gau3-Seidel-schemé&or suchalgorithmsone
iteration stepmerely consistsin the applicationof a simplelocal
averagingoperator This makesdiscretefairing an easyaccessible
techniguefor meshoptimization.

For the most popularfairing functional, the thin-plate enegy,
this approacHeadsto a simpleupdate-rulg21]

P p- % U?(p) @)

which hasto be appliedto all verticesof the mesh. Here, the
umbrella-operatof! is adiscretizatiorof theLaplace-operatdi35]

n-1

up) = - zopj - P
]=

with p;j being the directly adjacentneighbor verticesof p (cf.
Fig. 11). The umbrella-operatocan be appliedrecursvely lead-
ing to

5 B }nfl N
w(p) = _ ,—; U(pj) — U(p)

asadiscretizatiorof thesquared_aplacian.Thecoeficientv in (1)
is givenby
11
v=1+-) —
n ] n;j
wheren andn; arethe valencesof the centervertex p andits jth

neighbomj respectiely.
P

Figure 11: To computethe discreteLaplacian,we needthe 1-
neighborhoof avertex p (— umbeella-opesator).

In the context of discreteenegy minimization,the iterative ap-
plicationof theupdate-rulgl) implementsa Gaul3-Seidetolver for
the underlyinglinear system.From a more abstractpoint of view,
the rule canalsobe consideredasa mererelaxationoperatorthat
effectively filters out high frequeng noisefrom the mesh[35].



Figure 9: Non-projectabledetail featuresare not reconstructeatorrectly The original geometry(left) is modified by using a two-band
decompositionn the centeranda multi-banddecompositiomwith five intermediatdevelsontheright.

compl«ity andthenre-insertingthe verticesunderminimizationof somediscretefairnessunctional. The degreeby which geometricdetail
is removeddepend®on the coarsenessf the basemesh.Noticethatall shavn mesheshave exactly the sameconnectvity.

3.1 Multi-le vel smoothing

A well-known negative result from numerical analysisis that
straightforward iterative solverslik e the Gau3-Seideschemeare
not appropriateor large sparseproblemg33]. More sophisticated
solversexploit knowledgeaboutthe structue of the problem. The
importantclassof multi-grid solvers achieve linear runningtimes
in the numberof degreesof freedomby solvingthe sameproblem
on grids with differentstepsizesand combiningthe approximate
solutions[16].

For difference(= discretedifferential)equationf elliptic type
theGaulR-Seiddterationmatriceshave aspeciakigenstructuréhat
causesigh frequenciesn the error to be attenuated/ery quickly
while for lower frequenciesno practically useful rate of corver-
gencecanbe obsered. Multi-level schemedencesolve a given
problemon avery coarsescalefirst. This solutionis usedto predict
initial valuesfor a solutionof the sameproblemon the next refine-
mentlevel. If thesepredictedvalueshare only small deviations
from the true solution in low-frequeng sub-spacesthen Gaul3-
Seidelperformswell in reducingthe remaininghigh-frequeng er
ror. Thealternatingrefinementandsmoothingleadsto highly effi-
cientvariational subdivisiorschemeg19] which generatdair high-
resolutionmesheswith arateof severalthousandrianglespersec-
ond (linearcompleity!).

We canapply the sameprincipleto hierarchicaimeshstructures
which aregeneratedrom fine-to-coarselnsteadof iteratively solv-
ing the discretizedoptimization problem on the finest level, we
solve it on coarselintermediatdevelsfirst andthenusethe coarse
solutionsto estimatebetterstartingvaluesfor theiterative solveron
thefiner levels.

A completeV-cycle multi-grid solver recursvely appliesopera-
tors ®; = WP d;_1 RW wherethefirst (right) W is a generic(pre-)
smoothingoperator— a Gaul3-Seideschemein our case.R is a
restrictionoperatoito go onelevel coarser Thisis wherethe mesh
decimationcomesin. Onthe coarsetevel, the sameschemes ap-
plied recursvely, ®;_4, until on the coarsestevel the numberof
degreesof freedomis smallenoughto solve the systemdirectly (or
ary otherstoppingcriterionis met). On the way back-up the pro-
longationoperatorP insertsthe previously removed verticesto go

onelevel finer again. P canbe consideredasa non-reyular subdi-
vision operatomwhich hasto predictthe positionsof the verticesin
thenext level’s solution. There-subdvided meshis anapproxima-
tive solutionwith mostly high frequeng error (Post-)smoothing
by somemoreiterations¥ removesthe noiseandyields the final
solution.

In our particular setting of thin-plate optimization on fine-to-
coarsehierarchiesthe W-operatoiis simply theupdate-rulg€1) and
the restriction operatoris a sequenceof edge-collapser vertex
removal stepswhich are performedby the meshdecimationalgo-
rithm. The prolongationoperatore-insertsthe vertices. Sincethe
prolongatioroperatoicanbedesignedo insertthenew verticesto a
locally optimalposition,i.e.,the centerof gravity of its directneig-
borssuchthat ¢(p) = 0, thereis no needto actuallyperformary
pre-smoothingln fact,the whole multi-level smoothingalgorithm
reducego meshdecimationdown to a certainresolutionandthen
alternatingthe re-insertingand Gauf3-Seidesmoothing. Another
consequencis thatmoresophisticatedV-cycle schedulesrevery
unlikely to improve the corvergenceof thealgorithm.

Theareseveralalgorithmicparameter@ thisgenericmulti-level
schemeFirst, we have to choosethe numberof GauR-Seidesteps
which areperformedon every level. As thisis the mosttime con-
sumingstepof the algorithmandsinceour goalis to run the opti-
mizationin real-timewith a prescribechumberof framesper sec-
ond, we cannotallow the iterationto proceeduntil the residuum
dropsbelav somegiventhreshold We ratherperformafixednum-
ber of iterationson eachlevel. By adjustingthat numberwe di-
rectly tradethe quality of the resultingmeshfor the speedof the
algorithm.

Anotheralgorithmicparameters thenumberof hierarchylevels.
The two extreme positionsare eitherto re-insertall verticesand
then perform Gaul3-Seidebn the finestlevel only or to apply (1)
after the insertionof every single vertex. From a practicalpoint
of view, the upperboundfor the granulatityof hierarchylevelsis
reachedf theverticeswhichareinsertedvhengoingfrom level A/;
to M1, areindependenfrom eachother i.e., their topological
distanceis larger than somethreshold. This is becausehe local
updateoperation(1) propagategeometricchangesery slowly. An
alternatve to combininga sequenceof independentertex splits
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Figure12: This diagramshawvs the logarithmof the approximation
error (vertical axis) vs. the computationtime (horizonticalaxis).

The knotson eachpolygonmark the measurement®r a different
numberof GauRR-Seideiterations(l,...,20). The differentpoly-

gonsconnectthe measurementfor the samenumberof hierarchy
levels (from bottomto top: 27,14,9,7,6 levels). The monototy of

the curvesshaws thatfor a fixedamountof computatiortime (ver-

tical line) or a prescribedapproximatiorerror (horizontalline) the

multi-level smoothingschedulewith the higher numberof levels

alwaysoutperformghe others.

(or edgecollapses)s proposedn [15] wherethe local smoothing
operatoiis appliedonly in thevicinity of thenewly insertedvertex.

Since the eigenstructureof the Gaul3-Seidelteration matrix
andhencethe corvergencebehaior of the generalizednulti-level
schemestrongly dependson the actualconnectiity of the mesh,
we cannotderive generalestimatedor the corvergencerates.Nev-
erthelesswe can analyzethe typical behaior of the multi-level
smoothingon fine-to-coarséiierarchiedy numericalexperiments.
We madesomeexperimentswherewe performedthe multi-level
smoothingwith a varying numberof hierarchylevels and Gauf3-
Seideliterationsperlevel. Theresultsareshavn in Fig. 12.

Ohviously the approximationerror decreasesvith increasing
numberof GauRR-Seidestepsandwith increasingnumberof lev-
els but alsothe computationakostsbecomehigher Whenusing
themulti-level smoothingn practicalapplicationsvetypically pre-
scribethemaximumtime or themaximumapproximatiorerror, i.e.,
wewantto find thebestapproximatiorwithin agivenperiodof time
or we wantto find a solutionwith a prescribedapproximationer-
ror asfastaspossible. In Fig. 12 theseconstraintscorrespondo
verticalor horizonticallinesrespectiely.

As a generalrule of thumbit turnedout thatmore GauR3-Seidel
iterationsperlevel only mamginally improve thefinal result. This is
dueto the bad convergenceon eachindividual level. Betterresults
canbe achieved if more hierarchylevels are usedbut with fewer
iterationsperlevel.

Noticethatthe numberof topolagical hierarchylevelsasoneal-
gorithmicparametein themulti-level smoothingscheméhasnoth-
ing to do with the numberof geometrichierarchylevelsin the ge-
ometricmulti-banddecompositior{topologicalvs. geometrichier
archy). Oneis usedto make the detail reconstructiormore robust
while the otheris usedto accelerateéhe global optimizationproce-
dure.

3.2 Boundar y constraints

In orderto enableintuitive modelingfunctionality we have to im-

plementa simpleandeffective interactionmetaphar As the shape
of the meshis controlledby discretecurvature minimization, the
mostsimpleway to influencetheresultis by imposingappropriate
boundaryconstraints Theseconstraintsdleterminethe supportand
the shapeof the modification.

In [21] we proposeda simplemetaphomwherethe designesstarts
by markingan arbitraryregion on the mesha/y,. In fact,shepicks
asequencef surfacepoints(not necessarilyertices)on thetrian-
gle meshandthesepointsareconnecteckitherby geodesicor by
projectedines. Thestrip of triangles$ which areintersectedy the
geodesidprojectedboundarypolygonseparateaninterior region
M. andanexteriorregion M \ (M. US). Theinteriorregion M, is
to be affectedby the following modification.

A secondpolygon(not necessariliclosed)is marked within the
first one to definethe handle The semanticsof this arbitrarily
shapedandleis quite similarto the handlemetaphoiin [37]: when
the designemoves or scalesthe virtual tool, the samegeometric
transformationis appliedto the rigid handleand the surrounding
mesh/, follows accordingto a constrainecenegy minimization
principle.

Thefreedomto definetheboundarystrip.§ andthehandlegeom-
etry allows the designetto build "customtailored” basisfunctions
for theintendedmodification. Particularly interestings the defini-
tion of a closedhandlepolygonwhich allows to control the char
acteristicsof a bell-shapeddent: For the sameregion A/, a tiny
ring-shapedhandlein themiddlecausesrathersharppeakwhile a
biggerring causeswiderbubble(cf. Fig 13). Noticethatthemesh
verticesin the interior of the handlepolygonalsomove according
to theenegy minimization.

Figure13: Controllingthecharacteristicef themodificationby the
sizeof a closedhandlepolygon.

Sincewe areworking on triangle meshesthe enegy minimiza-
tion on M, is done by discretefairing techniques. To enable
realtime editing we use the multi-level smoothingapproach(cf.
Fig. 14). While Fig. 15 depictsthe generalmodeling set-upfor
ageometridwo-banddecompositionmoreintermediatdevelscan
be usedfor the detail reconstructiorif the original geometrycan-
notbeprojectedontotheoptimizedmeshwithoutself-intersections.
The boundarytriangles$ provide the correctC! boundarycondi-
tions for minimizing the thin plate enegy functional. The handle
imposesadditionalinterpolatoryconstraint®onthelocationonly —
derivativesshouldnot be affect by the handle.

In [21] we proposedto imposethe handleinterpolationcon-
straintsto the optimizationproblemby simply freezingevery other
vertex of the handlepolygon. On onehandthis is a simpleway to
implementinterpolationconstraintspnethe otherhandit prevents
ary influenceonthetangentplane.

Anotherway to imposeinterpolationconstraintds to prescribe
themfor centes of triangles.Suchconstraintsaneasilybeembed-
dedinto theiterative enegy minimizationby allowing Gauf3-Seidel
updatedor all verticesandre-enforcingthe constraintsafter each
iteration. This meansthat we shift the constrainedrianglessuch
thattheir centerscoincidewith the interpolationpointsafter every
smoothingcycle. By shifting the triangleswithout rotationwe al-
low the tangentat the interpolationpoint to be controlled by the
optimizationprocesgandhencewe donotimposeaC? constraint).
Fig 16 demonstratethat the convergencebehaior is much better
for this kind of interpolationconstraintcomparedo freezingver-
tices.



Figure14: During the real-timemodeling,the multi-level smoothingalwaysstartson the coarsedevel down to which 2, is reduced(left).
We alternatevertex re-insertionand Gaul3-Seidesmoothing(centerleft) until the meshwith minimumthin plateenegy with respecto the
currentinterpolationconstraintss found(centeright). To thissmoothmesh we addthedetailcoeficientsto reconstructhemodifiedsurface

(right).

Figure15: A flexible metaphorfor multiresolutionedits. On the left, the original meshis shavn. The blackline definesthe region of the
meshwhich s subjectto themodification. Thewhite line definesthe handlegeometrywhich canbe moved by thedesignerBoth boundaries
canhave anarbitraryshapeandhencethey can,e.g.,bealignedto geometricfeaturesin the mesh. The boundaryandthe handleimposeC?
andC? boundaryconditionsto the meshandthe smoothversionof the original meshis found by applyingdiscretefairing while observing
theseboundaryconstraints.The centerleft shavs the resultof the curvature minimization (the boundaryandthe handleareinterpolated).
The geometricdifferencebetweenthe two left meshesds storedasdetail informationwith respecto loacalframes. Now the designercan
move the handlepolygonandthis changeghe boundaryconstraintgor the cunatureminimization. Hencethe discretefairing generates
modifiedsmoothmesh(centerright). Adding the previously storeddetailinformationyieldsthefinal resulton theright. Sincewe canapply
fastmulti-level smoothingwhensolving the optimizationproblem,the modifiedmeshcanbe updatedwith severalframespersecondduring
themodelingoperation.Noticethatall four meshesave the sameconnectiity.
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