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Abstract

We presenta methodfor scatteed data approximationwith subdivisionsurfaceswhich actually usesthe true representation
of the limit surfaceas a linear combinationof smoothbasisfunctionsassociatedwith the contmol vertices.This is unlike
previous techniqueswhich usedonly piecavise linear approximationsof the limit surface By this we can assignarbitrary
parameterizationdo the given samplepoints, including thosegeneated by parametercorrection. We presenta robust and
fastalgorithm for exact closestpoint search on Loop surfacesby combiningNewton iteration and non-linear minimization.
Basedon this we perform unconditionallycorvergent parametercorrection to optimizethe appoximationwith respectto
the L? metric and thuswe male a well-establishedscatteed data tting techniquewhich hasbeenavailable befoe only for
B-splinesurfacesapplicableto subdivisionsurfacesFurther we exploit the fact that the contiol meshof a subdivisionsurface
can havearbitrary connectivityto reducethe L error up to a certain userde ned tolerance by adaptivelyrestructuring
the control mesh.By employingiterative leastsquaes solves, we achieve acceptablerunning timesevenfor large amounts
of data and we obtain high quality approximationsby surfaceswith relatively low contol meshcompleity compaed
to the numberof samplepoints. Sincewe are using plain subdivisionsurfaces thete is no needfor multiresolutiondetail
coefcients andwedonothaveto dealwith theadditionaloverheadn dataandcomputationatompleity associatedvith them.

CatgyoriesandSubjectDescriptorgaccordingo ACM CCS}
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1. Intr oduction

Scattereddata approximationmethodsare a key technologyfor
shapereconstructiorand reverseengineeringirom measuredye-
ometrydataln atypicalapplicationscenarioraw datais generated,
e.g.,by some3D scanninglevice and tting aglobally smoothsur
faceto the setof samplepoints corvertsthis datainto a geomet-
ric representationf the original objectthat enablessophisticated
downstreamapplicationdike, e.g.,free-form shapeediting. Most
of the work in this areahasbeendonebasedon classicaltensor
productspline surfacesbut with the availability of more e xible
subdvision surfacesmary ideashave beenextendedto this gen-
eralizedsettingduring the last years.Insteadof beingconstrained
to rectangulapatchessubdvision surfacescanrepresenglobally
smoothsurfacesof arbitrary (manifold) topology by allowing for
arbitraryirregular control meshesWe are using Loop subdvision
surfaces[L0087] in this paper but the basic conceptscould be
transferredo othertypesof subdvision, e.g.,Catmull-Clarksub-
division surfaceq CC74.

The majority of the well-establishedcattereddataapproxima-
tion techniqguedocuseson the minimization of someform of the
L? error The main reasonfor this is that leastsquaregproblems
areeasyandefciently handledby solvinga simplelinearsystem.
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However, from the applicationpoint of view, Lt type errorsare
muchmorerelevant sincethe userusually prescribessomemaxi-
mum toleranced by which the tted surfaceis allowedto deviate
from the given data.Becausehe L? metricis computedby some
integral over the surface,one often wasteseffort (and degreesof

freedom)when globally improving the approximationeven if the
maximumtolerances only violatedin somelocal region.

Themotivationfor thework presentedh this paperis theobser
vationthatdueto the e xibility of subdvision surfaceswith respect
to their controlmeshstructure we canapply anditeratemary dif-
ferentoperationgo progressiely improve theapproximatiorof the
givendata.lf wejustupdatethepositionsof thecontrolverticeswe
candoleastsquarestting justlikefor splinesurfacesHowever, in
additionwe canchangehe structureof the controlmeshby locally
insertingor removing controlvertices.This allows usto ef ciently
reducetheL® errorby adaptvely introducingnew degreesof free-
dom(i.e. controlvertices)in regionswherethe maximumtolerance
is exceededandby removing degreesof freedomin regionswhere
thesurface tting problemis underdetermineddueto sparsesam-
ple data.

The speci ¢ contritutions of this paperare that we presenta
completescatteredlata tting methodfor subdvision surfaceshat
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Figure 1: Original Iphigenie model(left): scanneddata 351750
points, Loop surfaceappmoximation(center): maximumdeviation
is 0.05%o0f the boundingbox diagonal, control meshde ning the
surface(right): 15347contwol points.

useshetrue subdvision basisfunctionsinsteadof somepiecavise
linear approximation.This is madepossibleby using Stams ex-
actevaluationprocedurd Sta98 Sta99 to setup the leastsquares
system.Sincewe canalsoevaluatepartial derivativesof a subdvi-
sionsurfaceexactly, we proposearobustalgorithmwhich nds the
parameteralue of the closestpoint on the approximatingsurface
to a given sample.Thuswe generalizehe techniqueof parameter
correction[Die95 from splinesurfaceso subdvision surfacesand
perform unconditionallyconvergent optimization of the approxi-
mationwith respecto the L? error(Section2).

To reducethe L' errorbelow a userprescribecerrortolerance
d, we presentaniterative procedurén Section3 thatadaptvely re-
nes thecontrolmeshaccordingo thelocal approximatiorerroror
coarsenst if the local sampledensityis insufcient. In combina-
tion with meshconnectiity regularizationwe areableto produce
high quality approximationsvithout having to adda fairnessunc-
tional. Our techniques progressie and scalablein the sensethat
we cangetacoarset afterjustafew secondsvhile we canfurther
improve theapproximatiorguality by letting thealgorithmperform
somemoreiterations.

1.1. Relatedwork

The amountof work that has beendonein the areaof surface
approximationis immenseand a completereview is beyond the
scopeof this paperWereferto [Sap94 asa standardeferenceand
to [CMSO03 for somemorerecentadvances Traditionally tensor

productspline surfaceshave beenusedfor this task, but whenit

comesto the approximationof complex geometricobjects,their
rigid regular structuremalesit necessaryo t several patcheso

partsof the dataandthento stitchthemtogethelin ageometrically
smoothfashion[EH9§.

Another problemis that the regular structureof tensorproduct
patchegrohibitsthe e xible adaptiorof thecontrolmeshto thelo-
cal shapecompleity or sampledensity As a consequencpenalty
functionals(a.k.a.fairing functionals)usually have to be addedto
the approximationproblemin orderto stabilizeit [Die95, EH96).
All thesedif culties compromisehe e xibility andapproximation
power of splinesurfacesfor generalpproximatiorproblems.

Subdvision surfacesare globally smooth(mostly even piece-
wise polynomial) surfacesthat do not sufier from these lim-
itations. Complex shapescan be representedwith one con-
trol mesh and local adaption of the control vertex den-
sity is straightforvard [ZSS 00]. This is why several pa-
pers [HKD93, HDD 94, STK99 TSK 00, MZ00, LLS01g have
addressedhe scattereddata tting problemby using subdvision
surfacerepresentationddowever, sincesubdvision surfaceshave
no obvious explicit parametrizationmodi cations andsimpli ca-
tionsof thegenerakettinghave beenusedfor thesale of ef ciency.

One issue is that, assuming the canonical parametriza-
tion, subdvision surfaces are much easier to evaluate at
dyadic barycentric parametervalues than at arbitrary param-
eter values. This is why special uniform parameterizations
of the given sample data have been preferred by mary au-
thors [STK99 LMHO0O0, LLS013 LLS01b JKO2 MMTPO02]. Al-
though this leadsto well conditionedleast squaressystemsand
extremelysimplequasi-interpolatiomperatorg§LLS01g LLS01H],
the majordravbackof usinguniform parameterizationis thatthe
evaluatedapproximationerrors differ signi cantly from the ac-
tual geometricdeviation. In [LLSO1H], Litke et al. use uniform
parameterizatiorin combinationwith re-samplingthe target sur
face.While this leadsto a geometricallymeaningfulerror metric,
it may affect the local sampledensitypotentiallyleadingto under
samplingin regionswherethe surfacenormalsof the tting surface
andthetargetsurfacestronglydiffer or wherethe tting surfacehas
high cunature(Fig. 2).

Parametercorrectionis a techniquethat doesexactly the oppo-
site. For eachgiven samplepoint, the closestpoint on the approx-
imating surfaceis found which implies an obvious geometricin-
terpretationof the approximationerror (Fig. 2). However, when-
ever parametercorrectionhasbeenusedfor subdvision surfaces
in the literature,the correctionhasbeencomputedwith respecto
a piecavise linear approximationinsteadof the true limit surface
[HDD 94]. In practicethis oftenleadsto numericalinstabilities-
mostlydueto thefactthatthe piecavise linearapproximatiordoes
not have a continuoussurfacenormal eld.

From the conceptualpoint of view our work is closestto
[HDD 94]. In this paperHoppeet al. describea procedurethat
doesleastsquarestting of a subdvision surfaceto scatteredlata,
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Figure 2: Uniform parametrization(top) vs. parametercorrection
(bottom).Thedotsrepresentheapproximatedsamplesandthe po-

sition of the squaesindicatethe correspondingparametervalues.

In the uniform settingwe haveto nd the closestdata samplefor
uniformly distributed “sensor” points on the apptoximating sur-
face In the parametercorrectionsettingwe nd the closestpoint
on the appoximatingsurfacefor eady sampleleadingto a more
reliable geometricdistancemeasue.

however the parametrizatioris computedand evaluatedonly on a
piecavise linear approximatiorof the approximatingsurface.This
procedures interleaved with a “randomdescent’'meshoptimiza-
tion schemewhichiteratively attemptgo reducetheL? error Min-
imizationof theL! erroris notdiscussed.

A quite differentapproachto subdvision surface tting is de-
scribedin [BKZ01, JKO2 LMHOO0, LLSO01a LLS01H. Here the
so-called multiresolution subdvision surfaces[Zor97] are used
which assignan additional displacemenvector to every control
vertex of an adaptvely re ned control mesh.While this repre-
sentationprovides a natural hierarchy that distinguishesdiffer-
entlevels of detail, the mathematicatepresentationsecomesex-
tremelyredundantscanbe seenfrom the numberof detail coef-
cients thatarenecessaryo closelyapproximatecomplicatedob-
jects[LLS014.

1.2. Notation

With S= fs;  syg we denotethe setof given datasamplesand
with D thesubdvisionsurfacewhichis tted to S. Its controlmesh,
thebasemeshCy(Py; To), is composeaf two sets- verticesandtri-
anglesWe denoteN = #(Pg) asthenumberof degreesof freedom
(controlvertices)andwe usuallyassumeM  N. Theuniformre-
nementlevelsof Cy arefC;  Cyg andthemesheﬁ*ﬁ’,—(Fb ;Tj) are
obtainedby applying the limit surface projectionoperatorto the
controlverticesP; of Cj.
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2. Optimization of the L2 metric

We examinethe problemof nding the bestL? approximationof
a given setof samplesS= f sg by a Loop subdvision surfaceD
with x ed numberof control pointsand connectiity. SinceSis a
discreteset,theL? erroris expressedy thefollowing term:
y "
L¥(fsgD)= ks DMK €
i=1
whereftjg arethe parametewvaluesassignedo the samples sig
with respectto someparametrizatiorof the surfaceD. The most
commonway is to usebarycentriccoordinateswith respecto the
trianglesof the basemeshCy, i.e.,tj =< fi; (vi;w;) >, wheref; 2
To indicatesthe patchto which the samples; is mappedand (1
Vi W;;Vi;w;) de ne the barycentriccoordinatesof t; within this
triangle.

Givena x edcorrespondencs $ tj, the problemof minimiz-
ing (1) is solvedin theleastsquaessenseby nding thatsolution
Py which minimizesthe L2 residuumof the over-determinedinear
system

APy= S: 2

In order to computethe matrix A = [f j(tj)]m ~ for arbitrary
parameterization$t;g, we have to evaluatethe basisfunctions
ff1 fngwhichdeneDatft; tyg(see2.1). Solvingthesys-
tem (2) givesus the optimal position of the control verticesP, of
D. The sparsityof the matrix A depend®n the supportof the basis
functionsf ;. In the caseof Loop subdvision surfaces eachpatch
(correspondingo onetriangle of the basemesh)is affectedby 12
controlverticeson average Hencethe matrix A hasabout12 non-
zero coefcients per row. Thereare mary differentwaysto ef-
ciently solve (2). In ourimplementatiorwe useaniterative method
suchasCGLS[EIf78].

Anotherway to minimize (1) is by performingparametecorrec-
tion, i.e., by nding for every samplepoint 5 the parametet; of
the closestpoint on D. Iteratingleastsquaretting andparameter
correctiongeneratea sequencef solutionsD?, D!, D?, ..., eachof
whichhasasmallerL2 error, until theapproximatiorguality cannot
beimprovedary more,i.e.

k+1

L%(fsg;D") LAfsgDN<e;

or someothercriterionis met,for examplea maximumnumberof
stepsis performed.

2.1. Exact evaluation of the subdivision basisfunctions

A signi cant improvementof our methodis dueto the fact that
the tting proceduredependson the exact subdvision surface D
insteadof dependingon somepiecavise-linearapproximationof
it, asin [HDD 94]. To achieve this, we usethe representatiorof
D asa linear combinationof one smoothbasisfunction for each
controlverte, i.e.

N
D(t) = & fi(®po;;
=0
wherethe parametedomainof D is modeledasthe facesof the
basemeshCy. Unlike uniform tensofproductspline surfaces,the
subdvision basisfunctionsare not meretranslatesf eachother
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Figure 3: Fromleft to right: a) original modelwith 30696samplepoints,b) initial approximationwith 461 control points,L2 error 829,
c) after 25 parametercorrectionandre- tting steps,L2 error 42:6, d) and e) showcolor codederrors befole and after the 25 optimization
steps.Noticethe concentation of the error to local “hot spots” which malesit easierto detectregionswhele the insertionof new control
verticeseffectivelyreduceghe LY error. f) convemgencebehavior(error vs.numberof iterations)plot.

Instead eachf ; dependon the valenceof the correspondingon-
trol vertex pg;j andon the valencesof its direct neighborsin Co.
Hence the easiestvay to evaluatea basisfunctionf ; is to assign
anadditionalscalarattributes to eachcontrolvertex andsets = 1
for po;j ands = O for all otherverticesin Py [BS03, andthento
apply Stams evaluationprocedureon the so-de nedscalarvalued
mesh.

2.2. Exact closestpoint search and parameter correction

The next ingredientof our L? error minimization procedures an
algorithmfor nding the exact closestpoint D(tj) on a Loop sub-
division surfaceD givenanarbitrarysamplepoints;. Thisis done
by performingstabilizedNewton iteration. The startingvalue for

the iteration can be either a previously assignedbarametewvalue
tj or a value obtainedby searchingor the closestpoint on a dis-

cretepiecaviselinearapproximatior€y. In thesecondtasewe use
a variant of the MESH-framavork for evaluating Hausdorf dis-

tancesbetweensurfaces]ASCE03, which emplgys a spatialdata
structurein orderto minimize “closestpoint on triangle” evalua-
tions.We denotetheinitial solutionast;.g.

In the j-th stepof the Newton iterationwe linearizethe surface
D atthecurrentapproximatesolutiont;:; by computingthetangent
planeT;.j, whichis givenby theJacobiam D(t;;j) 2 R® 2.In order
to nd anupdatevectorg;j 2 RZin theparametedomaintowards
animproved estimatefor the closestpoint D(t;), we determinethe
orthogonalprojectionof s ontoT;;j by solvingthefollowing2 2
linearsystemfor g;;j:

D
s D(t;j)+r D(t;j) di; 311]]—V(ti;j) 0

1D
s D(t;j)+r D(ti;j) o -ﬂTv(ti;j) 0
Specialcarehasto be taken whenactuallyupdatingthe parameter
valueti;j =< fi.j; (vi;j;wi;j) > sincethe parametedomainof the
surfaceD is split into disjoint trianglescorrespondingdo the faces
of thebasemeshCy. In orderto avoid anexcessie numberof spe-

cial caseswe simply considerthefollowing threecases:

1. When (v;;j;wi:j) + q;;; still lies in the sametriangle f;;; then
G+ 0= < i (Vi Wi ) + Gij >

2. When(vi;j;wi:j) + gi;j lies outsidefj.j, i.e., the updatemoves
into a neighboringpatch,thenwe scaleg;j down by a factor
0 < | < 1 suchthat the updatedparametewalue tj;j+1 =<
fi:j; (Vijswi;j) + 1 gi;j > lies exactly on the boundaryof the
patch f;;j. By this we avoid the re-parametrizatiohat would
be necessaryo computethe properbarycentriccoordinatesof
thevectorq;;j in thenext parametetriangle.

3. If t;;j lies alreadyon anedgeof f;;; andq;; is pointing outside
thenwe switchto theneighborfacef;;j 1 into whichg;j points,
i.e, tije1 =< fiije 1 (Visj+ 1 Wisj+ 1) > where (Vij+ 15 Wisj+ 1)
arethe barycentriccoordinate®f the samecommonboundary
pointwith respecto the new triangle fj.j. 1. The actualparam-
eterupdatewill be executedn the next iteration.

Thedistinctionbetweerncase(2) and(3) is necessarpecausét is
dif cult to predictif the updatevectorg;j+ 1 in the next Newton
iterationwill pointinto thesamedirectionasg;;j or in the opposite
direction.

If the starting value t;.o is not sufciently close to the ex-
act solution, it might happenthat the Newton iteration suggests
a parametervalue where the L? distanceactually increasesj.e.

s D(t;j+1) 5 s D(ti;j) ,- This usually meansthat the
length of the update step ¢;j is incorrect, which is a com-
mon behaior of ary root- nding algorithmfor multivariatefunc-
tions. To handlesuch situationsin a robust manner we switch
to a reliable univariate optimization techniquelike Brent mini-
mization [Bre73 to nd the minimum h of the function g(h) =

s D((vi;jiw;;j) + hg;j) ,, h2 (0;1). Finally we settj;j+1 =<
firjs (Vis wisj) + haigj >

We stopthe closestpoint searchwhenerer ¢;j , < eorj>n.

In our testcasesve alwaysusede = 10 6 andn = 500.Because
of the robust minimization-basedbacktrackingwe obsered even
for very complicatednodelswith morethan200000samplepoints
lessthan 0:01% failuresto corverge with respecto the tolerance
e in lessthann updatesteps.If sucha failure occurs,we com-
parethenewly foundsolutionatt;:, with theold solutionatt;.o and
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keepthebetterone.This guaranteethe unconditionallystableand
monotoniccorvergenceof the parametercorrectionprocedure A
casewheret;.g is actuallybetterthant;., occursextremelyrarely In
mostof our experimentgheNewtoniterationconvergeson average
in lessthan6 updatesteps.

It is importantto noticethe differenceof our parametecorrec-
tion schemeo previousapproachefHDD 94], wherea piecavise
linear approximationof the limit surfacewasusedfor the closest
point search An updatestepthat reducesthe distancebetweena
samplepoints andapiecaviselinearapproximatior€ of thelimit
surfaceD doesnot necessarilyeducethe distancebetweens; and
D. To illustratethis we repeatedhe experimentof Fig. 3 search-
ing for the closestpoint on€,, asproposedn [HDD 94]. The L2
error afterthe 25 optimizationstepswaslarger by 26:24%. Since
the test control meshwas relatively coarse,we could repeatthe
experimentagain,this time using€, asa piecavise linearapproxi-
mationof D. Theexactsolutionwasstill betterby 11:4%. Notethat
this approachs not applicablefor the optimizationof large control
meshegwithout the useof a sophisticateddaptve subdvision al-
gorithm),sinceit requiresusto subdvide thecontrolmeshatevery
stepto a 64 timeslargermesh.

3. Optimization of the L' metric

While the L? erroris a goodmeasurdor globally tting asurface
to sampledata,theL! erroris muchcloserto theintuitive notion
of approximatiortoleranceHencewe presentatechniqueo effec-
tively reducethe LY error by changingthe structureof the control
meshTheL! errorfor discretesampledataf s g is de ned as:

L' (fsg:D)= max ks D(t)ky: ®)

In engineeringapplicationghis maximumtoleranced 0 is usu-
ally setby the user In [LMHO0O0, BKZ01, LLS013 LLS01l mul-

tiresolutionsubdvision surfacesare usedto satisfy suchuserde-
ned tolerancesFacesfor which the maximumerroris exceeded
are subdvided adaptvely and displacement/ectorsare addedto

the newly insertedvertices.This approachis robust and leadsto

quite goodresults,hasthe advantageof a genuinemultiresolution
semanticsaandis corvenientfor applicationssuchas progressie

transmissiorand compressionHowever, it alsohasseveral draw-

backs:

1. Looking attheresults,e.g.,in [LLS014, it seemghatthe rep-
resentatioris highly redundanin termsof thenumberof coef-
cientsthatwe needto faithfully representomple objects.The
representatioiis no longerunique,especiallyif multiple detail
coefcients areassignedo the samecontrolvertex on different
re nementlevels.

2. Theconceptuasimplicity of thesubdvision surfaceis lostsince
we have to dealwith a combinationof basisfunctionsfrom dif-
ferentre nement levels. The evaluation can becometricky in
regionswheretheadaptve re nementlevel changes.

To compensatéor thesedif culties, we presentiniterative method
for optimizing the control meshof a plain subdvision surfaceD
suchthat the approximationsatis es a given LY errortolerance
d 0. We derive differentheuristicsto improve both the approx-
imation and the surfacequality. The methodis basedon a set of
fundamentabperations:
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1. Adaptive insertionof controlverticeswherethetolerances not
met(Section3.1).

2. Remwal of control verticesin undersampledregions(Section
3.2.

3. Re-establishinghe parameterizatioritjg of the samplesf sg
after the control mesh(and hencethe surface D) haschanged.
This is doneby re-runningthe parametercorrectionalgorithm
of Section2.2

4. Connectvity regularization(Section3.3).

The overall optimizationprocedurds describedy the following
pseudo-code:

Adaptively insert  control  vertices
do
Regularize
Re-establish

Remove control

connectivity
the correspondence
vertices in
under-sampled
while  removed_vertices_number >0
Fit the new control mesh to the samples

regions

Thepresentedechniquedoesnot guarante¢heachiszementof the
criterionL! (fsg;D) < din onesingleiteration,it is only aheuris-
tic whichidenti es regionsof Cy which shouldbe optimizedwith
respectto the L error and the currentparametrizatiorf t;g. In
practice,one usually needsseveral iterationsof the abore proce-
dureto satisfythecriterion.In Sectiord we interleave thisiteration
with the techniquedescribedn Section2 to boundthe growth of
the numberof controlvertices.

3.1. Adaptiveinsertion of control vertices

With Sf; = fsjt; 2 fig we denotethe set of samplesmappedto
fi 2 To. For every f; 2 To we de ne

LY () = ksc D(t)ks:
() Maxksc (t)ky

If L (f;) > d, we have to split theface f; andsolocally addnew
degreesof freedom.We denotethe setof all to-be-splitfacesby
G=ffijLt (f)> dg.

Therearesereralcommonwaysto splitafacee.g.,longestedge-
split, 1-to-3 split, or 1-to-4 split with crack- xing. We empirically
found thatthe bestway to adaptvely re ne the meshin termsof
surfacequality andapproximatioris to 1-to-4split every facefrom
G andthento x the resultingcracksby bisectingneighboring
facesThisway of adaptve re nementleastaffectstheregularity of
the meshsinceall newly insertedverticeshave valence5 or 6 and
only the crack- xing changeshe valenceof someexisting vertices
by one.Otheradaptve re nementoperatorgendto producemuch
moreirregular, i.e., non-\alence-6 verticeswhich hasa negative
effect on the quality of theresultinglimit surface.

Let Q bethe setof control verticesaffectedby the adaptve re-
nement of G (including the crack- xing). Theseverticeshave a
naturalone-to-onecorrespondence certaincontrol verticesfrom
the meshC; obtainedby applying the uniform Loop subdvision
operatorto the given meshCy. In the adaptiely re ned mesh,we
assigrto all controlverticesfrom Q thevertex positionsof the cor
respondingvertex in C; while the othercontrol verticeskeeptheir
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Figure 4: Adaptiveinsertionof contmol vertices.Thered squaes
correspondo the newly insertedcontmol verticeswhensplitting the
cental face Blue dotscorrespondto the original control vertices
shiftedto their positionin C;. Dashedlines denotecrack- xing

edees.

positionfrom Cy (Fig. 4). By this we minimize the instantmodi-
cation of the surfaceD sincethelocally re ned resolutionof the
controlmeshis compensately shifting thecontrolverticesto their
correspondingositionon the next re nementlevel. The resulting
changeof thelimit surfacess signi cantly smallercomparedo the
adaptve re nementoperatorthatsimply insertsthe new verticesat
the midpointsof the edgesNotice, however, thatwe still treatthe
resultingcontrolmeshasa singleresolutionplain subdvision sur
face.

3.2. Removal of control verticesin under-sampledregions

During the iteration of parametercorrection,leastsquarestting,
andtheadaptve insertionof new controlverticesit canhapperthat
somecontrol verticesin Cy becomeunderdeterminedif too few
sampleqor more precisely their associategharametewalues)lie
closeenoughto the centerof the correspondingasisfunction’s
support. This leadsto very unpleasantrtifactslike ripples and
bumps. The standardanswerto thesekind of instabilities, espe-
cially in thesplineworld, is to adda penalizingerm(afairing func-
tional) to the minimization problemwhich, however, might affect
the approximationquality in the properly sampledregions. Again
by exploiting the e xibility of subdvision surfaceswith respecto
theconnectvity of their controlmeshesye proposeanalternatve
approacththatis basedon detectingundersampledverticesandre-
moving themfrom themesh.

Fromthe mathematicapoint of view, underdeterminectontrol
verticesdegradethe conditionnumberof the matrix A in the least
squaregquation(2) which makesthe solutionlessrobust. An ap-
propriatevalueto ratethe degreeof beingunderdeterminedor a
given vertex is the sum of the absolutevaluesof the coefcients
in the correspondingolumnof the matrix A. In the caseof Loop
subdvision, the basisfunctionsand hencethe matrix coefcients
areall positive anyway.

The majordravbackof this stability measureas thatwe needto
evaluateit duringthe Lt optimizationphasewvhenno valid matrix
A is available and hencewe have to computeeachof thesecoef-
cients by Stams evaluationprocedureFor ef ciency reasonave
thereforecheckif acontrolvertex is underdeterminedvith a sim-
plied criterion. The ideais to simply checkif thereare samples

presengtall in someregion aroundthe centerof a basisfunction's
support.

Sincewe obsenred thatthe stability of the leastsquaresystem
is lesscritical if theapproximatingsurfacealready ts verywell to
the given sampledata,we actually de ne two criteria. Oneto be
usedwhenthe L erroris abore somethresholdt andoneto be
usedwhenit is below.

For every controlvertex p; we de ne theVoronoiregionV; asthe
unionof all Voronoisectorscorrespondingo the adjacen{param-
eter)trianglesfMDSBO03J andthe one-ringregion W, asthe union
of all adjacent(parameter}riangles.Both regionscover somein-
ner part of the basisfunctionf;'s support.Furtherwe denotethe
setof sampleghatareassociatedvith someparameteraluein V;
orW by SVi or SM respectrely. Basedonthesede nitions, we de-
cidethata vertex p; is underdeterminedff the currentL! error
is above thethresholdt andthe setSv; is emptyorthecurrentLl
erroris belav thethresholdt andthesetSAf is empty(Fig. 5).

ups

.

Figure5: Left: theVoronoicellV; of acontmol vertex p; is de nedas
theunionof all Voronoisectos of p;. Right: theone-ringregion W
is de ned astheunionof the contmol facesadjacentto p;. Thedots
representheparametrizatiorof thesamplesn thedomaingde ned
by the control faces.Samplesare associatedo the setSV; (resp.
S\ if their parametervalueis insideV; (resp.W). Dependingon
theLl error, a vertex pi is classi ed as undersampledf Sv; or
S\ is empty

Thethreshold couldbesetby theuser However, in our experi-
mentswe foundthatthechoiceof t is notvery critical sowe simply
setit to 0:1% of theboundingbox diagonalof Sfor all themodels
thatwe tested.

Onceavertex is classi edasunderdeterminedve remove it by
collapsingthathalf-edgeconnectedo it which minimizesthe con-
nectiity metric(4) of the controlmeshafterthe collapse.

3.3. Connectivity regularization

We usethe following commonmetric [SGO03 for rating the regu-
larity of the connectiity of ameshM:

RM)= & (d(v) dopi(W)? )

v2M
whered(V) is the valenceof the vertex v anddopt(v) = 4if visa
boundaryvertex or dopt (V) = 6 if v is a non-boundaryertex. An

edge ip is calledgoodif it decreaseR(M). We build a candidate
setH of all goodedge ips andperforma greedyoptimizationby

submittedto ACM Symposiunon Solid Modelingand Applications(2004



M. Marinov & L. Kobbelt/ OptimizationTechniquesfor Approximationwith SubdivisiorSurfaces 7

Figure 6: a) Original Cyberwae scanof a maleheadwith 32 triangles,M = 16k . Fromleft to right: appoximationsproducedby our
methodwith relativetolerance0:03% (asin [LLS013) for differentvaluesof the parameterJ, €y is shown:b) N = 16792 J = 1, 8min, c)
N = 14365 J= 3, 15min,d) N = 13642 J = 5, 22min, e) shows(d) shadedTheinitial appoximatingsurfacehas1600vertices.

choosingthebestip h; 2 H, i.e., the onethat maximizestheim-

provementR(Cp) R(Cg), in every step.After ipping weremove

h; andall edge ips affectedby it from H andcontinuethe greedy
selection.OnceH is emptywe build a new setof candidatesand

checkif thereexist moregood ips. Theprocedurestopsoncethere
arenomoregoodedgeips in Cp. Althoughthis approachs notas
sophisticateéstheonein [SG03 it usuallyconvergesquickly to a

local minimum of R(Cp) andsuccessfullypreventsthe occurrence
of highor low valenceverticesin the controlmesh.

4. Overall approximation procedure

Finding a good balancebetweenthe optimizationof the L error
(Section2) andthe optimizationof the Lt error(Section3) is one
of the key issuesfor achiering a high-quality approximationand
in ourimplementatiorthis balances determinedy the userwho
hasto selecttwo parameters K andJ. Here,K is the maximum
numberof optimizationsteps andevery J-th stepwe performopti-
mizationwith respecto theL® error, i.e., changethe structureof
Co. Theuseralsoprescribeshe LY errortoleranced. Thefollow-
ing pseudo-codénplementghe mainapproximatioroop:

while k < Kand L >d
if ((k+1 mod J) == 0)
Optimize the L' error
else
Optimize
end
k=k+1
end

the L2 error

As a rule of thumb, usingrelative large J = 5;6;::;10 is a good
idea and often leadsto control mesheswith smaller complexity
(Fig. 6) sinceit is generallyworth investingeffort in nding the
bestapproximatingsurfacewith the currentnumberof degreesof
freedom,beforetrying to optimizethe t by adaptvely inserting
controlverticesin the high errorregions.Onecanalsolook atJ as
aparametecontrollingthetrade-of betweermeshcompleity and
runningtime for agiventolerance.

submittedto ACM Symposiunon SolidModelingand Applications(2004

4.1. Initial tting surface

As in [TSK 00, MMTPO02], givena polygonalmeshSwe nd the
initial approximatingsubdvision surfaceD by decimatingS using
QEM-basedmeshsimpli cation [GH97] until the numberof de-
greesof freedom|.e.,the numberof controlverticesof Cp, reaches
someprede nednumber A necessargonditionfor Cg is to have
the sametopology as S. The nal quality of the approximation
might vary dependingon the numberof Cy control vertices,but
valuesfrom 1% to 5% of M provide alwaysvery goodresultsfor
denseS. Onemightexpectthatusingrelatively largeinitial N over
5% of M will producebetterresults,but this often leadsonly to
unjusti ed wasteof degreesof freedomwhich do not contribute to
the quality of the approximationand the overall minimization of
theerror.

The connectiity informationof Sis not usedatary otherplace
throughoutthe approximationprocedurethereforeone could use
ary othermethodfor determiningthe initial surface.In the future
we intendto examinealternatve approacheso constructthe ini-
tial approximatingsurfacewith the sametopology asthe sample
set, which will allow usto perform approximationalso of non-
triangulatedooint sets.

5. Results

We testedour approximatiormethodon several models(Table 1).
Thegoalwasto achieve high-qualityapproximatiorwith LY error
not larger than 0:05% of the boundingbox diagonalof the cor
respondingmodel. We also illustrate that we are able to quickly
producearelatively coarset with tolerancdessthan1% andpro-
gressvely improve the approximatiorby investingmoretime into
the tting procedurdFig. 7).

We rst compareour algorithmwith the B-splineapproximation
methodin [EH9€]. Thebestapproximatiorof thebunry modelpre-
sentedin that paperhasa relatve maximumdeviation of 1:44%.
The approximatingsurface consistsof 153 patches.Taking the
inter-patchG' smoothnessonditionsinto account,we counton
averaged dofs (degreesof freedom)per bi-cubic patch.Note that
the actualpatchesare de ned by more control vertices,however
mostof themareusedup to satisfythe C° continuity andthe G*
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Figure7: Fromlefttoright: a) theoriginal Stanfod bunnymodel.Differentapproximationg(N, relativeL’ (S D), timein min:seg: b) 612,
0:63% 0:32,¢) 913 0:30% 1:54d) 468Q 0:12%, 2:36,€) 844Q 0:049% 4:39.

Model M  initalN nal N L' (%) timeh:m
Fig.1 352K 3518 15347 0.049  0:30
Fig.6 160K 1600 13642 0.029  0:22
Fig.7 37K 612 8440  0.048  0:05
Fig.8 40K 804 4494  0.036  0:03
Fig.9 546K 4093 17995 0.049 1:04
Fig.10 31K 307 4698 0.048 005
Fig.11 51K 2028 4733 0.049  0:06

Table 1: Resultoobtainedby the procedue describedn Sectioré.

TheL! erroris givenas a percentaye of the boundingbox diag-

onal.J = 5in all of the experimentsand the algorithm converged
in lessthan the maximumallowed (K = 100 optimizationsteps.
Timingsare takenon 2.8GHzPentiumlV with 2Gb RAM.

smoothnessonstraintsacrosghe patchboundariesThe estimated
compleity corresponds$o 153 4= 612dofsin the approximat-
ing Loop surface whereeachdof correspondto onecontrolvertex.

Usingour procedurewith aninitial surfaceobtainedby decimating
thebunry modeldown to 612 verticesandperforming5 parameter
correctionsteps givesa relative maximumdeviation of 0:63%and

takes32sto computeon 2.8GHzPentiumlV includingthe decima-

tion (Fig. 7).

Next we compareour resultsto the multiresolutionsubdvision
surface tting techniqueproposedn [LLS014 sincethisis, to our
knowledge, the only work where subdvision surfaceshave been
usedto producehigh-quality approximationsof comple objects
comparabldo ours.The algorithmpresentedn that paperis very
efcient dueto the quasi-interpolationtting andthe multiresolu-
tion hierarchy However, aswe shav in Fig. 6, the numberof de-
greesof freedomrequiredin [LLS014 for obtainingthe samepre-
cisionis signi cantly larger (8 timesfor this example)thanin our
method.

6. Futur ework

The parametecorrectionprocedurewhich we useto establisithe
correspondencbetweenthe samplesand the approximatingsur

face, doesnot guaranteeone-to-onemappingin all cases.Nev-
erthelessjn practicewe obsered ipping only whenthe initial
tting control meshwas extremely coarseand could always be
avoided by allowing enoughdegreesof freedomfrom the begin-
ning. The connectiity regularizationprocedurecouldbeimproved
using[SGO03. Full supportof piecavise-smoothsubdvision sur
faceqdZK02] andalot of performanceptimizationsarestill pend-
ing in our implementation We also investigatethe possibility to
useananisotropiccemeshingACSD 03] of Sasaninitial control
meshfor the tting procedurewhich couldreducethe nal control
meshcompleity.
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