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Abstract
We presenta methodfor scattered data approximationwith subdivisionsurfaceswhich actually usesthe true representation
of the limit surfaceas a linear combinationof smoothbasis functionsassociatedwith the control vertices.This is unlike
previous techniqueswhich usedonly piecewise linear approximationsof the limit surface. By this we can assignarbitrary
parameterizationsto the givensamplepoints, including thosegenerated by parametercorrection.We presenta robust and
fast algorithm for exact closestpoint search on Loop surfacesby combiningNewton iteration and non-linearminimization.
Basedon this we perform unconditionallyconvergent parametercorrection to optimizethe approximationwith respectto
the L2 metric and thuswe make a well-establishedscattered data �tting techniquewhich hasbeenavailablebefore only for
B-splinesurfaces,applicableto subdivisionsurfaces.Furtherweexploit thefact that thecontrol meshof a subdivisionsurface
can havearbitrary connectivityto reducethe L1 error up to a certain user-de�ned toleranceby adaptivelyrestructuring
the control mesh.By employingiterative leastsquaressolvers, we achieve acceptablerunning timesevenfor large amounts
of data and we obtain high quality approximationsby surfaceswith relatively low control meshcomplexity compared
to the numberof samplepoints.Sincewe are using plain subdivisionsurfaces,there is no needfor multiresolutiondetail
coef�cients andwedonothaveto dealwith theadditionaloverheadin dataandcomputationalcomplexity associatedwith them.

CategoriesandSubjectDescriptors(accordingto ACM CCS):
I.3.5 [ComputerGraphics]:Curve,surface,solid,andobjectrepresentations

1. Intr oduction

Scattereddata approximationmethodsare a key technologyfor
shapereconstructionand reverseengineeringfrom measuredge-
ometrydata.In atypicalapplicationscenario,raw dataisgenerated,
e.g.,by some3D scanningdeviceand�tting agloballysmoothsur-
faceto the setof samplepointsconverts this datainto a geomet-
ric representationof the original object that enablessophisticated
downstreamapplicationslike, e.g.,free-formshapeediting. Most
of the work in this areahasbeendonebasedon classicaltensor-
productspline surfacesbut with the availability of more �e xible
subdivision surfacesmany ideashave beenextendedto this gen-
eralizedsettingduring the last years.Insteadof beingconstrained
to rectangularpatches,subdivision surfacescanrepresentglobally
smoothsurfacesof arbitrary(manifold) topologyby allowing for
arbitraryirregularcontrolmeshes.We areusingLoop subdivision
surfaces[Loo87] in this paper, but the basic conceptscould be
transferredto othertypesof subdivision, e.g.,Catmull-Clarksub-
divisionsurfaces[CC78].

The majority of the well-establishedscattereddataapproxima-
tion techniquesfocuseson the minimizationof someform of the
L2 error. The main reasonfor this is that leastsquaresproblems
areeasyandef�ciently handledby solvinga simplelinearsystem.

However, from the applicationpoint of view, L1 type errorsare
muchmorerelevant sincethe userusuallyprescribessomemaxi-
mum toleranced by which the �tted surfaceis allowed to deviate
from the given data.Becausethe L2 metric is computedby some
integral over the surface,oneoften wasteseffort (anddegreesof
freedom)whenglobally improving the approximationeven if the
maximumtoleranceis only violatedin somelocal region.

Themotivationfor thework presentedin thispaperis theobser-
vationthatdueto the�e xibility of subdivisionsurfaceswith respect
to their controlmeshstructure,we canapplyanditeratemany dif-
ferentoperationsto progressively improvetheapproximationof the
givendata.If wejustupdatethepositionsof thecontrolverticeswe
candoleastsquares�tting just like for splinesurfaces.However, in
additionwecanchangethestructureof thecontrolmeshby locally
insertingor removing controlvertices.Thisallows usto ef�ciently
reducetheL1 errorby adaptively introducingnew degreesof free-
dom(i.e.controlvertices)in regionswherethemaximumtolerance
is exceededandby removing degreesof freedomin regionswhere
thesurface�tting problemis under-determineddueto sparsesam-
pledata.

The speci�c contributions of this paperare that we presenta
completescattereddata�tting methodfor subdivisionsurfacesthat
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Figure 1: Original Iphigenie model(left): scanneddata 351750
points,Loop surfaceapproximation(center):maximumdeviation
is 0.05%of theboundingbox diagonal, control meshde�ning the
surface(right): 15347control points.

usesthetruesubdivisionbasisfunctionsinsteadof somepiecewise
linear approximation.This is madepossibleby usingStam's ex-
actevaluationprocedure[Sta98, Sta99] to setup the leastsquares
system.Sincewe canalsoevaluatepartialderivativesof a subdivi-
sionsurfaceexactly, weproposearobustalgorithmwhich �nds the
parametervalueof the closestpoint on theapproximatingsurface
to a givensample.Thuswe generalizethe techniqueof parameter
correction[Die95] from splinesurfacesto subdivisionsurfacesand
perform unconditionallyconvergent optimizationof the approxi-
mationwith respectto theL2 error(Section2).

To reducetheL1 errorbelow a userprescribederror tolerance
d, we presentaniterativeprocedurein Section3 thatadaptively re-
�nes thecontrolmeshaccordingto thelocalapproximationerroror
coarsensit if the local sampledensityis insuf�cient. In combina-
tion with meshconnectivity regularizationwe areableto produce
highquality approximationswithouthaving to adda fairnessfunc-
tional. Our techniqueis progressive andscalablein the sensethat
wecangetacoarse�t afterjusta few secondswhile wecanfurther
improvetheapproximationqualityby lettingthealgorithmperform
somemoreiterations.

1.1. Relatedwork

The amountof work that has beendone in the areaof surface
approximationis immenseand a completereview is beyond the
scopeof thispaper. Wereferto [Sap94] asastandardreferenceand
to [CMS03] for somemorerecentadvances.Traditionally, tensor-
productspline surfaceshave beenusedfor this task,but when it
comesto the approximationof complex geometricobjects,their
rigid regular structuremakes it necessaryto �t several patchesto
partsof thedataandthento stitchthemtogetherin ageometrically
smoothfashion[EH96].

Anotherproblemis that the regular structureof tensor-product
patchesprohibitsthe�e xible adaptionof thecontrolmeshto thelo-
cal shapecomplexity or sampledensity. As a consequencepenalty
functionals(a.k.a.fairing functionals)usuallyhave to beaddedto
the approximationproblemin orderto stabilizeit [Die95, EH96].
All thesedif�culties compromisethe�e xibility andapproximation
power of splinesurfacesfor generalapproximationproblems.

Subdivision surfacesare globally smooth(mostly even piece-
wise polynomial) surfaces that do not suffer from these lim-
itations. Complex shapescan be representedwith one con-
trol mesh and local adaption of the control vertex den-
sity is straightforward [ZSS� 00]. This is why several pa-
pers [HKD93, HDD� 94, STK99, TSK� 00, MZ00, LLS01a] have
addressedthe scattereddata�tting problemby usingsubdivision
surfacerepresentations.However, sincesubdivision surfaceshave
no obvious explicit parametrization,modi�cations andsimpli�ca-
tionsof thegeneralsettinghavebeenusedfor thesakeof ef�ciency.

One issue is that, assuming the canonical parametriza-
tion, subdivision surfaces are much easier to evaluate at
dyadic barycentric parametervalues than at arbitrary param-
eter values. This is why special uniform parameterizations
of the given sample data have been preferred by many au-
thors [STK99, LMH00, LLS01a, LLS01b, JK02, MMTP02]. Al-
though this leadsto well conditionedleast squaressystemsand
extremelysimplequasi-interpolationoperators[LLS01a, LLS01b],
themajordrawbackof usinguniform parameterizationsis that the
evaluatedapproximationerrors differ signi�cantly from the ac-
tual geometricdeviation. In [LLS01b], Litke et al. use uniform
parameterizationin combinationwith re-samplingthe target sur-
face.While this leadsto a geometricallymeaningfulerrormetric,
it mayaffect thelocal sampledensitypotentiallyleadingto under-
samplingin regionswherethesurfacenormalsof the�tting surface
andthetargetsurfacestronglydiffer or wherethe�tting surfacehas
high curvature(Fig. 2).

Parametercorrectionis a techniquethatdoesexactly the oppo-
site.For eachgivensamplepoint, theclosestpoint on theapprox-
imating surfaceis found which implies an obvious geometricin-
terpretationof the approximationerror (Fig. 2). However, when-
ever parametercorrectionhasbeenusedfor subdivision surfaces
in the literature,thecorrectionhasbeencomputedwith respectto
a piecewise linear approximationinsteadof the true limit surface
[HDD� 94]. In practicethis often leadsto numericalinstabilities-
mostlydueto thefactthatthepiecewiselinearapproximationdoes
not have a continuoussurfacenormal�eld.

From the conceptualpoint of view our work is closest to
[HDD� 94]. In this paperHoppeet al. describea procedurethat
doesleastsquares�tting of a subdivision surfaceto scattereddata,
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Figure 2: Uniform parametrization(top) vs.parametercorrection
(bottom).Thedotsrepresenttheapproximatedsamplesandthepo-
sition of thesquaresindicatethecorrespondingparametervalues.
In the uniform settingwe haveto �nd theclosestdata samplefor
uniformly distributed “sensor” points on the approximatingsur-
face. In the parametercorrectionsettingwe �nd the closestpoint
on the approximatingsurfacefor each sampleleading to a more
reliablegeometricdistancemeasure.

however theparametrizationis computedandevaluatedonly on a
piecewiselinearapproximationof theapproximatingsurface.This
procedureis interleavedwith a “randomdescent”meshoptimiza-
tion scheme,whichiteratively attemptsto reducetheL2 error. Min-
imizationof theL1 erroris notdiscussed.

A quite differentapproachto subdivision surface�tting is de-
scribed in [BKZ01, JK02, LMH00, LLS01a, LLS01b]. Here the
so-calledmultiresolution subdivision surfaces[Zor97] are used
which assignan additionaldisplacementvector to every control
vertex of an adaptively re�ned control mesh.While this repre-
sentationprovides a natural hierarchy that distinguishesdiffer-
ent levels of detail, themathematicalrepresentationsbecomesex-
tremelyredundantascanbe seenfrom thenumberof detail coef-
�cients thatarenecessaryto closelyapproximatecomplicatedob-
jects[LLS01a].

1.2. Notation

With S= f s1 � � � sMg we denotethesetof givendatasamplesand
with D thesubdivisionsurfacewhichis �tted to S. Its controlmesh,
thebasemeshC0(P0;T0), is composedof two sets- verticesandtri-
angles.We denoteN = #(P0) asthenumberof degreesof freedom
(controlvertices)andwe usuallyassumeM � N. Theuniform re-
�nement levelsof C0 aref C1 � � � Ckg andthemeshesbCj ( bPj ;Tj) are
obtainedby applying the limit surfaceprojectionoperatorto the
controlverticesPj of Cj .

2. Optimization of the L2 metric

We examinethe problemof �nding the bestL2 approximationof
a given setof samplesS= f sig by a Loop subdivision surfaceD
with �x ednumberof control pointsandconnectivity. SinceS is a
discreteset,theL2 erroris expressedby thefollowing term:

L2(f sig;D) =

 
M

å
i= 1

ksi � D(ti)k
2
2

! 1
2

; (1)

wheref tig arethe parametervaluesassignedto the samplesf sig
with respectto someparametrizationof the surfaceD. The most
commonway is to usebarycentriccoordinateswith respectto the
trianglesof thebasemeshC0, i.e., ti = < fi ; (vi ;wi) > , where fi 2
T0 indicatesthepatchto which the samplesi is mappedand(1�
vi � wi ; vi ;wi) de�ne the barycentriccoordinatesof ti within this
triangle.

Given a �x ed correspondencesi $ ti , theproblemof minimiz-
ing (1) is solvedin theleastsquaressenseby �nding thatsolution
P0 whichminimizestheL2 residuumof theover-determinedlinear
system

AP0 = S: (2)

In order to compute the matrix A = [f j (ti )]M� N for arbitrary
parameterizationsf tig, we have to evaluate the basis functions
f f 1 � � � f Ng whichde�ne D atf t1 � � � tMg (see2.1). Solvingthesys-
tem (2) givesus theoptimal positionof the control verticesP0 of
D. Thesparsityof thematrix A dependson thesupportof thebasis
functionsf j . In thecaseof Loop subdivision surfaces,eachpatch
(correspondingto onetriangleof thebasemesh)is affectedby 12
controlverticeson average.Hencethematrix A hasabout12 non-
zero coef�cients per row. Thereare many different ways to ef�-
cientlysolve (2). In our implementationweuseaniterativemethod
suchasCGLS[Elf78].

Anotherwayto minimize(1) is by performingparametercorrec-
tion, i.e., by �nding for every samplepoint si the parameterti of
theclosestpoint on D. Iteratingleastsquare�tting andparameter
correctiongeneratesasequenceof solutionsD0, D1, D2, ...,eachof
whichhasasmallerL2 error, until theapproximationqualitycannot
beimprovedany more,i.e.

L2(f sig;Dk) � L2(f sig;Dk+ 1) < e;

or someothercriterionis met,for examplea maximumnumberof
stepsis performed.

2.1. Exact evaluation of the subdivision basisfunctions

A signi�cant improvementof our methodis due to the fact that
the �tting proceduredependson the exact subdivision surfaceD
insteadof dependingon somepiecewise-linearapproximationof
it, as in [HDD� 94]. To achieve this, we usethe representationof
D asa linear combinationof onesmoothbasisfunction for each
controlvertex, i.e.

D(t) =
N

å
j= 0

f j (t) p0; j ;

wherethe parameterdomainof D is modeledas the facesof the
basemeshC0. Unlike uniform tensor-productsplinesurfaces,the
subdivision basisfunctionsarenot meretranslatesof eachother.
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Figure 3: Fromleft to right: a) original modelwith 30696samplepoints,b) initial approximationwith 461control points,L2 error 82:9,
c) after 25 parametercorrectionandre-�tting steps,L2 error 42:6, d) ande) showcolor codederrors before andafter the25 optimization
steps.Noticetheconcentration of theerror to local “hot spots” which makesit easierto detectregionswhere the insertionof new control
verticeseffectivelyreducestheL1 error. f) convergencebehavior(error vs.numberof iterations)plot.

Instead,eachf j dependson thevalenceof thecorrespondingcon-
trol vertex p0; j andon the valencesof its direct neighborsin C0.
Hence,theeasiestway to evaluatea basisfunction f j is to assign
anadditionalscalarattributes to eachcontrolvertex andsets = 1
for p0; j ands = 0 for all otherverticesin P0 [BS02], andthento
applyStam's evaluationprocedureon theso-de�nedscalar-valued
mesh.

2.2. Exact closestpoint search and parameter correction

The next ingredientof our L2 error minimizationprocedureis an
algorithmfor �nding theexact closestpoint D(ti) on a Loop sub-
division surfaceD givenanarbitrarysamplepoint si . This is done
by performingstabilizedNewton iteration.The startingvalue for
the iterationcan be eithera previously assignedparametervalue
ti or a valueobtainedby searchingfor the closestpoint on a dis-
cretepiecewiselinearapproximationcCk. In thesecondcaseweuse
a variant of the MESH-framework for evaluatingHausdorff dis-
tancesbetweensurfaces[ASCE02], which employs a spatialdata
structurein order to minimize “closestpoint on triangle” evalua-
tions.We denotetheinitial solutionasti;0.

In the j-th stepof theNewton iterationwe linearizethesurface
D at thecurrentapproximatesolutionti; j by computingthetangent
planeTi; j , whichis givenby theJacobianr D(ti; j ) 2 R3� 2. In order
to �nd anupdatevectorqi; j 2 R2 in theparameterdomaintowards
animprovedestimatefor theclosestpoint D(ti), we determinethe
orthogonalprojectionof si ontoTi; j by solvingthefollowing 2� 2
linearsystemfor qi; j :

�
si �

�
D(ti; j ) + r D(ti; j ) � qi; j

�	
:
¶D
¶v

(ti; j ) = 0

�
si �

�
D(ti; j ) + r D(ti; j ) � qi; j

�	
:
¶D
¶w

(ti; j ) = 0

Specialcarehasto betakenwhenactuallyupdatingtheparameter
valueti; j = < fi; j ; (vi; j ;wi; j) > sincethe parameterdomainof the
surfaceD is split into disjoint trianglescorrespondingto the faces
of thebasemeshC0. In orderto avoid anexcessive numberof spe-
cial cases,we simplyconsiderthefollowing threecases:

1. When (vi; j ;wi; j) + qi; j still lies in the sametriangle fi; j then
ti; j+ 1 := < fi; j ; (vi; j ;wi; j ) + qi; j > .

2. When(vi; j ;wi; j ) + qi; j lies outside fi; j , i.e., the updatemoves
into a neighboringpatch,thenwe scaleqi; j down by a factor
0 < l < 1 such that the updatedparametervalue ti; j+ 1 := <
fi; j ; (vi; j ;wi; j) + l qi; j > lies exactly on the boundaryof the
patch fi; j . By this we avoid the re-parametrizationthat would
be necessaryto computethe properbarycentriccoordinatesof
thevectorqi; j in thenext parametertriangle.

3. If ti; j lies alreadyon anedgeof fi; j andqi; j is pointingoutside
thenweswitchto theneighborfacefi; j+ 1 into whichqi; j points,
i.e., ti; j+ 1 := < fi; j+ 1; (vi; j+ 1;wi; j+ 1) > where (vi; j+ 1;wi; j+ 1)
arethebarycentriccoordinatesof the samecommonboundary
point with respectto thenew triangle fi; j+ 1. Theactualparam-
eterupdatewill beexecutedin thenext iteration.

Thedistinctionbetweencase(2) and(3) is necessarybecauseit is
dif�cult to predict if the updatevectorqi; j+ 1 in the next Newton
iterationwill point into thesamedirectionasqi; j or in theopposite
direction.

If the starting value ti;0 is not suf�ciently close to the ex-
act solution, it might happenthat the Newton iteration suggests
a parametervalue where the L2 distanceactually increases,i.e.
 si � D(ti; j+ 1)




2 �

 si � D(ti; j )




2. This usually meansthat the
length of the update step qi; j is incorrect, which is a com-
mon behavior of any root-�nding algorithmfor multivariatefunc-
tions. To handlesuch situationsin a robust manner, we switch
to a reliable univariate optimization techniquelike Brent mini-
mization [Bre73] to �nd the minimum ĥ of the function g(h) =
 si � D((vi; j ;wi; j ) + hqi; j )




2, h 2 (0;1). Finally we setti; j+ 1 = <
fi; j ; (vi; j ;wi; j ) + ĥqi; j > .

We stoptheclosestpoint searchwhenever

 qi; j




2 < e or j > n.

In our testcaseswe alwaysusede = 10� 6 andn = 500.Because
of the robust minimization-basedbacktracking,we observed even
for verycomplicatedmodelswith morethan200000samplepoints
lessthan0:01% failuresto converge with respectto the tolerance
e in less than n updatesteps.If sucha failure occurs,we com-
parethenewly foundsolutionat ti;n with theold solutionat ti;0 and
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keepthebetterone.This guaranteestheunconditionallystableand
monotonicconvergenceof the parametercorrectionprocedure.A
casewhereti;0 is actuallybetterthanti;n occursextremelyrarely. In
mostof ourexperimentstheNewtoniterationconvergesonaverage
in lessthan6 updatesteps.

It is importantto noticethedifferenceof our parametercorrec-
tion schemeto previousapproaches[HDD� 94], wherea piecewise
linear approximationof the limit surfacewasusedfor the closest
point search.An updatestepthat reducesthe distancebetweena
samplepointsi andapiecewiselinearapproximationcCk of thelimit
surfaceD doesnot necessarilyreducethedistancebetweensi and
D. To illustratethis we repeatedthe experimentof Fig. 3 search-
ing for theclosestpoint on cC2, asproposedin [HDD� 94]. TheL2

error after the 25 optimizationstepswaslarger by 26:24%.Since
the test control meshwas relatively coarse,we could repeatthe
experimentagain,this timeusingcC4 asa piecewiselinearapproxi-
mationof D. Theexactsolutionwasstill betterby 11:4%.Notethat
thisapproachis notapplicablefor theoptimizationof largecontrol
meshes(without theuseof a sophisticatedadaptive subdivision al-
gorithm),sinceit requiresusto subdivide thecontrolmeshatevery
stepto a64 timeslargermesh.

3. Optimization of the L1 metric

While theL2 error is a goodmeasurefor globally �tting a surface
to sampledata,theL1 error is muchcloserto theintuitive notion
of approximationtolerance.Hencewepresentatechniqueto effec-
tively reducetheL1 errorby changingthestructureof thecontrol
mesh.TheL1 errorfor discretesampledataf sig is de�ned as:

L1 (f sig;D) = max
1� i� M

ksi � D(ti)k2 : (3)

In engineeringapplicationsthis maximumtoleranced � 0 is usu-
ally setby the user. In [LMH00, BKZ01, LLS01a, LLS01b] mul-
tiresolutionsubdivision surfacesareusedto satisfysuchuserde-
�ned tolerances.Facesfor which the maximumerror is exceeded
are subdivided adaptively anddisplacementvectorsare addedto
the newly insertedvertices.This approachis robust and leadsto
quitegoodresults,hastheadvantageof a genuinemultiresolution
semanticsand is convenient for applicationssuchas progressive
transmissionandcompression.However, it alsohasseveral draw-
backs:

1. Looking at theresults,e.g.,in [LLS01a], it seemsthat the rep-
resentationis highly redundantin termsof thenumberof coef�-
cientsthatwe needto faithfully representcomplex objects.The
representationis no longerunique,especiallyif multiple detail
coef�cients areassignedto thesamecontrolvertex on different
re�nementlevels.

2. Theconceptualsimplicity of thesubdivisionsurfaceis lostsince
we have to dealwith a combinationof basisfunctionsfrom dif-
ferent re�nement levels. The evaluationcan becometricky in
regionswheretheadaptive re�nementlevel changes.

To compensatefor thesedif�culties, wepresentaniterativemethod
for optimizing the control meshof a plain subdivision surfaceD
suchthat the approximationsatis�es a given L1 error tolerance
d � 0. We derive differentheuristicsto improve both the approx-
imation and the surfacequality. The methodis basedon a setof
fundamentaloperations:

1. Adaptive insertionof controlverticeswherethetoleranceis not
met(Section3.1).

2. Removal of control verticesin under-sampledregions(Section
3.2).

3. Re-establishingthe parameterizationf tig of the samplesf sig
after the control mesh(andhencethe surfaceD) haschanged.
This is doneby re-runningthe parametercorrectionalgorithm
of Section2.2.

4. Connectivity regularization(Section3.3).

The overall optimizationprocedureis describedby the following
pseudo-code:

Adaptively insert control vertices
do

Regularize connectivity
Re-establish the correspondence
Remove control vertices in

under-sampled regions
while removed_vertices_number > 0
Fit the new control mesh to the samples

Thepresentedtechniquedoesnotguaranteetheachievementof the
criterionL1 (f sig;D) < d in onesingleiteration,it is only aheuris-
tic which identi�es regionsof C0 which shouldbeoptimizedwith
respectto the L1 error and the currentparametrizationf tig. In
practice,oneusuallyneedsseveral iterationsof the above proce-
dureto satisfythecriterion.In Section4 weinterleavethis iteration
with the techniquedescribedin Section2 to boundthe growth of
thenumberof controlvertices.

3.1. Adaptive insertion of control vertices

With Sfi = f si jti 2 fig we denotethe set of samplesmappedto
fi 2 T0. For every fi 2 T0 we de�ne

L1 ( fi) = max
sk2 Sfi

ksk � D(tk)k2 :

If L1 ( fi) > d, we have to split the face fi andsolocally addnew
degreesof freedom.We denotethe setof all to-be-splitfacesby
G = f fi jL

1 ( fi) > dg.

Thereareseveralcommonwaystosplit aface,e.g.,longestedge-
split, 1-to-3split, or 1-to-4split with crack-�xing. We empirically
found that the bestway to adaptively re�ne the meshin termsof
surfacequalityandapproximationis to 1-to-4split every facefrom
G and then to �x the resulting cracksby bisectingneighboring
faces.Thiswayof adaptivere�nementleastaffectstheregularityof
themeshsinceall newly insertedverticeshave valence5 or 6 and
only thecrack-�xing changesthevalenceof someexistingvertices
by one.Otheradaptive re�nementoperatorstendto producemuch
more irregular, i.e., non-valence-6,verticeswhich hasa negative
effect on thequalityof theresultinglimit surface.

Let Q be thesetof control verticesaffectedby theadaptive re-
�nement of G (including the crack-�xing). Theseverticeshave a
naturalone-to-onecorrespondenceto certaincontrolverticesfrom
the meshC1 obtainedby applying the uniform Loop subdivision
operatorto thegiven meshC0. In theadaptively re�ned mesh,we
assignto all controlverticesfrom Q thevertex positionsof thecor-
respondingvertex in C1 while theothercontrolverticeskeeptheir
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Figure 4: Adaptiveinsertionof control vertices.Thered squares
correspondto thenewly insertedcontrol verticeswhensplitting the
central face. Bluedotscorrespondto theoriginal control vertices
shifted to their position in C1. Dashedlines denotecrack-�xing
edges.

positionfrom C0 (Fig. 4). By this we minimize the instantmodi-
�cation of thesurfaceD sincethe locally re�ned resolutionof the
controlmeshis compensatedby shiftingthecontrolverticesto their
correspondingpositionon thenext re�nementlevel. Theresulting
changeof thelimit surfacesis signi�cantly smallercomparedto the
adaptive re�nementoperatorthatsimply insertsthenew verticesat
themidpointsof theedges.Notice,however, thatwe still treatthe
resultingcontrolmeshasa singleresolutionplain subdivision sur-
face.

3.2. Removal of control verticesin under-sampledregions

During the iterationof parametercorrection,leastsquares�tting,
andtheadaptive insertionof new controlverticesit canhappenthat
somecontrol verticesin C0 becomeunder-determinedif too few
samples(or moreprecisely, their associatedparametervalues)lie
closeenoughto the centerof the correspondingbasisfunction's
support.This leadsto very unpleasantartifacts like ripples and
bumps.The standardanswerto thesekind of instabilities,espe-
cially in thesplineworld, is to addapenalizingterm(afairingfunc-
tional) to the minimizationproblemwhich, however, might affect
theapproximationquality in theproperlysampledregions.Again
by exploiting the�e xibility of subdivision surfaceswith respectto
theconnectivity of their controlmeshes,we proposeanalternative
approachthatis basedon detectingunder-sampledverticesandre-
moving themfrom themesh.

Fromthemathematicalpoint of view, under-determinedcontrol
verticesdegradetheconditionnumberof thematrix A in the least
squaresequation(2) which makesthesolutionlessrobust.An ap-
propriatevalueto ratethedegreeof beingunder-determinedfor a
given vertex is the sumof the absolutevaluesof the coef�cients
in thecorrespondingcolumnof thematrix A. In the caseof Loop
subdivision, the basisfunctionsandhencethe matrix coef�cients
areall positive anyway.

Themajordrawbackof this stability measureis thatwe needto
evaluateit duringtheL1 optimizationphasewhennovalid matrix
A is availableandhencewe have to computeeachof thesecoef-
�cients by Stam's evaluationprocedure.For ef�ciency reasonswe
thereforecheckif a controlvertex is under-determinedwith a sim-
pli�ed criterion.The idea is to simply checkif therearesamples

presentatall in someregionaroundthecenterof a basisfunction's
support.

Sincewe observed that thestability of the leastsquaressystem
is lesscritical if theapproximatingsurfacealready�ts verywell to
the given sampledata,we actuallyde�ne two criteria.One to be
usedwhenthe L1 error is above somethresholdt andoneto be
usedwhenit is below.

For everycontrolvertex pi wede�ne theVoronoiregionVi asthe
unionof all Voronoisectorscorrespondingto theadjacent(param-
eter)triangles[MDSB03] andtheone-ringregionWi astheunion
of all adjacent(parameter)triangles.Both regionscover somein-
ner part of the basisfunction f i 's support.Furtherwe denotethe
setof samplesthatareassociatedwith someparametervaluein Vi
orWi by SVi or SWi respectively. Basedonthesede�nitions, wede-
cide that a vertex pi is under-determinediff the currentL1 error
is above thethresholdt andthesetSVi is emptyor thecurrentL1

erroris below thethresholdt andthesetSWi is empty(Fig. 5).
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Figure5: Left: theVoronoicellVi of acontrol vertex pi isde�nedas
theunionof all Voronoisectorsof pi . Right: theone-ringregionWi
is de�nedastheunionof thecontrol facesadjacentto pi . Thedots
representtheparametrizationof thesamplesin thedomainsde�ned
by the control faces.Samplesare associatedto the setSVi (resp.
SWi ) if their parametervalueis insideVi (resp.Wi ). Dependingon
the L1 error, a vertex pi is classi�ed as under-sampledif SVi or
SWi is empty.

Thethresholdt couldbesetby theuser. However, in ourexperi-
mentswefoundthatthechoiceof t is notverycritical sowesimply
setit to 0:1% of theboundingbox diagonalof Sfor all themodels
thatwe tested.

Oncea vertex is classi�edasunder-determinedwe remove it by
collapsingthathalf-edgeconnectedto it which minimizesthecon-
nectivity metric(4) of thecontrolmeshafterthecollapse.

3.3. Connectivity regularization

We usethe following commonmetric [SG03] for rating the regu-
larity of theconnectivity of a meshM:

R(M) = å
v2 M

(d(v) � dopt (v))2; (4)

whered(v) is thevalenceof thevertex v anddopt (v) = 4 if v is a
boundaryvertex or dopt (v) = 6 if v is a non-boundaryvertex. An
edge�ip is calledgoodif it decreasesR(M). We build a candidate
setH of all goodedge�ips andperforma greedyoptimizationby
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Figure 6: a) Original Cyberware scanof a maleheadwith 320k triangles,M = 160k . Fromleft to right: approximationsproducedby our
methodwith relativetolerance0:03%(asin [LLS01a]) for differentvaluesof theparameterJ, cC0 is shown:b) N = 16792, J = 1, 8min, c)
N = 14365, J = 3, 15min,d) N = 13642, J = 5, 22min,e) shows(d) shaded.Theinitial approximatingsurfacehas1600vertices.

choosingthebest�ip hi 2 H, i.e., theonethatmaximizesthe im-
provementR(C0) � R(C

0

0), in every step.After �ipping we remove
hi andall edge�ips affectedby it from H andcontinuethegreedy
selection.OnceH is emptywe build a new setof candidatesand
checkif thereexist moregood�ips. Theprocedurestopsoncethere
arenomoregoodedge�ips in C0. Althoughthisapproachis notas
sophisticatedastheonein [SG03] it usuallyconvergesquickly to a
local minimumof R(C0) andsuccessfullypreventstheoccurrence
of highor low valenceverticesin thecontrolmesh.

4. Overall approximation procedure

Finding a goodbalancebetweenthe optimizationof the L2 error
(Section2) andtheoptimizationof theL1 error(Section3) is one
of the key issuesfor achieving a high-qualityapproximationand
in our implementationthis balanceis determinedby theuserwho
hasto selecttwo parameters- K andJ. Here,K is the maximum
numberof optimizationsteps,andeveryJ-th stepweperformopti-
mizationwith respectto theL1 error, i.e., changethestructureof
C0. TheuseralsoprescribestheL1 errortoleranced. Thefollow-
ing pseudo-codeimplementsthemainapproximationloop:

while k < K and L1
k > d

if ((k+1 mod J) == 0)
Optimize the L1 error

else
Optimize the L2 error

end
k=k+1

end

As a rule of thumb,using relative large J = 5;6; ::; 10 is a good
idea and often leadsto control mesheswith smaller complexity
(Fig. 6) sinceit is generallyworth investingeffort in �nding the
bestapproximatingsurfacewith thecurrentnumberof degreesof
freedom,beforetrying to optimize the �t by adaptively inserting
controlverticesin thehigh errorregions.Onecanalsolook at J as
aparametercontrollingthetrade-off betweenmeshcomplexity and
runningtime for a giventolerance.

4.1. Initial �tting surface

As in [TSK� 00, MMTP02], givena polygonalmeshSwe �nd the
initial approximatingsubdivision surfaceD by decimatingSusing
QEM-basedmeshsimpli�cation [GH97] until the numberof de-
greesof freedom,i.e.,thenumberof controlverticesof C0, reaches
someprede�nednumber. A necessaryconditionfor C0 is to have
the sametopology as S. The �nal quality of the approximation
might vary dependingon the numberof C0 control vertices,but
valuesfrom 1% to 5% of M provide alwaysvery goodresultsfor
denseS. Onemightexpectthatusingrelatively largeinitial N over
5% of M will producebetterresults,but this often leadsonly to
unjusti�ed wasteof degreesof freedomwhich do not contributeto
the quality of the approximationand the overall minimizationof
theerror.

Theconnectivity informationof Sis not usedat any otherplace
throughoutthe approximationprocedure,thereforeonecould use
any othermethodfor determiningthe initial surface.In the future
we intend to examinealternative approachesto constructthe ini-
tial approximatingsurfacewith the sametopologyas the sample
set, which will allow us to perform approximationalso of non-
triangulatedpoint sets.

5. Results

We testedour approximationmethodon severalmodels(Table1).
Thegoalwasto achieve high-qualityapproximationwith L1 error
not larger than 0:05% of the boundingbox diagonalof the cor-
respondingmodel.We also illustrate that we are able to quickly
producea relatively coarse�t with tolerancelessthan1% andpro-
gressively improve theapproximationby investingmoretime into
the�tting procedure(Fig. 7).

We�rst compareouralgorithmwith theB-splineapproximation
methodin [EH96]. Thebestapproximationof thebunny modelpre-
sentedin that paperhasa relative maximumdeviation of 1:44%.
The approximatingsurface consistsof 153 patches.Taking the
inter-patchG1 smoothnessconditionsinto account,we count on
average4 dofs (degreesof freedom)perbi-cubic patch.Note that
the actualpatchesarede�ned by morecontrol vertices,however
mostof themareusedup to satisfytheC0 continuity andthe G1
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Figure7: Fromleft to right: a) theoriginal Stanford bunnymodel.Differentapproximations(N, relativeL1 (S;D), timein min:sec): b) 612,
0:63%, 0:32,c) 913, 0:30%, 1:54 d) 4680, 0:12%, 2:36,e) 8440, 0:049%, 4:39.

Model M initial N �nal N L1 (%) time h:m

Fig. 1 352K 3518 15347 0.049 0:30

Fig. 6 160K 1600 13642 0.029 0:22

Fig. 7 37K 612 8440 0.048 0:05

Fig. 8 40K 804 4494 0.036 0:03

Fig. 9 546K 4093 17995 0.049 1:04

Fig. 10 31K 307 4698 0.048 0:05

Fig. 11 51K 2028 4733 0.049 0:06

Table1: Resultsobtainedby theprocedure describedin Section4.
TheL1 error is givenasa percentage of theboundingbox diag-
onal. J = 5 in all of theexperimentsand thealgorithmconverged
in lessthan the maximumallowed(K = 100) optimizationsteps.
Timingsare takenon 2.8GHzPentiumIV with 2GbRAM.

smoothnessconstraintsacrossthepatchboundaries.Theestimated
complexity correspondsto 153� 4 = 612dofs in theapproximat-
ingLoopsurface,whereeachdofcorrespondstoonecontrolvertex.
Usingourprocedurewith aninitial surfaceobtainedby decimating
thebunny modeldown to 612verticesandperforming5 parameter
correctionsteps,givesa relative maximumdeviation of 0:63%and
takes32s to computeon2.8GHzPentiumIV includingthedecima-
tion (Fig. 7).

Next we compareour resultsto themultiresolutionsubdivision
surface�tting techniqueproposedin [LLS01a] sincethis is, to our
knowledge,the only work wheresubdivision surfaceshave been
usedto producehigh-quality approximationsof complex objects
comparableto ours.Thealgorithmpresentedin thatpaperis very
ef�cient dueto thequasi-interpolation�tting andthe multiresolu-
tion hierarchy. However, aswe show in Fig. 6, thenumberof de-
greesof freedomrequiredin [LLS01a] for obtainingthesamepre-
cision is signi�cantly larger(8 timesfor this example)thanin our
method.

6. Futur ework

Theparametercorrectionprocedure,which we useto establishthe
correspondencebetweenthe samplesand the approximatingsur-

face,doesnot guaranteeone-to-onemappingin all cases.Nev-
ertheless,in practicewe observed �ipping only when the initial
�tting control meshwas extremely coarseand could always be
avoidedby allowing enoughdegreesof freedomfrom the begin-
ning.Theconnectivity regularizationprocedurecouldbeimproved
using [SG03]. Full supportof piecewise-smoothsubdivision sur-
faces[ZK02] anda lot of performanceoptimizationsarestill pend-
ing in our implementation.We also investigatethe possibility to
useananisotropicremeshing[ACSD� 03] of Sasaninitial control
meshfor the�tting procedure,whichcouldreducethe�nal control
meshcomplexity.
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