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Abstract

Providing a thorough mathematicalfoundation,multiresolutionmodelingis the standard approach for global
surfacedeformationsthat preserve�ne surfacedetails in an intuitive and plausiblemanner. A given shapeis
decomposedinto a smoothlow-frequencybasesurfaceandhigh-frequencydetail information.Addingthesedetails
back onto a deformedversion of the basesurfaceresultsin the desired modi�cation. Using a suitabledetail
encoding, the connectivityof the basesurfaceis not restrictedto be the sameas that of the original surface.
We proposeto exploit this degreeof freedomto improve both robustnessand ef�ciency of multiresolutionshape
editing.
In several approachesthemodi�ed basesurfaceis computedbysolvinga linear systemof discretizedLaplacians.
By remeshingthebasesurfacesuch that theVoronoi areasof its verticesare equalized,weturn theunsymmetric
surface-relatedlinear systeminto a symmetricone, such that simpler, more robust,andmore ef�cient solvers can
beapplied.Thehighregularity of theremeshedbasesurfacefurther removesnumericalproblemscausedbymesh
degeneraciesandresultsin a betterdiscretizationof theLaplacianoperator.
Theremeshingis performedon thelow-frequencybasesurfaceonly, while theconnectivityof theoriginal surface
is kept �xed. Hence, this functionalitycanbeencapsulatedinsidea multiresolutionkernelandis thuscompletely
hiddenfromtheuser.

1. Intr oduction

Causedby thesteadilyincreasingavailability andef�ciency
of bothhardwareandsoftwarefor digital geometryprocess-
ing,moreandmorephysicalstagesin theindustrialdevelop-
mentanddesignprocessareassistedby or evenreplacedby
methodsfrom CAGD. Betweenthose,oneof themostchal-
lengingtopicsis shapeediting,sincecomplex mathematical
frameworkshave to behiddenbehindanintuitive modeling
metaphor, thusenablingeventhenon-expertuserto perform
sophisticatedsurfacedeformations.

Currently, such modeling tasks are typically done us-
ing CAD systemsbasedon NURBS as the underlying
surfacerepresentation.However, the topologicalrestriction
of NURBS to triangularor rectangulardomainsresultsin
an extremely high numberof (possibly trimmed) surface
patchesto be usedfor representingnon-trivial geometries,
makingsurfaceeditingacomplicatedandtediousprocess.

During the last years,many techniquesfrom NURBS
modelinghave beendiscretizedandgeneralizedto triangle

meshes.While subdivision surfacescanbe consideredasa
generalizationof splinesurfacesto arbitrarytopology, they
requirethe meshto have semi-regular subdivision connec-
tivity. Without the topologicalrestrictionsof NURBS and
theconnectivity constraintsof subdivisionsurfaces,arbitrary
trianglemeshesgainedincreasingattentionasasurfacerep-
resentationsuitablefor shapeediting[KCVS98]. Recentap-
proachesbasedon trianglemeshmodelingprovide aneasy
and intuitive modeling metaphoras well as real-time re-
sponsetimeswheninteractingwith thesurface[BK04].

Freeformmodelingapproachesaremostlyusedto create
and edit smoothsurfaces.A combinationwith multireso-
lution modelingtechniquesis morerelevant for real-world
modeling tasks,since this provides both local and global
shapedeformationswhile additionallypreserving�ne sur-
facedetailsin anintuitiveandplausiblemanner.

This is achievedby splittingagivensurface— considered
as a surfacesignal — into high and low frequencies.The
low frequenciesof theoriginal surfacearerepresentedasa
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smoothbasesurfaceandaretypically constructedby low-
pass�ltering the original surface [DMSB99,Lév03]. The
remaininghigh frequenciesareencodedinto detail informa-
tion, suchthattheoriginalsurfacecanbereconstructedfrom
thesmoothbaseandthis detail information.A generalmul-
tiresolutionmodelingframework thenconsistsof

1. adecompositionoperatorsplitting thesurfaceinto a low-
frequency basesurfaceandhigh-frequency details,

2. afreeformmodelingoperatordeformingthebasesurface,
3. a reconstructionoperatoraddingthe detail information

backontoamodi�ed versionof thebasesurface.

Notice that the original surfaceand the basemeshplay
different roles in the modelingprocess.The former is the
meshthedesignerseesandinteractswith, thelatteris gener-
ally hiddenfrom theuserandis internallyusedfor comput-
ing the deformations.As a consequence,the requirements
on thesetwo surfacesalsodiffer. Theoriginal surfacehasto
provide a high-qualityapproximationto the actualsurface
geometryand representsits �ne detailsandsharpfeatures
by a possiblyhand-craftedtriangulation.On theotherhand
side,sinceall numericalcomputationsareperformedon the
basemesh,its structureis mainly responsiblefor robustness
andef�ciency.

Whena suitabledetailencodingis used[KVS99, BK03],
thetessellationof thebasesurfaceis not restrictedto bethe
sameasthe tessellationof theoriginal surface.As a conse-
quence,the triangulationof thebasesurfacecanbeconsid-
eredasanadditionaldegreeof freedomthatcanbeadjusted
in order to improve the multiresolutionmodelingprocess.
Note that by constructionthe basesurface is smoothand
containsnohigh-frequency details,hencearemeshingor re-
samplingis possiblewithout introducingaliasingartifacts.
In contrast,theoriginalsurfacegenerallydoescontainsharp
features,thereforea remeshingis prohibitive,asit couldde-
stroy a feature-alignedtriangulation.

Two major designgoalsfor a multiresolutionmodeling
framework arerobustnessandef�ciency. As both itemsare
closelyrelatedto thebasemesh,weproposeto adjustits tes-
sellation,i.e. to remeshthebasesurface,suchthattheshape
editingprocessbecomesbothmorestableandmoreef�cient.

Numericalrobustnessontrianglemeshesis mostlyrelated
to the triangles'shape.Close-toequilateraltrianglesenable
stablecomputations,while for degeneratefacesneitherarea
nor normal vectorscan be derived robustly, causingprob-
lemsfor thedetail encodingaswell asfor thecomputation
of the deformations.As a consequence,a remeshingof the
basesurfaceshouldaimatwell-shapedtriangles.

For the actualdeformationof the basesurfacewe have
to solve a linear systembasedon Laplacians.This system
is symmetricup to per-vertex normalizationfactorscontain-
ing theVoronoiareasaroundthevertices(seeSec.3). Fine-
tuning the remeshing,suchthat the vertex areasareequal-
ized, turns this matrix into a symmetricone.As a conse-

quence,this enablesusto usemorerobustsolversthataddi-
tionally arefasterby an orderof magnitude.By exploiting
this remeshingtechnique,our approachdiffers from previ-
ousones,aswedonot try to �nd asuitablesolver �tting our
problem,but we �t our problemto thebestpossiblesolvers
instead.

2. RelatedWork

Thereis a large variety of shapeediting approaches,being
basedeitheron NURBS, on subdivision surfacesor on ar-
bitrary triangle meshes,and using surfacerelatedor volu-
metric techniquesin orderto computeshapedeformations.
However, we will focuson multiresolutionmodelingmeth-
odsin thispaper, sincethey providethemostintuitivepreser-
vationof �ne detailsevenfor largescalemodi�cations.

A key componentis theencodingof high-frequency detail
information.Thestandardmethodis to representtheoriginal
surfaceasa displacementof the smoothbasesurface,e.g.
by associatinga displacementvector with eachvertex. To
achieve a naturaldetail preservation, thesevectorshave to
be storedin local frames, consistingof the surfacenormal
andtwo perpendiculartangentvectors[FB95, FB88].

An approachbasedon subdivision surfacesis presented
by Zorin et al. [ZSS97]that tightly couplesthesurfaceson
differentsmoothnesslevelsby therequiredsubdivisioncon-
nectivity. Guskov etal. [GSS99]proposeamodelingsystem
for arbitrarymeshesandstoredetailsin vertex-basedlocal
frames.They build theirhierarchy by progressivemeshdec-
imation,suchthat theverticeson level i area subsetof the
verticesof level i + 1.

In orderto basethe detail encodingon purely geometric
(insteadof additionalparametric)information,normal dis-
placementsrepresentverticeson one meshas an offset in
normaldirectionfrom anothermesh.Onemethodto gener-
atenormaldisplacementsis to shootraysfrom thebasesur-
facein normaldirectionandto placesamplesat theintersec-
tionsof theserayswith theoriginalsurface[GVSS00].This,
however, correspondsto a resamplingof thehigh-frequency
originalsurfaceandmaythereforeleadto aliasingproblems.

In contrast,Kobbelt et al. [KCVS98,KVS99] resample
the smoothbasesurfaceby �nding basepointson it, such
that theverticesof theoriginal surfacearenormaldisplace-
mentsof thesebasepoints.Sincethis techniqueresamplesa
low-frequency surface,it avoidsaliasingandpreservessharp
featuresof theoriginal surface.As anadditionaladvantage,
it decouplesthe tessellationof the basesurface from the
original surface.Building on this work, BotschandKobbelt
[BK03] presenta volumetricdetailencodingthatprovidesa
morenaturalbehavior andavoidslocal self-intersections—
at theexpenseof amoreinvolvedreconstructionoperator.

Thelasttwo approachesoffer thepossibilityto freely ad-
just the tessellationof the basemesh,while keepingthe

c TheEurographicsAssociation2004.



M. Botsch andL. Kobbelt/ Remeshingfor MultiresolutionModeling

triangulationof the original mesh�x ed. We will shown in
Sec.4 thata specialisotropicremeshingof thebasesurface
greatlyimprovesthemultiresolutionmodelingprocess.

Isotropicremeshingof largemeshesbasedonaglobalpa-
rameterizationwasproposedby Alliez et al. [ACdVDI03].
In orderto avoid theexpensiveglobalparameterization,both
Surazhsky et al. [SG03,SAG03] andVorsatzet al. [VRS03]
basethe remeshingon local parameterizationsinstead,en-
hancingthegeneralideaof dynamicmeshes[KBS00].

Theremeshingmethodwe presentin Sec.4 is conceptu-
ally very similar to thesetechniques,but hastheadvantage
of nothaving to respectaharderrorboundor handlingsharp
features,thereforebeingconsiderablysimplerandmoreef-
�cient. Using this remeshingtechnique,themultiresolution
modelingprocessdescribedin thenext sectionbecomesboth
morerobustandmoreef�cient, asshown in Sec.5.

3. Multir esolutionModeling

In this sectionwe describethe multiresolutionmodeling
framework andsetup the notationusedthroughoutthe pa-
per.

For our freeform modelingoperatorwe usethe bound-
ary constraint modelingapproachof [BK04]. Thedesigner
�rst speci�es the supportof the modi�cation, i.e. the sur-
faceregion that is allowed to change,by selectingan arbi-
trary region on the meshusinga paintingor outlining tool.
Within thesupportregion, oneor severalcontrolhandlere-
gions are chosenthat act as generalizedcontrol points by
providing 9 degreesof freedom(translation,rotation,scal-
ing). Usinga manipulatoritem, theseaf�ne transformations
canbeappliedto thecontrolhandlesin anintuitive manner.
The supportregion thenprovidesa smoothblendbetween
thetransformedhandlesandthe�x edpartof thesurface(cf.
Fig. 1).

Thedeformedbluesurfaceregion is computedby a con-
strainedenergy minimization.The minimizer surfacesS of

Figure 1: In our freeformmodelingmetaphor, thedesigner
selectsa supportregion (blue)anda handleregion (green).
After transformingthe handleusinga manipulatorwidget,
theblueregion smoothlyblendsbetweenthehandleandthe
�xed part of thesurface.
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Figure 2: The discretizationof the Laplacian at a vertex
pi dependson cotangent valuesof a i j and bi j and on the
VoronoiareaA(pi).

thesespecialsurfacefunctionalsarecharacterizedby Euler-
LagrangePDEsof the form DkS= 0, whereD denotesthe
Laplacianoperator. Typical valuesfor k leadto membrane
surfaces(k = 1), thin-platesurfaces(k = 2), and surfaces
minimizingcurvaturevariation(k = 3).

In orderto turnthesePDEsinto linearsystems,weusethe
recursive discretizationof the Laplacianoperatorproposed
by [DMSB99,MDSB03]:

Dk+ 1pi := å
p j

2
�
cota i j + cotbi j

�

A(pi)

�
Dkp j � Dkpi

�
(1)

D0pi := pi (2)

wherea i j = 6 (pi ; p j � 1; p j ) andbi j = 6 (pi ; p j+ 1; p j ) for a
vertex pi and its one-ringneighborsp j 2 N(pi). The nor-
malizationfactorA(pi) denotestheVoronoiareaaroundthe
vertex pi (cf. Fig. 2) andis built from theincidenttriangles'
circum-centers(or edgemidpointsfor obtuseangles).

Thisleadsto alinearsystemin thefree(blue) verticesp =
(p1; : : : ; pP), the (green) handleverticesh = (h1; : : : ;hH )
andthe(grey) �x edverticesf = ( f1; : : : ; fF ):
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Note that h and f are boundaryconstraintsand shouldbe
moved to the right-handside for the actualsolutionof the
system.They areusedaspseudo-unknownsfor clearernota-
tion only. Eachtimethehandleis moved,theright-handside
of this systemis changed,suchthat thenew bluesurfaceis
computedby solvingthesystemagain.

This freeformmodelingoperatoris integratedinto a mul-
tiresolutionmodelingframework as shown in Fig. 3. In a
modelingsession,the designer�rst selectsthe supportre-
gion andcontrol handleson the original mesh(top center).
Theseregionsaremappedto thesmoothbasesurfaceandthe
linear systemis solved in the undeformedstate,removing
furthermediumfrequencies(bottomcenter).Thedifference
betweenthesurfacesshown at top centerandbottomcenter
areencodedinto high-frequency detail information.
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Figure 3: Our multiresolutionmodelingframework initially computesa low-frequencybase(bottomleft) for theinput surface
(top left). Afterselectingsupportandcontrol handleson theoriginal surface(topcenter),theseregionsaremappedto thebase
surfaceand high-frequencydetailsare encoded(bottomcenter).Moving the manipulatorchangesthe basesurface(bottom
right), addingthedetail informationback resultsin thecorrectmodi�cation (top right).

By draggingthe manipulatorthe designerdeformsthe
basesurfaceusingthe freeformmodelingoperator(bottom
right). Adding the detailsbackonto this surfaceconstructs
the desiredglobal deformation(top right). Notice that the
userinteractswith theoriginal surfaceonly, asshown in the
top row. All computationsdepictedin the bottom row are
hiddenwithin themultiresolutionmodelingkernel.

For thedetailencodingweusethePhongdetailrepresen-
tationof [KVS99]. We �rst build a continuousnormal�eld
on the basesurfaceandencodeeachvertex p of the orig-
inal surfaceby a point b on the basesurfaceandan offset
l in normaldirection,i.e. p = b+ l � n(b). The basepoint
b is not restrictedto bea vertex of thebasemesh,but is in
generalaninterior point representedby a triangleindex and
barycentriccoordinates.As a consequence,the tessellation
of the basesurfacedoesnot have to be the sameasthat of
theoriginal surface.

Takingacloserlook atFig.3,weseethatall deformations
are computedby applying Eq. 3 to the basesurface(bot-
tom row). Notice that the linearsystemis not symmetricin
general,causedby thenormalizationfactorsA(pi) of Eq.1,
denotingtheVoronoiareaaroundthevertex pi . Sincefor a
higherorderLaplacianmatrix Dk, k > 1, alsoLaplaciansof
degreek� 1 of boundaryverticesof f or h areinvolved,and

sincetheseagain dependon somefreeverticesof p, sucha
matrixcannotbemadesymmetricby asimplemultiplication
with adiagonalmatrix.

We thereforeproposeto usetheremeshingtechniquede-
scribedin the next sectionto turn this matrix into a sym-
metric one,leadingto both morerobust andmoreef�cient
computations.

4. Ar ea-EqualizingRemeshing

Thematrix in Eq.3 containscotangentweightsderivedfrom
the basesurfacegeometry. They capturethe surfacemetric
andimitateanaturalinternalstiffnessbehavior, sinceakind
of conformalmappingbetweenthesurfacebeforeandafter
the modi�cation is implicitly built by preservingthe (rela-
tive) shapeof triangles[DMA02].

Notice that theseweightsare computedonly onceafter
loading the meshand are usually not updatedduring the
modelingsession.By remeshingthe basesurfacesuchthat
the Voronoi areasof its verticesareequalized,a Laplacian
matrix of this form becomessymmetric.As theweightsare
computedonly once,this remeshingalsois a preprocessing
stepthat is performedafter loading the model and before
computingthecotangentweights.
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Figure 4: Our remeshingtechnique yields very regular
meshesandadditionallyequalizestheVoronoi areasof ver-
tices.

Similar to previous explicit remeshing approaches
[SG03,SAG03, VRS03], we �rst generate a regularly
remeshedsurfaceby alternatedequalizationof edgelengths
andvertex valences.Givenatargetedgelengthl , weperform
thefollowing steps:

1. Split all edgesat theirmidpointthatarelongerthen 4
3 l .

2. Collapseall edgesshorterthan 4
5 l into theirmidpoint.

3. Flip edgesin order to minimize the deviation from va-
lence6 (or 4 onboundaries).

4. Relocateverticesonthesurfaceby tangentialsmoothing.

After a few of thesecycles(about5) we obtaina triangu-
lationwhoseedgeshave lengthcloseto l andwhosevertices
have valencecloseto 6. However, vertex areasmaystill dif-
fer, sincea vertex of valencek is enclosedby a loop of k
edgesof lengthl . Hencetheareaof a vertex scalesw.r.t. its
valence,resultingin a “nesting” of verticesin somemesh
regions.

To accountfor this we proposea �ne-tuning by an area-
basedtangentialsmoothing.Each vertex p is assigneda
gravity thatequalsits areaA(p). A tangentialsmoothingpro-
cessmoveseachvertex pi to its gravity-weightedcentroid

gi :=
1

å p j 2 N(pi ) A(p j )
å

p j 2 N(pi )
A(p j )p j :

To ensurea tangentialsmoothingon thesurface,theupdate
vector is projectedback into the tangentplaneof pi , such
thattheupdaterulebecomes:

pi  pi + l
�

I � nin
T
i

�
(gi � pi) ;

whereni is thenormalvectorof pi andl is a dampingfac-
tor usedto avoid oscillations.Verticeswith large (relative)
Voronoiareahaveahighergravity andattractothervertices,
therebyreducingtheirown area.Usuallyvery few (< 20) it-
erationssuf�ce to reducethe total varianceof vertex areas
by a factorof about5, resultingin a meshthatprovides(al-
most)equalvertex areas(cf. Fig. 4). In all our experiments

the relative meanareaerrorwasbelow 5% andtheaverage
innerangledeviatedfrom 60� by atmost0:1� .

Notice that in comparison to existing sophisticated
remeshingapproaches[SG03, SAG03, VRS03], our prob-
lem settingis muchsimpler, sincewe do not have to take
careof an exact approximationerror or normal deviation.
Slight deviations from the original surfaceare acceptable,
as long as the remeshedsurfaceroughly capturesthe sur-
facemetric.As thebasesurfacethat is to beremesheddoes
not containhigh frequencies,thereis alsono needto handle
sharpfeatures.

The target edgelength l for the remeshingis chosento
beslightly lessthantheaverageedgelengthof theoriginal
surface.Becausethesamplingratestaysaboutthesameand
sincewedonothave to guaranteeanerrorbound,wedonot
evenhave to basethevertex relocationstepsof our remesh-
ing on globalor local parameterizations.Projectingtheup-
datevectorsinto therespective tangentplanesturnedout to
besuf�cient. Sinceparameterizationswouldbethemostex-
pensive partof theremeshingprocedure,our schemecanbe
implementedquite ef�ciently , suchthat we canprocessan
inputbasemeshof 100ktrianglesin lessthan5 seconds(cf.
Fig. 4).

For the mappingof supportandhandleregionsfrom the
original surfaceto theremeshedversion,we implicitly con-
structa mutualparameterizationbetweenbothsurfacesdur-
ing thepre-smoothingandremeshingphases.

5. Numerical Consequences

The �rst obvious consequenceof the remeshingis that
degeneratetrianglesare removed. Thosewould otherwise
causenumericalproblems,sincethematrixwouldno longer
be positive de�nite [PP93].Becauseof the high regularity
of the resultingmesh,all inner triangleangles(up to a few
outliers) are very closeto 60 degrees.This causesthe re-
spectivecotangentweightsto bepositive,removing stability
andconvergenceproblemscausedby negative weights.Ad-
ditionally, thediscretizationof theLaplaciangetsmorereli-
ableif thetriangulationis lackingobtuseangles[MDSB03].

While thebetterapproximationof theLaplacianoperator
and the improved conditioningof the resultingmatrix are
clearly preferable,the main bene�t is that the matrix gets
symmetricup to small errors.By replacingall vertex areas
A(pi) by theirmeanvalue,weenforceanexactlysymmetric
matrix,but alsointroduceslighterrorsin thediscretization.

Measuringtheerrorbetweensurfacescomputedusingei-
therthecorrector themeanvertex areasrevealedveryslight
andlow-frequency differences.As thesameslighterrorsare
donewhenthesystemis solvedbeforeandduringthemodi-
�cation (Fig. 3, bottomcenterandbottomright), they aredi-
minishedby thedetailencoding.Theseobservationsproved
that we cansafelyusethe symmetricapproximationto the
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Laplacianmatrix. This, however, providessigni�cant bene-
�ts for thelinearsystemsolversto beused,asshown in the
next sections.

5.1. Iterati veSolvers

The standardmethodfor solving a sparseand unsymmet-
ric systemis probablythe preconditionedbiconjugategra-
dientsmethod(BiCG) [PFTV92]. Although working well
for mostcases,BiCG doesnot provide theoreticalconver-
genceguaranteesand thereforeshows a very irregularly
(non-monotonic)decreasingresidualfor ill-conditionedsys-
tems.Fromanimplementationpoint of view this methodis
not optimal, becausea multiplication with both the matrix
A andits transposedAT have to beprovided.This prevents
theuseof just oneof eithercompressedrow or compressed
columnformatfor sparsematrices[BBC� 94].

An improvementof this situationis provided by the sta-
bilized versionBi-CGSTAB, beinga mixture of BiCG and
GMRES[BBC� 94].For thismethod,only themultiplication
with the matrix A hasto be provided and the convergence
behavior is smoother. However, therearestill no guarantees
thatthemethodconvergesatall.

Using our remeshingtechnique,the matrix of Eq. 3 be-
comessymmetricandpositivede�nite (SPD).For thesesys-
temsthe simpleconjugategradients(CG) is the preferable
method[AMS90], providingbothguaranteedandmonotonic
convergenceandasimpleandmoreef�cient implementation
(up to a factorof 2).

5.2. Multigrid Solvers

For large systemsiterative solversrapidly remove the high
frequenciesof the residual,but convergevery slowly to the
�nal solution. If very large systemsare to be solved ef�-
ciently, multi-grid methodsshouldbeemployed[Hac86].

After pre-computingameshhierarchy basedonmeshdec-
imation techniques,the systemis �rst solved on the coars-
esthierarchy level. This solutionis prolongatedto the next
�ner level andusedasstartingvaluefor theiterationsonthis
level. Thesameprocessis repeateduntil the�nest level has
beenreached.The logarithmic numberof levels leadsto a
total complexity of O(n) for multi-grid solvers,asopposed
to O(n2) for non-multi-grid iterative methods,n being the
numberof unknowns,i.e. thefreeverticesp.

In order to avoid the remeshingof all hierarchy levels,
we proposeto build the meshhierarchy using the remesh-
ing of Sec.4 with growing target edgelengths.This leads
to symmetricmatriceson eachmulti-grid level, providing
the bene�ts for the single-level iterative solversalsoto the
multi-grid methods.As the verticesof the resultinghierar-
chy donot form anestedsequence,thecorrespondencesand
theprolongationoperatorshouldbebasedonbarycentricin-
terpolationon thepiecewiselineartrianglemeshes.

The main problem of multi-grid solvers is that it can
be quite complicated to implement them, since special
care has to be taken for the hierarchy building, the pre-
conditioningschemeandthe prolongation operator[AKS].
However, if iterative solvers are to be used, multi-grid
methodsare the only way to achieve rapid solution times
[KCVS98,RL03,AKS].

5.3. Dir ectSolvers

The use of direct solvers for linear systemsis often un-
derestimated,sincenaïve direct methodshave complexity
O(n3). Additionally, Gaussianelimination (LU factoriza-
tion) is know to benumericallyunstableunlessproperpivot-
ing is used.For symmetricsystems,however, Cholesky fac-
torizationprovably is backwardstable,but it still hascubic
complexity.

As thesystemwe areconsideringis sparse,but not band-
limited, the �rst stepis to generatea band-limitation.For
this taskseveralstandardmethodsbasedon symmetricrow
andcolumnpermutationsareavailable[GL81], e.g.the re-
verseCuthill-McKee [CM69] or the minimal degreealgo-
rithm. They result in a concentrationof the non-zeroele-
mentsaroundthediagonal,leadingto aband-limitb.

If a matrix A is band-limitedby b, so is its Cholesky
factor L with A = LLT [GL89]. Computingsucha band-
limited Cholesky factorizationhascomplexity O(bn2) in-
steadof O(n3) for the unbandedcase.The actualsolution
basedon this factorizationhas complexity O(bn) and is
thereforecomparableto multi-grid methods.Althoughhav-
ing thesameasymptoticcomplexity, band-limitedCholesky
solversturnedoutto befasterby anorderof magnitudecom-
paredevento sophisticatedmulti-grid solvers.

5.4. Comparison

Comparingdirectsolversto multi-grid iterativemethods,di-
rect solversseemto bepreferablefor sparseSPDmatrices.
For both thepre-computationphaseandtheactualsolution
of linear systemsthey are faster than multi-grid iterative
methods.

Besideshigheref�ciency, direct solversareadditionally
much easierto use.Packagesbasedon highly optimized
lapackandBLAS librariesarepublicly available,someof
themalsoincludingtheband-limitation,e.g.theTAUCSli-
brary [TCR]. In contrast,hierarchicalmulti-grid solverson
trianglemeshesarequitesophisticatedandseveralkey com-
ponentsandparametervalueshave to chosenby experience.

There are also similar methodsfor solving unsymmet-
ric problems basedon a band-limited LU factorization
[DEG� 99]. In this case,two typesof permutationsare re-
quired:symbolicpermutationsfor band-limitationandpiv-
oting permutationsensuringnumericalrobustness.As these
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Method Complex. Precomp. 3 Solutions

Iterative 15k 7.2s 7.4s

Multi-grid 15k 4.5s 0.8s

Direct 15k 2.4s 0.07s

Iterative 31k 15.2s 25.5s

Multi-grid 31k 8.8s 2.0s

Direct 31k 6.7s 0.16s

Table1: Thetimingsfor computinga thin-platesurfacecon-
sistingof 15kresp.31kfreeverticesusingdifferentsolvers.
The respectivelinear systemis solvedthree times for the
x, y and z coordinate, respectively. Thecorrespondingpre-
computationsare preconditioning(Iterative), building the
multigrid hierarchy (Multigrid), andband-limitingandfac-
torizing (Direct), respectively.

permutationscannotbe handledseparately, the overall fac-
torization processis more involved. Sinceno matrix sym-
metriescanbeexploited,thesemethodsaregenerallynotas
ef�cient assymmetricmatrix solvers.

6. Results

Our remeshingmethodeffectively removesdegeneratetri-
anglesand resultsin a very regular tessellationconsisting
of almostequilateralfaces,therebyavoiding numericalde-
generaciesand improving the Laplaciandiscretizationand
generalconditioningof thematrix.

Sincefor our remeshingwe do not have to take careof
approximationerrorsor sharpfeatures,ourmethodis signif-
icantly fasterthanprevious (moresophisticated)remeshing
techniques,suchthatwe canprocessmeshesof 100k trian-
glesin lessthan5sonaPentium4 3.0GHz.

The resultingmatricesare symmetricand positive de�-
nite, hencewe canusea direct Cholesky-basedsolver, that
provides the samelinear asymptotic time complexity as
multi-grid methods,but is signi�cantly fastercomparedto
those.As a representative example,Table1 lists thetimings
for computingathin-platesurfaceof 15kor 31kfreevertices
(solvingthesystemthreetimesfor x, y andz), usingsingle-
level iterative methods,multi-grid iterative methodsand a
directsolver, respectively. As thesamelinearsystemhasto
besolvedeachtimethecontrolhandleis interactively moved
(i.e. the right-handsideis changed),thedirectmethodsare
fasterby anorderof magnitude.

Exploiting the fact that the control handlesare af�nely
transformed,[BK04] proposethe pre-computationof basis
functionsassociatedwith thecontrolhandle.This shifts the
per-framesolutionof thelinearsystemto apre-computation

by solving the samesystem3 + 4 � h times, h being the
numberof individual control handles.In this setting,our
approachcan ef�ciently be used to speedup this pre-
computationphasesigni�cantly.

7. Conclusions

In this paperwe pointedout thatusingstate-of-the-artmul-
tiresolutionsurfacerepresentations,the connectivity of the
low-frequency basesurfaceis not restrictedto be the same
asthatof theoriginalsurface.Weexploit thisdegreeof free-
dom by remeshingthe basesurface,suchthat the problem
becomesnumericallybetterconditionedandthe linear sys-
temto besolvedturnsinto asymmetricone.

Weshowedthatfor symmetricpositivede�nite sparselin-
earsystemsdirectsolversbasedonaband-limitedCholesky
factorizationareclearly preferableto iterative methods,as
they aresigni�cantly fasteraswell asmucheasierto use.
This observationshouldalsobeusefulin otherapplications
wherethis typeof matrixproblemsis to besolved.

For our multiresolution modeling framework the pro-
posedremeshingtechniqueprovidesthepossibility to keep
the tessellationof the input mesh�x ed, even if it contains
numericallycritical skinny triangles.This makesmultireso-
lution modelingmorerobust,moreef�cient andalsoappli-
cableto awider rangeof inputgeometries,at thecostof just
asmall incrementof thepre-computationphase.
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