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Abstract

Providing a thorough mathematicafoundation,multiresolutionmodelingis the standad approad for global
surfacedeformationsthat preserve ne surfacedetailsin an intuitive and plausiblemanner A given shapeis
decomposeihto a smootHow-frequencyasesurfaceandhigh-frequencyletailinformation.Addingthesedetails
bad onto a deformedversion of the basesurfaceresultsin the desied modi cation. Using a suitable detail
encoding the connectivityof the basesurfaceis not restrictedto be the sameas that of the original surface
We proposeto exploit this degree of freedomto improve both robustnessand ef ciency of multiresolutionshape
editing

In several appoadesthemodi ed basesurfaceis computedy solvinga linear systenof discretizedLaplacians.
By remeshinghe basesurfacesud that the Voronoi areasof its verticesare equalizedwe turn the unsymmetric
surface-elatedlinear systemninto a symmetricone sud that simpler more robust,and more efcient solvers can
beapplied. Thehighregularity of theremeshedasesurfacefurther remazesnumericalproblemscausedoy mesh
degenemrciesandresultsin a betterdiscretizationof the Laplacianopeiator.

Theremeshings performedon thelow-frequencybasesurfaceonly, while the connectivityof the original surface
is kept xed. Hence this functionalitycan be encapsulatedihsidea multiresolutionkernelandis thuscompletely

hiddenfromtheuser

1. Intr oduction

Causeddy the steadilyincreasingavailability andef ciency
of bothhardwareandsoftwarefor digital geometryprocess-
ing, moreandmorephysicalstagesn theindustrialdevelop-
mentanddesignprocessareassistedy or evenreplacedy
methoddrom CAGD. Betweerthose oneof themostchal-
lengingtopicsis shapeediting, sincecomplex mathematical
frameaworks have to be hiddenbehindanintuitive modeling
metaphorthusenablingeventhe non-expertuserto perform
sophisticatedurfacedeformations.

Currently such modeling tasks are typically done us-
ing CAD systemsbasedon NURBS as the underlying
surfacerepresentation-However, the topologicalrestriction
of NURBS to triangularor rectangulardomainsresultsin
an extremely high numberof (possibly trimmed) surface
patchesto be usedfor representingion-trivial geometries,
makingsurfaceeditinga complicatedandtediousprocess.

During the last years, mary techniquesfrom NURBS
modelinghave beendiscretizedand generalizedo triangle
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meshesWhile subdvision surfacescanbe consideredisa
generalizatiorof splinesurfacesto arbitrarytopology they

requirethe meshto have semi-rgular subdvision connec-
tivity. Without the topologicalrestrictionsof NURBS and
theconnectity constraint®f subdvisionsurfacesarbitrary
trianglemeshegainedincreasingattentionasa surfacerep-
resentatiorsuitablefor shapeediting[KCVS98]. Recentap-
proachedasedon triangle meshmodelingprovide an easy
and intuitive modeling metaphoras well as real-time re-

sponsdimeswheninteractingwith the surface[BKO04].

Freeformmodelingapproachearemostly usedto create
and edit smoothsurfaces.A combinationwith multireso-
lution modelingtechniqueds morerelevant for real-world
modeling tasks, since this provides both local and global
shapedeformationswhile additionally preserving ne sur
facedetailsin anintuitive andplausiblemanner

Thisis achieredby splittingagivensurface— considered
as a surfacesignal— into high andlow frequenciesThe
low frequencief the original surfacearerepresente@dsa
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smoothbasesurfaceandaretypically constructedoy low-
pass ltering the original surface [ DMSB99, Lév03]. The
remaininghigh frequenciegreencodednto detailinforma-
tion, suchthattheoriginal surfacecanbereconstructedrom
the smoothbaseandthis detailinformation.A generaimul-
tiresolutionmodelingframenork thenconsistsof

1. adecompositioroperatorsplitting the surfaceinto alow-
frequeng basesurfaceandhigh-frequeng details,

2. afreeformmodelingoperatodeformingthebasesurface,

3. areconstructioroperatoradding the detail information
backontoamodi ed versionof thebasesurface.

Notice that the original surface and the basemeshplay
differentrolesin the modeling process.The former is the
meshthedesigneseesandinteractswith, thelatteris gener
ally hiddenfrom the userandis internally usedfor comput-
ing the deformationsAs a consequencehe requirements
onthesetwo surfacesalsodiffer. Theoriginal surfacehasto
provide a high-quality approximationto the actualsurface
geometryandrepresentsts ne detailsand sharpfeatures
by a possiblyhand-craftedriangulation.On the otherhand
side,sinceall numericalcomputationsreperformedon the
basemeshi|ts structureis mainly responsibldor robustness
andefciency.

Whena suitabledetailencodingds used[KVS99, BKO03],
thetessellatiorof the basesurfaceis notrestrictedto bethe
sameasthetessellatiorof the original surface.As a conse-
guencethe triangulationof the basesurfacecanbe consid-
eredasanadditionaldegreeof freedomthatcanbe adjusted
in orderto improve the multiresolutionmodeling process.
Note that by constructionthe basesurfaceis smoothand
containsno high-frequeng details,hencearemeshingr re-
samplingis possiblewithout introducingaliasingartifacts.
In contrastthe original surfacegenerallydoescontainsharp
featuresthereforearemeshings prohibitive, asit couldde-
stroy afeature-alignedriangulation.

Two major designgoalsfor a multiresolutionmodeling
framawork arerobustnessaandef ciency. As bothitemsare
closelyrelatedto thebasemeshwe proposeo adjustits tes-
sellation,i.e. to remeshthebasesurface,suchthatthe shape
editingproceshecome$othmorestableandmoreef cient.

Numericalrobustnes®ntrianglemeshess mostlyrelated
to thetriangles'shape Close-toequilateralrianglesenable
stablecomputationswhile for degeneratdacesneitherarea
nor normal vectorscan be derived robustly, causingprob-
lemsfor the detail encodingaswell asfor the computation
of the deformationsAs a consequencey remeshingf the
basesurfaceshouldaim atwell-shapedriangles.

For the actualdeformationof the basesurfacewe have
to solwe a linear systembasedon Laplacians.This system
is symmetricup to pervertex normalizationfactorscontain-
ing the Voronoiareasaroundthe vertices(seeSec.3). Fine-
tuning the remeshingsuchthat the vertex areasare equal-
ized, turns this matrix into a symmetricone. As a conse-

guencethis enablesisto usemorerobustsolversthataddi-
tionally arefasterby an orderof magnitude By exploiting
this remeshingechnique our approachdiffers from previ-
ousonesaswedonottry to nd asuitablesolver tting our
problem,but we t our problemto the bestpossiblesolvers
instead.

2. RelatedWork

Thereis a large variety of shapeediting approachesyeing
basedeitheron NURBS, on subdvision surfacesor on ar
bitrary triangle meshesand using surfacerelatedor volu-
metric techniquesn orderto computeshapedeformations.
However, we will focuson multiresolutionmodelingmeth-
odsin thispapersincethey providethemostintuitive preser
vationof ne detailsevenfor large scalemodi cations.

A key components theencodingof high-frequeng detail
information.Thestandardnethods to representheoriginal
surfaceasa displacementf the smoothbasesurface,e.g.
by associatinga displacementector with eachvertex. To
achieve a naturaldetail preseration, thesevectorshave to
be storedin local frames consistingof the surfacenormal
andtwo perpendiculatangentvectors[FB95, FB8§.

An approachbasedon subdvision surfacesis presented
by Zorin etal. [ZSS97]thattightly couplesthe surfaceson
differentsmoothneskevelsby therequiredsubdvision con-
nectiity. Guslov etal. [GSS99]proposea modelingsystem
for arbitrarymeshesand storedetailsin vertex-basedocal
frames.They build their hierarcly by progressie meshdec-
imation, suchthatthe verticeson level i area subsebf the
verticesof leveli+ 1.

In orderto basethe detail encodingon purely geometric
(insteadof additionalparametric)information, normal dis-
placementgepresenterticeson one meshas an offset in
normaldirectionfrom anothemmesh.Onemethodto gener
atenormaldisplacementss to shootraysfrom thebasesur
facein normaldirectionandto placesamplesttheintersec-
tionsof theserayswith theoriginal surface[GVSSO00].This,
however, correspondso aresamplingof the high-frequeng
original surfaceandmaytherefordeadto aliasingproblems.

In contrast,Kobbeltet al. [KCVS98,KVS99] resample
the smoothbasesurfaceby nding basepointson it, such
thatthe verticesof the original surfacearenormaldisplace-
mentsof thesebasepoints.Sincethis techniquaesamples
low-frequeny surface,it avoidsaliasingandpreseressharp
featuresof the original surface.As anadditionaladwantage,
it decouplesthe tessellationof the basesurface from the
original surface.Building on this work, BotschandKobbelt
[BKO3] presentvolumetricdetailencodingthatprovidesa
morenaturalbehaior andavoidslocal self-intersections—
atthe expenseof amoreinvolvedreconstructioroperator

Thelasttwo approachesffer the possibility to freely ad-
just the tessellationof the basemesh,while keepingthe
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triangulationof the original mesh x ed. We will shavn in
Sec.4 thata specialisotropicremeshingf the basesurface
greatlyimprovesthe multiresolutionmodelingprocess.

Isotropicremeshingf largemeshedasednaglobalpa-
rameterizatiorwas proposedoy Alliez et al. [ACdVDI03].
In orderto avoid theexpensve globalparameterizatiorhoth
Surazhsk etal. [SG03,SAG03 andVorsatzetal. [VRSO03]
basethe remeshingon local parameterizationmstead,en-
hancingthe generaideaof dynamicmeshe¢KBS0Q].

The remeshingnethodwe presentin Sec.4 is conceptu-
ally very similar to thesetechniquesbut hasthe advantage
of nothaving to respect harderrorboundor handlingsharp
featuresthereforebeingconsiderablysimplerandmoreef-

cient. Usingthis remeshingechniquethe multiresolution
modelingprocesslescribedn thenext sectionbecome$oth
morerobustandmoreef cient, asshavnin Sec.5.

3. Multir esolutionModeling

In this sectionwe describethe multiresolution modeling
framework andsetup the notationusedthroughoutthe pa-
per

For our freeform modeling operatorwe usethe bound-
ary constaint modelingapproachof [BK04]. The designer
rst speci esthe supportof the modi cation, i.e. the sur
faceregion thatis allowed to change by selectingan arbi-
trary region on the meshusinga paintingor outlining tool.
Within the supportregion, oneor several control handlere-
gions are chosenthat act as generalizedcontrol points by
providing 9 degreesof freedom(translation,rotation, scal-
ing). Usinga manipulatoritem, theseaf ne transformations
canbeappliedto the controlhandlesn anintuitive manner
The supportregion then provides a smoothblend between
thetransformedandlesandthe x edpartof the surface(cf.

Fig. 1).

The deformedblue surfaceregion is computedby a con-
strainedenegy minimization. The minimizer surfacesS of

Figure 1: In our freeformmodelingmetapharthe designer
selectsa supportregion (blue)and a handleregion (green).
After transformingthe handleusinga manipulatorwidget,
the blueregion smoothlyblendsbetweerthe handleandthe
xed part of thesurface
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Figure 2: The discretization of the Laplacian at a vertex
pi dependson cotangent valuesof a;jj and bjj and on the
\oronoiareaA(p)).

thesespecialsurfacefunctionalsarecharacterizethy Euler

LagrangePDEsof the form D¥S= 0, whereD denoteshe
Laplacianoperator Typical valuesfor k leadto membrane
surfaces(k = 1), thin-plate surfaces(k = 2), and surfaces
minimizing cunvaturevariation(k = 3).

In orderto turnthesePDEsinto linearsystemsye usethe
recursve discretizationof the Laplacianoperatorproposed
by [DMSB99, MDSBO03}:

o 2 cotaji + cotbji
D*p = ?W D'p; D'pi (1)
j
’p = p )

whereaij = 6 (pi;pj 1;pj) andbij = 6 (pj; pj+1; pj) fora
vertex pj andits one-ringneighborsp; 2 N(pj). The nor
malizationfactorA(p;) denoteghe VVoronoiareaaroundthe
vertex pj (cf. Fig. 2) andis built from theincidenttriangles'
circum-centergor edgemidpointsfor obtuseangles).

Thisleadsto alinearsystemin thefree(blue) verticesp =

0 10 1 0 _1
5)

p 0
@ @itA=0@fA: (3)
0| IF+H h h

Note that h andf are boundaryconstraintsand shouldbe
moved to the right-handside for the actualsolution of the
system.They areusedaspseudo-unknansfor clearemota-
tion only. Eachtime thehandleis moved,theright-handside
of this systemis changedsuchthatthe new blue surfaceis
computedoy solvingthe systemagain.

This freeformmodelingoperatoris integratedinto a mul-
tiresolutionmodeling framewvork as shavn in Fig. 3. In a
modelingsessionthe designerrst selectsthe supportre-
gion andcontrol handleson the original mesh(top center).
Theseegionsaremappedo thesmoothbasesurfaceandthe
linear systemis solved in the undeformedstate,remaoving
furthermediumfrequenciegbottomcenter).The difference
betweerthe surfacesshavn attop centerandbottomcenter
areencodednto high-frequeng detailinformation.
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Figure 3: Our multiresolutionmodelingframevork initially computes low-frequencybase(bottomleft) for theinput surface
(top left). After selectingsupportand contol handleson the original surface(top center) theseregionsare mappedo thebase
surfaceand high-frequencydetails are encodedbottomcenter).Moving the manipulatorchanges the basesurface(bottom
right), addingthe detail informationbadk resultsin the correctmodi cation (top right).

By draggingthe manipulatorthe designerdeformsthe
basesurfaceusingthe freeformmodelingoperator(bottom
right). Adding the detailsbackonto this surfaceconstructs
the desiredglobal deformation(top right). Notice that the
userinteractswith the original surfaceonly, asshown in the
top row. All computationsdepictedin the bottomrow are
hiddenwithin the multiresolutionmodelingkernel.

For the detailencodingwe usethe Phongdetailrepresen-
tation of [KVS99]. We rst build a continuousnormal eld
on the basesurfaceand encodeeachvertex p of the orig-
inal surfaceby a point b on the basesurfaceand an offset
| in normaldirection,i.e. p= b+ 1 n(b). The basepoint
b is not restrictedto be a vertex of the basemesh,but is in
generalninterior pointrepresentedly a triangleindex and
barycentriccoordinatesAs a consequencehe tessellation
of the basesurfacedoesnot have to be the sameasthat of
theoriginal surface.

Takingacloserlook atFig. 3, we seethatall deformations
are computedby applying Eq. 3 to the basesurface (bot-
tom row). Notice thatthe linear systemis not symmetricin
generalcausedy the normalizationfactorsA(p;) of Eq. 1,
denotingthe Voronoi areaaroundthe vertex p;. Sincefor a
higherorderLaplacianmatrix DX, k> 1, also Laplaciansof
degreek 1 of boundaryverticesof f or h areinvolved,and

sincetheseagain dependon somefree verticesof p, sucha
matrix cannotbe madesymmetridoy asimplemultiplication
with a diagonalmatrix.

We thereforeproposeto usethe remeshingechniquede-
scribedin the next sectionto turn this matrix into a sym-
metric one,leadingto both morerobustand more ef cient
computations.

4. Area-EqualizingRemeshing

Thematrixin Eq.3 containscotangentveightsderivedfrom
the basesurfacegeometry They capturethe surfacemetric
andimitatea naturalinternalstiffnessbehaior, sincea kind
of conformalmappingbetweerthe surfacebeforeandafter
the modi cation is implicitly built by preservingthe (rela-
tive) shapeof triangles[DMAO02].

Notice that theseweightsare computedonly onceafter
loading the meshand are usually not updatedduring the
modelingsessionBy remeshinghe basesurfacesuchthat
the Voronoi areasof its verticesare equalizeda Laplacian
matrix of this form becomesymmetric.As the weightsare
computedonly once,this remeshingalsois a preprocessing
stepthat is performedafter loading the model and before
computingthe cotangentveights.
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Figure 4: Our remeshingtechnique yields very regular
meshesnd additionally equalizeghe \oronoi areasof ver-
tices.

Similar to previous explicit remeshing approaches
[SG03,SAG03 VRS03], we rst generatea regularly
remeshedurfaceby alternatecequalizatiorof edgelengths
andvertex valencesGivenatargetedgeengthl, we perform
thefollowing steps:

1. Splitall edgesattheirmidpointthatarelongerthen%I.

2. Collapseall edgeshorterthan‘g‘l into their midpoint.

3. Flip edgesin orderto minimize the deviation from va-
lence6 (or 4 on boundaries).

4. Relocateverticesonthesurfaceby tangentiasmoothing.

After afew of thesecycles(about5) we obtainatriangu-
lationwhoseedgeshave lengthcloseto | andwhosevertices
have valencecloseto 6. However, vertex areasmay still dif-
fer, sincea vertex of valencek is enclosedby a loop of k
edgesof lengthl. Hencethe areaof avertex scalesw.r.t. its
valence,resultingin a “nesting” of verticesin somemesh
regions.

To accountfor this we proposea ne-tuning by anarea-
basedtangentialsmoothing.Each vertex p is assigneda
gravity thatequalsts areal(p). A tangentiasmoothingpro-
cessmoveseachvertex p; to its gravity-weightedcentroid

1 o
=7 a AP)p:
aAp2N(p) A(p;) pi2 N(pi)
To ensurea tangentialsmoothingon the surface,the update
vectoris projectedbackinto the tangentplaneof pj, such
thattheupdaterule becomes:

PP+l Lol (g p);
wheren; is the normalvectorof p; andl is adampingfac-
tor usedto avoid oscillations.Verticeswith large (relative)
Voronoiareahave a highergravity andattractothervertices,
therebyreducingtheir own area.Usuallyveryfew (< 20)it-
erationssufce to reducethe total varianceof vertex areas

by a factorof about5, resultingin a meshthatprovides(al-
most)equalvertex areaqcf. Fig. 4). In all our experiments
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therelative meanareaerrorwasbelov 5% andthe average
innerangledeviatedfrom 60 by atmost0:1 .

Notice that in comparisonto existing sophisticated
remeshingapproache§SG03 SAG03 VRSO03], our prob-
lem settingis much simpler sincewe do not have to take
care of an exact approximationerror or normal deviation.
Slight deviations from the original surface are acceptable,
aslong asthe remeshedsurfaceroughly capturesthe sur
facemetric. As the basesurfacethatis to beremeshedioes
not containhigh frequenciesthereis alsono needto handle
sharpfeatures.

The target edgelength| for the remeshings chosento
be slightly lessthanthe averageedgelengthof the original
surface.Becausehe samplingratestaysaboutthe sameand
sincewe do not have to guaranteanerrorbound,we do not
even have to basethe vertex relocationstepsof our remesh-
ing on global or local parameterization$rojectingthe up-
datevectorsinto the respectre tangentplanesturnedout to
besufcient. Sinceparameterizationsould bethe mostex-
pensve partof theremeshingrocedurepur schemecanbe
implementedquite ef ciently, suchthat we canprocessan
inputbasemeshof 100ktrianglesin lessthan5 secondgcf.
Fig. 4).

For the mappingof supportand handleregionsfrom the
original surfaceto the remeshedersion,we implicitly con-
structa mutualparameterizatiobetweerboth surfacesdur
ing the pre-smoothingandremeshinghases.

5. Numerical Consequences

The rst obvious consequencef the remeshingis that
degeneratetrianglesare removed. Thosewould otherwise
causenumericalproblemssincethe matrix would nolonger
be positive de nite [PP93]. Becauseof the high regularity
of theresultingmesh,all innertriangleangles(up to a few
outliers) are very closeto 60 degrees.This causeghe re-
spectve cotangentveightsto bepositive, removing stability
andcorvergenceproblemscausedy negative weights.Ad-
ditionally, the discretizatiorof the Laplaciangetsmorereli-
ableif thetriangulationis lackingobtuseangleg§MDSBO03].

While the betterapproximatiorof the Laplacianoperator
and the improved conditioningof the resulting matrix are
clearly preferable the main bene t is that the matrix gets
symmetricup to small errors.By replacingall vertex areas
A(pi) by theirmeanvalue,we enforceanexactly symmetric
matrix, but alsointroduceslight errorsin thediscretization.

Measuringthe error betweersuriacescomputedusingei-
therthecorrector themeanvertex areagevealedvery slight
andlow-frequeng differencesAs thesameslighterrorsare
donewhenthe systemis solved beforeandduringthe modi-

cation (Fig. 3, bottomcenterandbottomright), they aredi-
minishedby the detailencoding Theseobserationsproved
that we can safely usethe symmetricapproximationto the
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Laplacianmatrix. This, however, providessigni cant bene-
ts for thelinearsystemsolversto be used,asshavn in the
next sections.

5.1. Ilterati ve Solvers

The standardmethodfor solving a sparseand unsymmet-
ric systemis probablythe preconditionediconjucate gra-
dients method(BiCG) [PFTV9Z. Although working well
for mostcasesBiCG doesnot provide theoreticalconver-
genceguaranteesand thereforeshaws a very irregularly
(non-monotonicilecreasingesidualfor ill-conditionedsys-
tems.From animplementatiorpoint of view this methodis
not optimal, becausea multiplication with both the matrix
A andits transposed\’ have to be provided. This prevents
the useof just oneof eithercompressedow or compressed
columnformatfor sparsematricedBBC 94].

An improvementof this situationis provided by the sta-
bilized versionBi-CGSTAB, beinga mixture of BiCG and
GMRES[BBC 94]. For thismethod only themultiplication
with the matrix A hasto be provided andthe convergence
behaior is smootherHowever, therearestill no guarantees
thatthemethodcorvergesatall.

Using our remeshingechnique the matrix of Eq. 3 be-
comessymmetricandpositive de nite (SPD).For thesesys-
temsthe simple conjugate gradients(CG) is the preferable
method AMS90], providing bothguaranteedndmonotonic
corvergenceandasimpleandmoreef cient implementation
(upto afactorof 2).

5.2. Multigrid Solvers

For large systemdterative solversrapidly remove the high
frequencief the residual but corverge very slowly to the
nal solution. If very large systemsare to be solved ef-

ciently, multi-grid methodsshouldbe emplo/ed[Hac84.

After pre-computingameshhierarcly basecdbonmeshdec-
imation techniquesthe systemis rst solved on the coars-
esthierarcly level. This solutionis prolongatedto the next
ner level andusedasstartingvaluefor theiterationson this
level. The sameprocesds repeatedintil the nest level has
beenreachedThe logarithmic numberof levels leadsto a
total compleity of O(n) for multi-grid solvers,asopposed
to O(nz) for non-multi-grid iterative methods,n beingthe

numberof unknavns,i.e. thefreeverticesp.

In orderto avoid the remeshingof all hierarcly levels,
we proposeto build the meshhierarcly usingthe remesh-
ing of Sec.4 with growing target edgelengths.This leads
to symmetricmatriceson eachmulti-grid level, providing
the bene ts for the single-level iterative solversalsoto the
multi-grid methods As the verticesof the resultinghierar
chy donotform anestedsequencehecorrespondencesd
theprolongationoperatoishouldbe basedn barycentridn-
terpolationon the piecaviselineartrianglemeshes.

The main problem of multi-grid solvers is that it can
be quite complicatedto implement them, since special
care hasto be taken for the hierarcly building, the pre-
conditioningschemeandthe prolongation operatofAKS].
However, if iterative solvers are to be used, multi-grid
methodsare the only way to achieve rapid solutiontimes
[KCVS98,RL03,AKS].

5.3. Direct Solvers

The use of direct solvers for linear systemsis often un-
derestimatedsince naive direct methodshave compleity

O(n®). Additionally, Gaussianelimination (LU factoriza-
tion) is know to be numericallyunstableunlessproperpivot-

ing is used.For symmetricsystemshowever, Cholesly fac-
torizationprovably is backward stable,but it still hascubic
compleity.

As the systemwe areconsiderings sparsebut not band-
limited, the rst stepis to generatea band-limitation.For
this taskseveral standardmethodshasedon symmetricrow
and columnpermutationsre available[GL81], e.g.there-
verseCuthill-McKee [CM69] or the minimal degreealgo-
rithm. They resultin a concentratiorof the non-zeroele-
mentsaroundthe diagonal leadingto a band-limitb.

If a matrix A is band-limitedby b, so is its Cholesly
factor L with A= LLT [GL89]. Computingsucha band-
limited Cholesly factorizationhas complexity O(bnz) in-
steadof O(n3) for the unbandedcase.The actualsolution
basedon this factorizationhas complity O(bn) and is
thereforecomparabldo multi-grid methods Although hav-
ing the sameasymptoticcompleity, band-limitedCholesky
solversturnedoutto befasterby anorderof magnitudecom-
paredevento sophisticatednulti-grid solvers.

5.4. Comparison

Comparingdirectsolversto multi-grid iterative methodsdi-

rectsolversseemto be preferablefor sparseSPD matrices.
For both the pre-computatiorphaseandthe actualsolution
of linear systemsthey are fasterthan multi-grid iterative

methods.

Besideshigher ef ciency, direct solvers are additionally
much easierto use.Packagesbasedon highly optimized
lapackand BLAS libraries are publicly available, someof
themalsoincluding the band-limitation,e.g.the TAUCS i-
brary [TCR]. In contrasthierarchicalmulti-grid solverson
trianglemeshesrequite sophisticateéndseveralkey com-
ponentsandparametervalueshave to choserby experience.

There are also similar methodsfor solving unsymmet-
ric problemsbasedon a band-limited LU factorization
[DEG 99]. In this case,two typesof permutationsare re-
quired: symbolic permutationgor band-limitationand piv-
oting permutationgnsuringnumericalrobustnessAs these
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Method Complex. Precomp. 3 Solutions
lterative 15k 7.2s 7.4s
Multi-grid 15k 4.5s 0.8s
Direct 15k 2.4s 0.07s
lterative 31k 15.2s 25.5s
Multi-grid 31k 8.8s 2.0s
Direct 31k 6.7s 0.16s

Table 1: Thetimingsfor computinga thin-platesurfacecon-
sistingof 15kresp.31kfreeverticesusingdifferentsolves.
The respectivdinear systemis solvedthree timesfor the
X, ¥ and z coodinate respectivelyThe correspondingpre-
computationsare preconditioning(lterative), building the
multigrid hierarchy (Multigrid), and band-limitingandfac-
torizing (Direct), respectively

permutationannotbe handledseparatelythe overall fac-
torization processis more involved. Since no matrix sym-
metriescanbe exploited,thesemethodsaregenerallynot as
ef cient assymmetricmatrix solvers.

6. Results

Our remeshingmethodeffectively removes degeneratetri-

anglesandresultsin a very regular tessellationconsisting
of almostequilateralfaces therebyavoiding numericalde-
generaciesnd improving the Laplaciandiscretizationand
generakonditioningof the matrix.

Sincefor our remeshingwe do not have to take careof
approximatiorerrorsor sharpfeaturespur methodis signif-
icantly fasterthanprevious (more sophisticatedjemeshing
techniguessuchthatwe canprocessnesheof 100ktrian-
glesin lessthan5son a Pentium4 3.0GHz.

The resulting matricesare symmetricand positive de -
nite, hencewe canusea direct Choleslky-basedsolwer, that
provides the samelinear asymptotictime complity as
multi-grid methods but is signi cantly fastercomparedo
those As arepresentate example,Table1 lists thetimings
for computingathin-platesurfaceof 15k or 31kfreevertices
(solvingthe systenmthreetimesfor x, y andz), usingsingle-
level iterative methods,multi-grid iteratve methodsand a
directsolver, respectrely. As the samelinear systemhasto
besolvedeachtimethecontrolhandleis interactvely moved
(i.e. theright-handsideis changed)the direct methodsare
fasterby anorderof magnitude.

Exploiting the fact that the control handlesare af nely
transformed[BKO04] proposethe pre-computatiorof basis
functionsassociatedvith the controlhandle.This shiftsthe

perframesolutionof thelinearsystemo a pre-computation
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by solving the samesystem3+ 4 h times, h being the
numberof individual control handles.In this setting, our
approachcan efciently be usedto speedup this pre-
computatiorphasesigni cantly.

7. Conclusions

In this paperwe pointedout that using state-of-the-artmul-

tiresolutionsurfacerepresentationghe connectity of the
low-frequeny basesurfaceis not restrictedto be the same
asthatof the original surface We exploit this degreeof free-
dom by remeshinghhe basesurface,suchthat the problem
becomeswumericallybetterconditionedandthe linear sys-
temto besolvedturnsinto a symmetricone.

We shavedthatfor symmetricpositive de nite sparsdin-
earsystemglirectsolversbasedn a band-limitedCholesly
factorizationare clearly preferableto iteratve methodsas
they aresigni cantly fasteraswell as much easierto use.
This obsenation shouldalsobe usefulin otherapplications
wherethis type of matrix problemss to be solved.

For our multiresolution modeling framework the pro-
posedremeshingechniqueprovidesthe possibility to keep
the tessellationof the input mesh x ed, evenif it contains
numericallycritical skinry triangles.This makesmultireso-
lution modelingmorerobust, more ef cient andalsoappli-
cableto awiderrangeof inputgeometriesatthecostof just
asmallincremenbf the pre-computatiophase.
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