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Abstract

When using triangle meshesin numericalsimula-
tions or other sophisticateddownstreamapplica-
tions,wehaveto guaranteethatnodegeneratefaces
are presentsincethey have, e.g., no well defined
normal vectors. In this paperwe presenta sim-
ple but effective algorithmto remove suchartifacts
from a given triangle mesh. The centralproblem
is to make this algorithm numerically robust be-
causedegeneratetrianglesare usually the source
for all kinds of numericalinstabilities. Our algo-
rithm is basedon a slicing techniquethatcutsa set
of planesthroughthegiven polygonalmodel. The
meshslicing operatoronly usesnumericallystable
predicatesand thereforeis able to split facesin a
controlledmanner. In combinationwith a custom
tailoredmeshdecimationschemewe areableto re-
move the degeneratefacesfrom mesheslike those
typically generatedby tesselationunitsin CAD sys-
tems.

1 Introduction

In recentyearscomputergraphicstechniqueshave
becomeincreasinglypopularin engineeringappli-
cations. Algorithms for the efficient processing
of polygonalmesheswhich have becomeavailable
through the adaptionof multiresolutionconcepts
to geometricobject representations,can be used
to speedup the computationof all sorts of nu-
mericalproceduresfor simulationand interaction.
Traditionally triangleor quadranglemeshesarethe
preferredsurfacerepresentationfor mostnumerical
simulations.

If a meshis to be usedfor numericalcomputa-
tion, robustnessis essentialfor theresultsto bereli-
able. This robustnesscanonly partially beguaran-
teedby developingstablealgorithms,theinputdata
alsohasto meetsomequalityrequirements.Wewill
show severalwayshow to measurethequality of a

trianglemeshin section2. With simulationin mind,
ourqualitycriterionwill stronglyrelateto theshape
or roundnessof theindividual triangles.

Because3D rangescannersaregetting cheaper
as well as increasinglyaccurate,they are a pop-
ular sourcefor input data. A lot of researchhas
beendoneon reconstructingpolygonalmeshmod-
elsfrom samplepointsor rangeimages[16,4, 2,1].
Becauseof thehugenumberof facesin theresulting
meshes,somekind of meshdecimationschemehas
to be usedin orderto reducethe model to a com-
plexity thesimulationcanhandle.

In mostengineeringapplicationssurfacesarede-
signedby usingsophisticatedCAD/CAM systems.
Hencethey have to be converted to a polygonal
meshrepresentationin orderto be usedin numer-
ical simulations— anoptionincludedin almostev-
ery CAD software. Thesetesselationmodulespro-
ducea polygonalmeshapproximatingthegeomet-
ric shapewithin a prescribederrortolerance.

Figure1: This tesselationof a cylindrical parthasa
low polygoncountandasmallapproximationerror,
but unfortunatelyalsovery skinny triangles.

Therearemany waysto approximatea givenge-
ometricalshapeas a polygonalmesh. Both mesh
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decimationandsurfacetesselationwill guaranteea
certainapproximationerror, butevenwithin thistol-
erancevolumeonecanoptimizethe meshaccord-
ing to different requirements.For examplea low
polygoncountis preferrable,if themeshhasto be
renderedas fast as possible. On the other hand,
this may lead to skinny trianglesandmakes it al-
most impossibleto get reliable simulation results
for suchmeshes.While onehasthe possibility to
trim the meshdecimationprocessto aim for well
shapedtriangles,onehasno influenceon thetesse-
lating algorithmof the CAD softwarein use. Un-
fortunatelythesemethodsusuallyproducemeshes
not suitablefor robustcomputations,like thecylin-
dricalpartshown in Fig. 1.

Thereforea polygonalmeshhasto be prepared
for thetargetapplication,i.e. it hasto beremeshed:
thegiven meshhasto be resampledin sucha way
thatthenew triangulationstill approximatesthege-
ometricshape,but alsofullfills specialrequirements
dependingon theapplication[8].

One classof remeshingalgorithmsconverts an
arbitraryinput meshinto a meshwith semi–regular
subdivison connectivity [5, 13, 12]. Hereremesh-
ing is usedto get the necessarystructureto apply
specialmultiresolutionoperatorsto theinputgeom-
etry.

Meshdecimationschemes[7, 6, 11,3] areaspe-
cial classof remeshingalgorithms: they changea
givenmeshin orderto decreaseits complexity, but
do it by subsamplingratherthanmoregeneralre-
sampling.

Someremeshingmethodsarebasedona particle
systemsapproach[9, 15]. Samplepoints are ran-
domly distributedon the given input mesh,yield-
ing a new tesselation.In a secondstepa global re-
laxationprocedurebalancesthedistributionof these
samplepointsby shifting themon thesurface.

Remeshingmayalsobeachievedby usinga dis-
tancefield to convert a given meshinto a volume
representation.Applying iso–surfaceextractionto
get thezero–level surfacewill resultin a remeshed
versionof the input mesh.In this casespecialcare
mustbetakennot to losegeometricfeaturesof the
originalmesh[17, 10].

We will concentrateon remeshingwith thegoal
to preparemeshesfor engineeringsimulations.This
is why wewantpolygonalmesheswithoutdegener-
atetriangles.Becausethis typeof remeshingis es-
peciallynecessaryfor meshescontainingmany de-

generatefaces,theemployedalgorithmshave to be
particularlyrobust.For exampleonecannotrely on
geometricinformation like areaor normalvectors
of the faces,becausethere is no way to evaluate
themin a robustmanner.

Mostsimulationpackagesalreadyincludea pre–
processorthat adaptsthe input meshto the sim-
ulation’s needs. Unfortunately even these pre–
processorsareoftennot ableto dealwith degener-
atetriangles. Otherstandardmethodsthat prepare
meshesfor FEM simulations,like e.g. Delaunay–
Refinement[14], heavily rely ongeometriccompu-
tations(like thecenterof thecircum–circle)which
becomeunstablefor degeneratetriangles.

In this paperwe presenta methodthat usesa
combinationof meshslicing andmeshdecimation
to enhancea givenpolygonalmesh.In thefirst step
all degeneratetrianglesthat won’t be removed by
a meshdecimationprocess(socalledcaps) will be
eliminated.A customtailoredmeshreductionalgo-
rithm removestheremainingskinny triangleswhile
additionally taking the resulting triangles’ shape
into account. While thesetwo stepswon’t neces-
sarily producemeshessuitablefor the simulation
the resultingmeshesdo no longer containdegen-
eratetriangles. Thereforestandardtechniqueslike
thebuilt–in pre–processoror Delaunay–Refinement
methodsarenow ableto processthesemeshesin a
robustmanner.

2 Mesh Quality Measures

A quality measurefor triangle meshesshould be
adaptedto the target application. As mentioned
in the introductiononemay aim at a low polygon
count and smoothappearancefor renderingpur-
posesor atwell shapedfacesfor numericallyrobust
computations.

Differentquality measureswill leadto different
tesselationsof thesamegeometricshapeevenatthe
sametrianglecount: if the goal is smoothappear-
ancetriangleswill needto be stretchedalong the
directionof minimalcurvature.For FEMsimlations
theshapeor roundnessof trianglesis moreimpor-
tant,becausecomputationshave to bedonein anu-
mericallyrobustway. Examplesof theseconflicting
optimizationsaregivenin Fig. 2.

Our goal is to get a trianglemeshwith all faces
well shaped.Thereareseveral ways to definethe
quality of a triangle’s shape.Theratio of theshort-
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Figure2: Two differentquality measures:thesame
model optimized for smoothappearance,leading
to stretchedtriangles(top), andfor triangleshape,
leadingto surfaceshadingartifacts(bottom).

estto thelongestedge(aspectratio) is acommonly
usedmeasure.In the meshgenerationcontext the
ratio of theshortestedgeto the radiusof the trian-
gle’scircumcircleis usedto expressthequalityof a
face[14].

Degeneratetriangles have their shortestedge
muchshorterthantheircircumradius.Theseskinny
trianglescanbeclassifiedas� Caps: triangleswith ananglecloseto ������� .� Needles: triangles, whose longest edge is

muchlongerthantheshortestone.

Thedefinitionsof capsandneedlesarenotmutu-
ally exclusive (cf. Fig. 3). We will refer to capsas
“purecaps”,i.e. capsthatareno needles.

Figure3: Classificationsof skinny triangles:Caps
have an angleclose to ������� (top), needlesa bad
shortestto longestedgeratio (middle). A triangle
canbebotha capandaneedle(bottom).

Both types of degeneraciesdo not carry any
relevant geometricinformation sincetheir surface
area is close to zero. It turns out that capsare
muchharderto eliminatethanneedles:While nee-
dlescanusuallybe removed by simply collapsing
their shortestedge,the situationfor capsis more
complicated,sincecollapsingtheir relatively long
edgescancauseneighboringtrianglesto degener-
ate. Hencean alternative operationis neededfor
theeliminationof thecaps.Oncewe manageto do
this, a suitablemeshdecimationalgorithmwill be
capableof removing theremainingneedles.

3 Caps Removal

Capsare definedas having their maximumangle
closeto ������� , leadingto a relatively long edgeon
theoppositesideof thetriangle.As mentionedthey
cannotberemovedby collapsingoneof theiredges.
Thereforenew pointshave to beinsertedto split up
facesresultingin smallerangles. In orderto keep
the meshconsistentalso the neighboringtriangle
hasto besplit andmustbetakeninto consideration
(cf. Fig. 4).

B

A

C

D

Figure4: The two neighboringcapsat the top can
neitherbe eliminatedby subdiving the baseat its
midpoint nor by splitting the edgeat the orthogo-
nalprojectionof theuppervertex, becausethismay
leadto new caps,marked in grey. Theonly way is
cuttingthewholemeshateverycapvertex having a
largeangle,like A andD.
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Thefirst guesswould beto subdivide thelongest
edgeBC at its midpoint. Dependingon the angle
betweenthe	 two new edgesand the baselinethis
mayintroduceup to 4 new caps(markedin grey).

Splitting theedgeBC at theothogonalprojection
of A createsa perpendicularedge,but alsoanarbi-
trarily largeangleon theoppositeside. This oper-
ation will remove the uppercap,but may split the
loweroneinto 2 new caps.

If we definea planeperpendicularto thelongest
edgeBC, centeredat thepointA, andusethisplane
to cut throughthe whole meshthe uppercap will
certainly be eliminated. Cutting the cap BDC by
thisplanewill split it into two needlesandonecap.
So the numberof capswill decreaseby one. By
analogouslycutting throughD in a secondpasswe
caneliminatethisnew capandgetonly needles,but
nocaps,asdepictedin thebottomdrawing of Fig.4.

In orderto make thecutting algorithmrobust, it
will beappliedglobally andnot only locally to the
mesh.But thenadditionalcaremustbetakennot to
createnew capsat otherregionsof themesh.

4 Mesh Slicing

If we want to utilize meshslicing to remove caps,
wefirst haveto makesurethatthisoperationcanbe
performedin astablewayevenfor meshescontain-
ing degeneratefaces. Also we have to guarantee
that no new capswill inadvertently be createdby
cuttingothertrianglesin themesh.

Figure5: Cutting a triangleproducestwo or three
new triangles.

Cuttinga meshby a givenplaneis a globaloper-
ationthatactson thewholemesh.In a first passall
verticesareclassifiedasbeingabove, below or on
theplane(upto some
 ). In thesecondpassall faces
aresubdivided into two or threetriangles,depend-
ing on whetheroneor two of their edgesintersect
theplane(cf. Fig. 5).

To testfor anintersectionthevertex distancesare
evaluated: if the distancesat the edge’s endpoints
have differentsignsan intersectionoccursandthe
intersectionpoint can robustly be computedby a
convex combinationof theendpoints.

Althoughvertex classificationis a geometricop-
eration,it is robust,becauseit actson vertices,not
on faces.It alsocanbe doneconsistently:Even if
a vertex is classifiedincorrectlybecauseof round-
ing errors,this informationwill beusedby all inci-
dentfacesin a consistentmanner. Edgeclassifica-
tion andactualtrianglesplittingarepurelytopolog-
ical operationsandnot influencedby meshdegen-
eracies,thereforepreservingtheconsistency of the
mesh.Thusmeshslicingcanbeappliedto degener-
atemesheswithoutany numericalinstabilities.

We now mustensurethatslicing themeshin or-
der to remove onecapwon’t createany new caps
by splitting othertriangles. If a vertex’ distanceto
the planeis lessthanthe snappingbound 
 , no in-
tersectionswill be computedfor edgescontaining
this vertex. We will usethis snappingto avoid cre-
ating new caps. As depictedin Fig. 5 the angles
at the original pointsof slicedtriangleseitherstay
thesameor decrease.Theonly possibility for new
capsto begeneratedarelargeanglesat theintersec-
tion points(markedby arcsin Fig. 5). Largeangles
only occurif the intersectededgeformsa largeob-
tuseanglewith the cutting plane. If we guarantee
thatnosuchedgewill beintersectedwecanbesure
thatnoadditionalcapswill becreatedby slicingthe
mesh.Thereforeweincludeanadditionaltestto the
vertex classificationstage:for eachvertex all ema-
natingedgesthatintersecttheplaneareanalyzed.If
anedgebuilds ananglecloseto ����� with theplane
normal the vertex will be snappedonto the plane,
i.e. its distancewill besetto zerotherebyavoiding
thecritical intersection.

Now for eachcapasuitableplaneis usedto slice
themeshandsplit this capup into two needles.In
orderto ensurethat this capwill be eliminatedthe
endpointsof its longestedgearenotallowedto snap
onto the plane. A potentiallybadedgeemanating
from oneof theseendpointswill only have onever-
tex snappedto the plane,resultingin an uncritical
bisection.

Hencemeshslicing is a robust operationthat
eliminates(at least)onecapat a time. It maypro-
ducenew skinny triangles,but theseareguaranteed
to benocapsandthereforehaveto beneedles.Nee-
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dles,in turn,caneasilyberemovedby a meshdec-
imation processafter all the capshave beenelimi-
nated.

5 Mesh Enhancement

Havingarobusttool for capeliminationwecannow
formulateanalgorithmfor theautomaticremoval of
degeneratefacesfrom amesh.In afirst passall caps
aresplit up into needlesusingtheslicingmethod:

for each cap do
1) define a plane

eliminating this cap
2) classify all vertices,

possibly snap them
3) slice the mesh

done

In the resultingmeshall remainingdegenerate
trianglesareneedlesandcanberemovedby a suit-
ablemeshdecimationalgorithm. We useonethat
stayswithin a prescribedapproximationerror and
controlsthedecimationprocessto optimizefor well
shapedtriangles.

Meshslicing canadditionallybe usedto super–
sampletheobjectin orderto provide moredegrees
of freedomfor the decimationstage. In this case
we slice the meshby a set of manually or auto-
matically constructedplanes,therebyenhancingit
by the new intersectionpoints. This may be nec-
essaryif someneedlescannotbecollapsedwithout
violating the error tolerance,e.g. becausea fan of
needlesdescribesa trimmingboundaryof somede-
tailedcontour. Anotherexamplewould bea cylin-
der like the oneshown in Fig. 1, that may be cut
by severalplanesperpendicularto its axis. For au-
tomatic slicing threeperpendicularsetsof evenly
spacedaxis–alignedplanescanbe usedto cut the
boundingcubeinto equallysizedcells. This would
provide samplepointson a regular grid aswell as
controlthemaximumsizeof thetriangles.

After we have eliminatedall capsandprovided
enoughdegreesof freedom,the meshdecimation
processcando the restof the work, yielding a re-
sult that stayswithin a prescribederror tolerance
and additionally satisfiesthe quality requirements
with respectto triangleshape.

Figure 6: 700 triangle CAD model of a blower
mount(5 needles,20 caps)hasbeenenhancedto a
meshwithoutdegeneraciesandabout860triangles.

6 Results

Bothexamplesshown in thissectionhavebeencon-
vertedby a CAD tesselatorandcontaintheskinny
trianglestypical for thisclassof converters.Thetol-
eranceanglesfor capsandneedleshave beensetto
������ and ��� , respecively.

The CAD modelof a blower mount (700 trian-
gles) initially contained2 needlesand20 caps(cf.
Fig. 6). Removing all capsby meshslicing led to
2500triangles,anautomaticcuttingby stacksof 20
planesin x–, y– andz–directionresultedin a mesh
of 8000faces,containingno caps,but about1000
needles. The final decimationprocesseliminated
all needlesproducingan approximationwithin 1
promille of theboundingbox,consistingof 858tri-
angles.Themeshslicing steptook lessthan5 sec-
onds,themeshdecimationabout1 secondona 866
Mhz PentiumIII.

Thesecondexampleis anotherCAD model,con-
sistingof about9200facesthatcontain226needles
and77 caps(cf. Fig. 7). Herewe startedby slicing
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Figure7: Theuppermeshcontains226needlesand77capsin its 9200faces;theenhancedversionconsists
of 11k trianglesandstayswithin an error boundof 1 promille. All anglesarewithin 5 and175 degrees.
After all degeneracieshave beenremoved themeshcannow beremeshedusingstandardtechniques(e.g.
in orderto equalizetrianglesizes).

3 stacksof 15planes(11sec)thatremoved32caps,
andeliminatedthe remainingcapsoneby onein a
secondstep(35 sec). The intermediatesizeof the
modelwasabout130k triangles. Themeshreduc-
tion stepremoved all degeneraciesin 18 seconds,
yieldinga meshof about11k triangles.

7 Conclusion

We presenteda robust algorithm to remove both
typesof degeneratefacesfrom trianglemeshesin
orderto preparethemfor reliablenumericalsimu-
lations.

There are many ways to remesha given input
meshfor theusein numericalcomputations.Most
of thesemethodscannotdealwith meshdegenera-
cies.Sincemeshslicingonly usesrobustgeometric
computationsanduncritical topologicaloperations
it is not affectedby thesedegeneraciesandis able
to remove themin a controlledmanner.

While needlescan be removed with relatively
low effort, capsaremuchharderto eliminate.The
proposedalgorithmis guaranteedto removeall caps
one by one by splitting them into needles,which
subsequentlyarecleanedup by any suitabledeci-
mationscheme.
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Figure8: A closeupon someof theoriginal mesh’s
caps(lookinglikeT–junctions).Thesecapshaveall
beeneliminatedin theenhancedversion.

Themaindrawbackanddirectionfor futurework
is the largeamountof needlesgeneratedby slicing
themesh.This intermediatemeshcomplexity could
be kept low by interleaving cutting andcollapsing
steps(e.g. decimatingalongthe intersectioncurve
after eachslicing), therebyreducingmemorycon-
sumptionandcomputationcosts.
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