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Abstract
Using surfacesplatsas a renderingprimitive has gainedincreasingattentionrecentlydue to its potential for
high-performanceandhigh-qualityrenderingof complex geometricmodels.However, aswith anyotherrendering
primitive, theprocessingcostsare still proportional to thenumberof primitivesthat weuseto representa given
object.This is why complexity reductionfor point-sampledgeometryis as importantas it is, e.g., for triangle
meshes.In this paperwe presenta new sub-samplingtechniquefor densepoint cloudswhich is speci�cally ad-
justedto theparticular geometricpropertiesof circular or elliptical surfacesplats.A globaloptimizationscheme
computesan approximatelyminimal setof splatsthat covers the entire surfacewhile stayingbelowa globally
prescribedmaximumerror tolerancee. Sinceour algorithmconvertspure point sampledata into surfacesplats
with normal vectors and spatial extent, it can also be considered as a surfacereconstructiontechniquewhich
generatesa hole-freepiecewiselinear C� 1 continuousapproximationof the input data.Here wecanexploit the
higher �exibility of surfacesplatscompared to triangle meshes.Compared to previouswork in this areaweare
ableto obtainsigni�cantly lowersplatnumbers for a givenerror tolerance.

1. Intr oduction

Point-basedgeometry representationshave gained quite
some attention recently due to their conceptualsimplic-
ity [GPA� 03]. Individual point samplescan be computed
or measuredon any kind of surfacedescriptionanda suf-
�ciently denseset of samplesalreadyprovides an effec-
tive surfaceapproximationthat is suitable,e.g., for high-
quality rendering[PZBG00,RL00]. The major advantage
over "classical"geometryrepresentationsis that point sets
do not requireany connectivity information. This signi�-
cantly simpli�es their processingsinceno topologicalcon-
sistency conditionshave to besatis�ed.

In order to guaranteea visually continuousappearance
of the displayedobjects,the conceptof purely point-based
representationsis usuallygeneralizedto splat-basedrepre-
sentations[ZPBG01], i.e., in�nitesimal pointsarereplaced
by ellipsesor rectangles,eitherin objectspaceor in image
space.Due to their intuitive geometricinterpretation,espe-
cially object spacetechniques,like surfacesplatting, have
beenusedwidely in applicationsrangingfrom high-quality
renderingandlevel-of-detailhandlingof complex modelsto
interactiveshapedesign[ZPBG01,ZPKG02,PKKG03].

Althoughsurfacesplatsrequirethederivationof attributes
suchasorientationandspatialextentfor eachsplat,thecon-
ceptualsimplicity of point-basedrepresentationsis largely
preserved. However, in a strict sense,we are dealingwith
a piecewise linear surfacerepresentationjust like triangle

Figure 1: Optimizedsub-samplingof the Iphigenie (left,
352K points)using30181circular splats.Theerror toler-
anceis setto 0:05% of theboundingboxdiagonal.Thecen-
ter �gur e is renderedwith EWA-�lter edsplatsandtheright
zoom-in�gur esshowthesampledensityanddistribution.

mesheswith the importantdifferencethat the linear pieces
join in aC� 1 fashionratherthanC0.
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On the otherhand,in mostapproachesthe generationof
surfacesplatmodelsstill hasthe�a vor of asamplingproce-
duresincethepositionandnormalinformationis considered
to beassociatedwith thecenterof eachsplatwhile thespa-
tial extent (radiusfor circular splatsandminor/majoraxes
for elliptical ones)is just neededto bridgethegapbetween
two neighboringsamples.Ourapproachin thispaper, in con-
trast,takesthefull geometryof thecircularor elliptical ob-
ject spacesplatsinto accountwhencarefully placingsam-
pleson a givensurfacesuchthat thecollectionof all splats
formsahole-freerepresentationof theinputgeometry.

Even if surface splatscan be processedextremely fast
by exploiting the programmablefeaturesof currentgraph-
ics hardware [DVS03, BK03], we would like to minimize
thenumberof splatsthatareneededto representagivenob-
ject sincethe processingtime is neverthelessproportional
to thenumberof geometricprimitives.This is why geome-
try simpli�cation techniqueshave beendevelopedfor splat-
basedrepresentations,most of them being derived from
well-establishedmeshdecimationor hierarchicalclustering
schemes[GGK02].

In this paper, we presenta sub-samplingalgorithmwhich
is especiallydesignedfor splat-basedrepresentationsand
which makes useof their �e xibility . Sinceno topological
consistency conditionsbetweenneighboringsplatshave to
beobserved,wecanapplyanunconstrainedglobaloptimiza-
tion technique.By thiswecanconsiderablyreducethesplat
countfor agivenmodelwhile still observingaprescribeder-
ror tolerance.In contrastto previousapproacheswe arenot
focussingmerelyon the relationbetweensplatcenters but
ratherconsidereachsplatasa linear surfacesegmentwith
�nite spatialextent.

1.1. RelatedWork

Using points as renderingprimitives was �rst introduced
by Levoy et al. [LW85] and later followed and improved
by [GD98, PZBG00,RL00,ZPBG01, WFP� 01,BWK02]
aiming at ef�cient and high-quality renderingof complex
models.Most recently, various applicationsdealing with
point-based geometry have been intensively discussed
including shape acquisition and authoring [MPN� 02],
high quality rendering [ZPBG01,RPZ02, BSK04], (re-)
samplingandsimpli�cation [SD01,PGK02], aswell asas
shapeediting [ZPKG02, PKKG03]. See [GPA � 03] for a
completesurvey.

Pure point representationsare discrete samplings of
the input geometryand henceproper reconstruction�l-
ters have to be applied in order to enablehole-freeren-
dering.Approachesapplied in imagespacesimply render
”large” pointsassquaresor circles[GD98, SD01,KV03b].
Object spaceapproachesuse (disk-shapedor elliptical)
surfacesplats[ZPBG01,RPZ02, BWK02, Paj03], quadratic
[KV03a], or evenhigher-order[ABF � 03,OBA � 03] patches
to reconstruct the surface geometry. In this paper we

are using circular or elliptical object spacesplats, since
they seemto provide the best quality/performancetrade-
off whenimplementedon programmablegraphicshardware
[RPZ02, BK03, ZRB� 04].

Many existing sub-samplingmethodsfocusonly on the
relationbetweensplatcentersandhencerequireextra effort
to estimatethe actualspatialextent of splatsto �ll the gap
betweensamples.Linsen[Lin01] andAlexaetal. [ABF � 03]
adoptedgreedyschemesto iteratively remove samplesfrom
the input point cloud. The greedy nature of thesealgo-
rithms cannotguaranteea globally uniform point distribu-
tion. Moenning et al. [MD03] use fast marchingfarthest
pointsamplingfor pointsetsimpli�cation. While it is simple
andef�cient, reliableerrorcontrolis notsuppliedandseems
nottrivial toembed.In [PGK02], Paulyetal.adaptedvarious
meshsimpli�cation techniquesto simplify point-sampled
geometrywhich, however, cannottake an a-priori approxi-
mationerror toleranceinto account.Their puregreedysim-
pli�cation producesresultswith smalla-posteriorierrorbut
also with non-uniformsamplingdensity. This is why they
post-optimizethe result with a particle simulationscheme
which, alas,increasestheapproximationerror. Our scheme
usesa relaxationschemethattakesapproximationerrorinto
accountandusesthe completeanisotropicgeometryof the
elliptical splats– not just theircenters.In thissenseit differs
signi�cantly from previous isotropic samplingapproaches
like [PGK02]or [SAG03].

Other approaches[RL00, BWK02, Paj03, KV03b] to
splat simpli�cation are basedon hierarchical clustering
schemes.The input pointsare rearrangedin a hierarchical
spatialpartitioningdatastructureandsplatsarecreatedfor
every nodeby analyzingthe local surfaceproperties.This
techniqueis simpleandfastbut sincethereis no optimiza-
tion strategy involved,theresultsareusuallyoverly conser-
vativeandtendto containlotsof redundantsplats.

2. Overview

Let a surfaceSbegivenby a setof samplepointsP = f pig
which aresuf�ciently densein the sensethat they form an
r-sampleof Sfor somevaluer < 1 [ABK98]. If r is chosen
smallenoughthenthereexistsa constantk suchthat �tting
a leastsquaresplaneto any point pi andits k nearestneigh-
borsyields a reliableestimateof the surfacenormaldirec-
tion atpi . A consistentnormalorientationcanbepropagated
via a minimumspanningtreefor thepoint setP [HDD � 92].
We denoteby Nk(pi) the set of k nearestneighborsto pi
measuredby Euclidiandistanceandthe graphN = (P;E)
representsthis non-symmetricneighborhoodrelationwhere
theedge(i; j) belongsto E iff p j 2 Nk(pi). Theactualdis-
tancedi = kpi � pkk to thek-th neighborcanbeusedasan
estimatefor the local samplingdensityandwe associatea
surfacearea elementwi = pd2

i with eachsamplepoint pi .
Thegraphstructureof N canbecomputedmostef�ciently
by usingahierarchicalbinaryspacepartition[Sam94].
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Our goal is to �nd a minimum setof surfacesplatsT =
f t jg that approximatesP with an error below somepre-
scribedtolerancee. Dependingon the application,the user
canchooseif circular or elliptical splatsshouldbeused.El-
liptical splatscanadaptto thelocal curvatureof thesurface
usuallyleadingto sparsersetsT but they needmorestorage
spacepersplat.A circular splatt j is given by its centerc j ,
its normalvectorn j , andits radiusr j . For elliptical splatswe
replacetheradiusr j by two additionalvectorsu j andv j to
de�ne themajorandminoraxes.

For every inputsamplepi wemeasureits distanceto T by
orthogonalprojectionontothesplatst j , i.e.,

dist(pi ;T) = dist(pi ; t j ) = jnT
j (pi � c j )j

if





 (pi � c j ) � nT

j (pi � c j ) n j








2
� r j

2 (1)

for circularsplatsor
�

uT
j (pi � c j )

� 2
+

�
vT

j (pi � c j )
� 2

� 1 (2)

for elliptical splats.If pi projectsinto the interior of several
splats,we choosetheminimumdistance.If (1) or (2) donot
hold for any t j wesetdist(pi ;T) = 1 .

For a givensetof splatsT andanerror tolerancee, con-
ditions (1) and (2) imply a coverage relation Ce � P � T
whichincludesall pairs(pi ; t j ) for which(1) or (2) holdsand
dist(pi ; t j ) � e. We de�ne the surfacepatch Q j = Ce(� ; t j )
correspondingto a splat t j as the setof all samplespi for
which therelation(pi ; t j ) 2 Ce holds.Theareaof thepatch
Q j is givenby

Wj := å
pi2 Q j

wi :

Theoptimizedsub-samplingtaskcannow beformulatedas
the minimumdominatingsetproblem[CLRS01] for the 2-
colorablegraph(P[ T;Ce) whoseconnectivity is de�ned by
the coveragerelationCe. Sincethe dominatingsetproblem
is known to be NP-hard,we have to �nd an approximate
optimizationalgorithm.

Ouralgorithmproceedsin threestepswhichweexplainin
thefollowing subsections.First,a maximumsplatti is com-
putedfor eachinput samplepi whosesizeis limited by the
prescribederror tolerancee. Thesesplatsarecenteredat pi
in the sensethat pi projectsto the centerci but we do not
requirepi = ci . Thisrelaxedconditionturnsout to becrucial
for theeffective reductionof thesplatcount.Noticethatfor
extremelycomplex input dataP we canapply simplepre-
decimation[PGK02] beforegeneratingthe initial splatsto
speedupthecomputation.Thisdoesnothavesigni�cant im-
pacton the�nal result.

From the initial set of splats,we selecta subsetwhich
savely covers the whole surface.This is doneby a greedy
procedurewhere the selection criterion guaranteesthat

neighboringsplatshave suf�cient overlapto provide a hole-
free approximationof the input surfaceS. Sincethe error
tolerancee hasbeentaken into accountin the splatgener-
ation step,any selectionof splatst j suchthat the union of
their correspondingpatchesQ j completelycovers P auto-
maticallysatis�estheapproximationtolerance.

In the third step,the greedysolutionis further improved
by aglobalrelaxationprocedure.Theideais to iteratively re-
placesubsetsof splatsby new setsthathave fewer elements
or at leasta bettersplatdistribution. Notice that for circu-
lar splats,isotropic distribution is optimal while for ellipti-
calsplatsanisotropicdistributionaccordingto minimumand
maximumcurvature is optimal. Sinceour algorithm takes
minimum andmaximumcurvatureinto accountwhencre-
ating elliptical splatsandsincethe relaxationis controlled
by mutualoverlapof thesplats,we canguaranteeto always
produceanear-optimalsplatdistribution.

3. Initial Splat Generation

Initially we generatea circularsplatti = (ci ;ni ; r i) for each
samplepi in the (possiblypre-decimated)input setP. Op-
tionally this initial splatcanthenbeextendedinto anellipti-
cal splatti = (ci ;ni ;ui ;vi) in thenext step(cf. Sec.3.1).

Startingwith a seedpoint pi we �rst estimatethe local
normaldirectionni by �tting a leastsquaresplaneto pi and
its k nearestneighbors[Jol86]. Thenwe grow the splatby
addingneighboringsamplepointsin theorderof their pro-
jecteddistances(1) to pi . For eachnew pointp j wecompute
thesigneddistance

h j = nT
i (p j � pi )

and the growing stopsas soonas the interval [hmin;hmax]
becomeslargerthan2e. Thecenterof thesplatis thensetto

ci = pi +
hmin + hmax

2
ni

andtheradiusis setto

r i =





 (p j � ci ) � nT

i (p j � ci ) ni








wherep j hasthe largestprojecteddistance(1) beforethe
prescribederrortoleranceis violated(cf. Fig. 2).
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Figure 2: Growing a splat ti initially centered at pi . Sym-
bols3 , 2 and� standfor conquered, front andun-covered
samplesrespectively. Theleft �gur eshowsa view in tangent
directionandtheright �gur e is viewedin normaldirection.
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Thesplatgrowingprocedurecanbeimplementedquiteef-
�ciently by breadth�rst traversalof theneighborhoodgraph
N in a ”f astmarching”manner. Sincewe do not updatethe
normaldirectionni while the splat is growing, thereis no
needto updatethe orderingof the neighborsamplesor to
recomputethe signeddistanceinterval [hmin;hmax]. Notice
that re-�tting a leastsquaresplaneto theconqueredsample
pointsafter the splatgrowing reducesthe k � k2-error but it
might actuallyincreasethek � k1 -errorandhencecouldvi-
olatetheprescribederrortolerancee.

3.1. Elliptical Splats

After a maximumcircular splatti seededat the point sam-
ple pi is generated,it is optionally possibleto continuethe
growing procedureinto theminimumcurvaturedirectionto
obtain an elliptical splat which better adaptsto the local
anisotropicsurfacecurvaturewhile still keepingthe error
tolerance(cf. Fig. 4). In addition to the centerci andnor-
mal ni we needtwo non-normalizedtangentvectorsui and
vi to de�ne the major andminor axis of the elliptical splat
accordingto (2).

In orderto �nd arobustestimateof the(normalized)prin-
cipal directionsgmin andgmax, we usetheshapeoperatorof
[CSM03]. Sincethisoperatoris de�ned for trianglemeshes,
we triangulatethesurfacepatchQi by projectingthecorre-
spondingsamplepointsinto thesupportingplaneof thesplat
andcomputinga2D Delaunaytriangulation.

With r i beingtheradiusof the initial circularsplatti , we
de�ne theminoraxisof theelliptical splatby vi = gmax=r i .

� �

��

�

� �

� �

� �

� �

Figure 3: A circular splat with centerci and radius r i is
extendedinto anelliptical splatwith semi-axesui andvi .

Let
p

l bethe(unknown) aspectratio of theresultingel-
liptical splatthenwe canordertheneighboringsamplesp j
by increasingaspectratio, i.e.,by

l j :=
(gT

min (p j � ci) )2

r2
i � (gT

max(p j � ci ) )2

wherewedoonly considersamplesfor whichthedenomina-
tor is positive.We continuethesplatgrowing procedurede-
scribedin thelastsectionbut this timeweaddtheneighbor-
ing samplesp j orderedby increasingl j . Again, the grow-
ing procedurestopswhenthe interval [hmin;hmax] becomes
larger than 2e and if p j is the last addedneighborbefore

theerrortoleranceis violated,themajoraxisof theelliptical
splatbecomes

ui =
1

r i
p

l j
gmin:

Figure 4: A torus approximatedwith error tolerance0:2%
by 510elliptical splats(left andcenter)andby 734circular
splats(right).

3.2. Hole-freeApproximation

In theselectionandoptimizationstepswewill chooseasub-
setof activesplatsfrom the initially generatedsetof can-
didate splats.During the process,we have to verify if the
currentsubsetof splatsactuallycoversthewholesurfaceS.
Thisis dif�cult in generalsinceweonlyhaveadiscretesetof
samplepoints.A muchsimplerconditionis to checkif each
samplepoint pi 2 P is coveredby at leastonesplat.Testing
thelattersimply requiresto iterateover all active splats,tag
all coveredsamplesbasedon therelationCe, andeventually
checkif thereareun-taggedsamplepointsleft.

However, asshown in Fig. 5, covering all samplepoints
pi by active splatsis not suf�cient to guaranteea hole-free
approximationsinceholescanappearinbetweenthesample
points.Hencewe have to modify thede�nition of thepatch
which is savely coveredby asplatti .

After the growing procedurefor a splat ti stops,the set
of conqueredsamplepointsde�nesa local surfacepatchQi
which projectsinto the interior of the splatde�ned by the
splat centerci and its radiusr i or by its minor and major
axesui andvi respectively. As a by-productof the 2D De-
launaytriangulationwithin thesupportingplaneof thesplat
(cf. Sec.3.1) we can computethe convex hull of the pro-
jectedsamplepointswhich alsolies completelyin the inte-
rior of thesplatdueto convexity. Now wede�ne theinterior
patchQ̄i asthesubsetof Qi whichexcludesall theboundary
vertices,i.e.,all samplesthatlie on theconvex hull.

If werestrictourcoveragerelationCe to theinteriorcover-
ageC̄e thenthetestif all samplepointspi arecoveredby the
currentselectionof active splatsis a conservative estimate
for theconditionthatthewholesurfaceSis approximatedin
ahole-freemanner. Hereweassumethattheinitial sampling
is suf�ciently dense.Severelyundersampledregionsshould
beconsideredasintentionalholesin thesurfaceS.

Sincethe hole-detectionaswell asall the following op-
erationsareonly basedon thecoveragerelationC̄e, we can
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simplyconsidersplatsassetsof samplesandwedonothave
to distinguishbetweencircularandelliptical splatsin therest
of thealgorithm.

Figure 5: The left �gur e showsthat all samplepointsare
covered but the small blue region betweenthe samplesre-
mainsas a hole. Themiddleand right �gur esshowsplat-
basedmodelswith and without holes for the sameerror
threshold.Thegreenpointson the left indicatethe bound-
ary pointsQ j nQ̄ j of that splat.

4. GreedySelection

Fromthesetof candidatesplatsT weselectanactivesubset
T0 thatcoversthewholesurfaceS, i.e.,whichsatis�es

P =
[

ti2 T0

Q̄i :

according to our above discussionof hole-free approx-
imation. Since �nding the minimum subset T0 is NP-
hard[CLRS01] wehave to �nd anapproximatesolution.As
with mostgeometricaloptimizationproblems,we�nd thata
greedyselectionstrategy providesasuitablesolution.

Similarto [DDSD03] werankthesplatsaccordingto their
incrementalsurfaceareacontribution. For every candidate
splat t j 2 T we sum the areaelementswi associatedwith
thosesamplepointspi 2 Q̄ j thatarenot alreadycoveredby
previously selectedsplats.Then in eachstepwe selectthe
splatwhich addsthemaximumsurfaceareato theactive set
andupdatetheareacontributionof theremainingcandidates.

To implementtheareacontribution update,we explicitly
storethe relationC̄e two times.Onceorganizedby patches
Q̄ j andonceorganizedby samplepointspi . Whena splatt j
is selected,we iterateover all samplespi 2 Q̄ j andsubtract
the areawi from eachpatchthat overlapspi . By this, the
computationcostsfor the updateonly dependon the size
of the splatsandthe degreeof overlapbut not on the total
numberof splatsin T.

5. Global Relaxation

Even if it can be proven theoreticallythat the greedyse-
lection producesa splat set T0 which is closeto the opti-
mum [Hoc95, Hro01], therearestill situationswheresome
splatsareredundant(cf. Fig.6).Moreover, thelocaldecision
aboutwhich splatto selectusuallycausesa disturbingnon-
uniformity of the splatdistribution (cf. Fig. 7). This hasto

beovercomeby someglobaloptimizationschemewherewe
canexploit the fact that splat-basedsurfacerepresentations
do not have to respectany consistency requirements.Hence
we canaddandremove splatsin arbitraryorderaslong as
wepreservea full hole-freecoverageof theinputsamples.

�

�

�

� �

�

�

Figure 6: Greedy selection produces redundant splats.
Splatsa,b, c andd areselectedconsecutivelybasedontheir
incrementalarea contribution (left). Eventuallya's area is
fully coveredby theremainingsplatsandcouldberemoved
(right). A greedyschemecannotdetectsuch situationssince
nobacktrackingbeyondearlier decisionsis possible.

Our global relaxationproceduremimics the behavior of
repulsingparticleson the surface[Tur91]. Sincewe do not
have a continuoussurfacerepresentationwe have to usethe
neighborhoodstructurewhich is encodedin theconnectivity
of the neighborhoodgraphN . This neighborhoodrelation
betweensamplepointscanbetransferredto splatssinceeach
splatti is uniquelyassociatedwith thesamplepointpi which
hasbeenusedasa seedwhengrowing ti . In this sensewe
misusethe notationNk(ti) to refer to thosesplatst j whose
seedpointsp j arein Nk(pi).

The local movementof a splat-particleti is achieved by
removing ti from the active set and replacingit with an-
othersplatt j 2 Nk(ti). Thechoiceof thenew splatt j is con-
trolled by a local relaxationforce. In contrastto previous
approaches[Tur91,PGK02], we derive this forceby taking
thecompletesplatgeometryinto accountanddo not simply
considertherelationbetweensplatcenters.

We usetwo operationsto improve the splatdistribution
andto remove redundantsplats.In the �rst operationwe it-
erateoverall activesplatsandcheckif thereis anothersplat
in the vicinity that haslessoverlap with its neighbors.In
the secondoperation,we checkfor eachsplat if it can be
removed, i.e., if the hole resultingfrom its removal canbe
re-coveredby locally ”moving” theneighboringsplats.The
overalloptimizationprocedurealternatesbetweenrelaxation
phasesandredundantsplatremoval phases.Sincethe con-
vergencein our experimentsturnedout to bequite fast,we
areusuallyapplyingeachphasejust once.More iterations
canstill improvetheresultslightly but theeffectpercompu-
tationtime is decreasing.

We introducethekernelof asplatti 2 T0 astheset

Ki := Q̄i n
[

t j 2 T0; j6= i

Q̄ j (3)
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Figure 7: A Female-torso model (left, 171K samplepoints) is approximatedby 422 circular splatsafter greedyselection
(middletwo). Global relaxationfurther reducesthenumberof splatsto 333 (right two). The�gur esshowboth,EWA-�lter ed
splatsfor approximationquality andsmallersplatsfor distribution quality. Theerror toleranceis e= 0:47% of thebounding
boxdiagonal.Noticetheimprovedsplatdistributionafter theglobal relaxationstep.

which consistsof all samplepointsthatareonly coveredby
ti andnot by any otheractivesplatt j . Thekernelis critical
to preserve the hole-freepropertyof the active splatsetT0

during global relaxation:if we remove ti we have to make
surethatKi is coveredagainaftertherelaxation.

LetVj = C̄e(p j ; � ) \ T0bethesetof currentlyactivesplats
thatcover a givensamplepoint p j . ThenthekernelKi for a
splatti consistsof all pointsp j 2 Q̄i suchthatVj contains
just oneelementf tig. In practiceit turnsout that it is more
ef�cient to pre-computethekernelsKi oncein thebeginning
andthento updatethemaftereachrelaxationstep.Thesame
holdsfor thecoveragesetsVj .

5.1. Relaxation

With this operationwe are improving the regularity of the
splatdistribution. Sincelocal non-uniformity in the sparse
set T0 is indicatedby large overlap of neighboringsplats,
we iterateover all active splatsandtry to replaceeachsplat
ti 2 T0 by anothercandidatesplatt j 2 T nT0 suchthat the
hole-freepropertyis preserved.

Usingthekernelnotationfor splats,we �nd thattheset

Ui :=
�

t j 2 Nk(ti) j Ki � Q̄ j
	

� T n T0 (4)

de�nesthesetof choicesfor hole-freerelaxation.Noticethat
Ui cannotcontainanactivesplatt j 2 T0dueto thede�nition
(3) of thekernel.

Theoverlapareabetweentwo splatsis measuredby sum-
ming the surfaceareaelementsof all samplesthat arecov-
eredby bothsplats

overlap(ti ; t j ) := å
pl 2 Q̄i \ Q̄ j

wl :

Hencein eachstep,therelaxationreplacesasplatti 2 T0 by
anothersplatt j 2 Ui whichminimizesthemaximumoverlap
to any otheractive splat.Notice that it can turn out that ti

alreadyis a local optimum.In this casewe simply keepti
active.

Therelaxationloopoverall activesplatsis performedsev-
eral times until convergence(no more splat replacements
take place) or until a maximum number of iterations is
reached(10 to 15 in all ourexperiments).

To obtainthesetUi we checkfor eacht j 2 Nk(ti) if it is
notactiveandif Ki � Q̄ j . Thenfor eachelementt j 2 Ui , we
�nd its maximumoverlap to any otheractive splattl from
theset

Wj :=
[

pm2 Q̄ j

Vm;

whereoverlap(t j ; tl ) is computedby accumulatingthe area
elementswm for all samplepointspm 2 Q̄ j whosecoverage
setVm containstl .

By usinghash-tablesto associatesplatsti with their in-
dices i, the complexity of theselocal operationsdepends
only on thenumberof samplespersplatandnoton thetotal
numberof splats.

Sincethe relaxationforce is de�ned in termsof mutual
overlaparea,it turnsout that the densityof splatsdepends
on their sizes.Hence,for circularsplats,therelaxationgen-
eratesa uniform andisotropicsplatdistribution andfor el-
liptical splatsthedistribution is anisotropicaccordingto the
orientationandaspectratioof thesplats(cf. Fig 4).

5.2. Removing RedundantSplats

If thekernelKi of anactive splatti is emptythenthis splat
canbe removed without creatinga hole in the splat-based
surfaceapproximation.If thekernelis notemptywecanstill
try to replaceneighboringsplatsin a relaxationprocedure
suchthattheholeKi which is causedby removing ti is cov-
eredby thosesplats.Herewe canexploit the full �e xibility
of splat-basedrepresentationssinceno topologicalrestric-
tionshave to betakeninto account.
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We iterateover all active splatsin T0 and in eachstep
we tentatively remove onesplatti . In orderto �ll theresult-
ing hole Ki , we apply a relaxationoperatorto all currently
active splatst j 2 Wi that have a non-emptyoverlapwith ti .
Therestrictionto this setWi is not necessarybut it acceler-
atesthe implementationsincewe canusethequick overlap
computationproceduresketchedin the last section.If after
therelaxationtheholeKi couldnot beclosed,we backupto
thesplatcon�gurationbeforethetentative removal of ti and
continuewith thenext splat.

Therelaxationforcein this casefavourssplatsthatcover
a maximum portion of the hole K = Ki . Just like in (4),
we de�ne for eachsplatt j 2 Wi the setof possiblechoices
U j . Among thosechoices,we pick the splat tl that maxi-
mizesoverlap(tl ;K). After eachrelaxationstepwe have to
updatethe remaininghole K  K n Q̄l to accountfor the
local change.Notice that thede�nition of U j automatically
guaranteesthatnootherholescanappearduringrelaxation.

6. Resultsand Comparisons

Wehaveappliedoursub-samplingtechniqueto awiderange
of different unstructuredpoint-set models obtainedfrom
laserscanningto demonstratethequality andperformance.
In all experimentswesetthek-neighborhoodto 10suchthat
theonly user-de�nedinputparameteris theerrortolerancee.
Theoptimizedsplatsub-samplingsoworksfully automatic.

In Table1 we reporttheoverall runningtimesof thesub-
samplingalgorithmmeasuredon a Pentium42.8GHzCPU,
2GB memory system.Note that the additional time used
for elliptical splatscomparedto the circular onesmainly
resultsfrom computingthe local surfacecurvaturetensors.
Dueto theexactk � k1 errorcontrol in thesplatgeneration
phaseand the global optimizationin the relaxationphase,
therunningtimesarehigherthan,e.g.,[PGK02] whereonly
approximateerror measuresand a pure greedyapproach
is used.Neverthelessthe timings are acceptableas a pre-
processingstep.By applyinganotherroundof relaxationand
redundantsplat removal we can usually reducethe output
complexity by another1� 2% but this further increasesthe
computationtime.

Table2 shows the timings andsplatcountsfor the Igea
model(cf. Fig.13)with differenterrortolerancese. Thetim-
ingsaremeasuredseparatelyfor the threephasesof theal-
gorithm. As oneexpects,the computingtime for the splat
generationincreasesfor largererror thresholds.This comes
from the fact that while the numberof candidatesplatsde-
pendsonthenumberof inputsamples,thesizeof thesesplats
dependsonthetolerance.Conversely, thetimefor theglobal
relaxationincreaseswith smallererrorthresholdsinceit de-
pendson the numberof active splatsand not so much on
their size. Adding all timings together, it turnsout that the
overall computingcostshave a global minimum for some
intermediateerror tolerance(cf. Fig 8). If e becomeslarger,

model #points e(%) type time(s) #splats

Charlemagne 598386 0.1 C 935 17445

Buddha 546730 0.1 C 592 13249
E 1048 9405

Dragon 437645 0.2 C 354 4450

Iphigenie 351750 0.05 C 663 30181
E 1207 20714

Max 199169 0.2 C 189 1271

Female-torso 171094 0.2 C 236 861
E 394 698

Igea 134345 0.2 C 116 1621

Horse 50697 0.3 C 27 1138
E 42 898

Bunny 34835 0.3 C 14 1371

Torus 30000 0.2 C 12 734
E 19 510

Table 1: Running-timesof the algorithm on various mod-
els. The ' type' standsfor the splat shape: (C)ircular or
(E)lliptical.

e (%) times(s) # splats
create greedy relax greedy relax

0.8 352 73 26 242 218
0.4 149 38 24 658 580
0.2 72 12 31 1864 1621
0.1 34 7 46 4856 4285
0.05 20 4 85 11813 10737
0.02 11 3 192 31154 29847

Table 2: Timings and (circular) splat numbers after the
greedyselectionand global relaxationfor the Igea model
with decreasingerror tolerancee.

thesplatgenerationdominatesthecomputingcostsandif e
becomessmaller, therelaxationwill thendominate.

Therateby which thenumberof splatsincreasesfor de-
creasingerrorthresholdein Table2 indicatesthatourpiece-
wise linearC� 1 continuoussurfacereconstructionscheme
in facthaslinearprecisionandhencequadraticapproxima-
tion order. This justi�es thatsplat-basedgeometryrepresen-
tationsandtrianglemeshesareequallypowerful in approxi-
matingfreeformgeometry. Figures1,7,9,12and13demon-
stratethe visual quality of the splat-basedrepresentations.
Whetherthemodelsaregloballysmoothor havemany small
features,oursub-samplingalgorithmalwaysproducessplat-
basedapproximationsthathavehighvisual�delity , uniform
sampledensity, no holes,andareguaranteedto staywithin
theprescribederrortolerance.
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Figure 8: Overall computingcostsvs.error tolerancee for
theIgeamodel(cf. Table2).

6.1. Elliptical vs.Cir cular Splats

We �rst comparethe approximationpower of two typesof
splats.Sinceatorushasasimplegeometrywith clearcurva-
turechanges,we useit asa benchmarkobjectin Fig. 4. Our
resultson otherlesssyntheticobjectsaresimilar but some-
timesoverlayedby effectscausedby �ne geometricdetail.

We found that for a given error tolerancee, the required
numberof elliptical splatsis usuallyabout30%lessthanthe
numberof circularsplats(cf. Fig. 9). Besidestheadditional
computationtime during thesplatgenerationphase,ellipti-
cal splatsalso requireslightly moreper-pixel computation
during rendering.However, asdemonstratedin Fig. 13, the
improvedvisualqualitywhenusingPhongshading[BSK04]
de�nitely justi�es theuseof elliptical splats.

Figure9: TheIphigeniemodelapproximatedby20714ellip-
tical splatswith error tolerancee= 0:05% (left). Theright
�gur es showits zoomed-inviews of 30181circular splats
(top)andfewerelliptical ones(bottom).

6.2. Comparing to Point Cloud Simpli�cation

We comparetheresultsof ouralgorithmto thegreedyitera-
tivepointcloudsimpli�cation schemeproposedin [PGK02]
using circular splats as [PGK02] only considerscircular
ones.By usingthetechniqueof [Paj03], wederivesplatradii
for [PGK02]'s outputandthencomputethek � k1 approxi-
mationerrorfrom theinputpoint cloudto theoutputsplats.

Fig. 10 shows the resultsof the greedypoint cloud sim-
pli�cation andof our algorithmon the Torusmodel.With
aboutthreetimesthe computationtime, our algorithmpro-
ducesa splat-basedmodelwith the samenumberof splats
but with a signi�cantly smallerapproximationerror (which
comesfrom the superiorsplatdistribution). The moreuni-
form distribution of thesplatsin our casealsoequalizesthe
sizesof thesplatsandhenceimprovesthevisualquality. If
we allow for anequallyhigh errortolerancethenour global
relaxationschemecanreducethe splatcountby onethird.
This indicateshow far away from the optimal solution the
greedysolutionis.

Figure 10: Samenumberof 734 circular splatsgenerated
by point cloudsimpli�cation [PGK02] (left) andby our al-
gorithm(center)with respectiverunningtime4:5 secand12
secandapproximationerror 0:29% and0:2%. Theright �g-
ureshowsour sub-samplingresultat 0.29%error usingonly
493splatscreatedin 16seconds.

6.3. Comparing to MeshSimpli�cation

We alsocompareour resultsto the well-establishedgreedy
mesh simpli�cation algorithm [GH97]. Triangle meshes
have the advantageover circular splatsthat they canadjust
anisotropicallyto the local minimum andmaximumcurva-
ture while disk-shapedsplatscan only adjust isotropically
to the maximumcurvature.On the otherhand,splatrepre-
sentationsaremore �e xible sincethey do not have to sat-
isfy C0 continuityconditionsbetweenthelinearpieces.Our
experimentsindicatethatthetwo advantagessomewhatbal-
anceeachotherbut the�e xibility of splat-basedrepresenta-
tion (evencircularones)almostalwaysleadsto bettervisual
quality aswell asto lower k � k1 approximationerrorwhen
usingthesamenumberof primitives(cf. Fig. 11).

By comparingFig. 11 with Fig. 4 we seethat elliptical
splatsyield the samevisual quality while usingabout30%
fewerprimitives.
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Figure11: Torussimpli�ed to mesheswith 367verticesand
734faces(left), 734verticesand1468faces(center)by the
greedyalgorithm[GH97] andsub-sampledwith 734circu-
lar splatsbyouralgorithm(right). Theapproximationerrors
are 0.66%,0.38%and 0.2% respectively. The modelsare
rendered with Phong-shadedtriangles and �lter ed Phong
splats[BSK04].

7. Conclusions

In this paperwe presenteda sub-samplingschemethatcon-
vertsadensesetof pointsamplesinto asparsesetof circular
of elliptical object-spacesplatsthat provide a hole-freeap-
proximationof theoriginal dataup to a prescribederrortol-
erancee. Theschemeachievescomparablylow splatcounts
anduniformsplatdistributionby applyingaglobaloptimiza-
tion scheme.The schemeis not as fastaspuregreedyap-
proachesbut theincreasedcomputationcostsarepaidoff by
aconsiderablyimprovedoutputquality.

In the future we are planningto improve the algorithm
into variousdirections:The initial splat candidategenera-
tioncouldbeacceleratedsigni�cantly byquantizingtheleast
squaresnormalsandthensaving computationtime by gen-
eratingsplatswith similar orientationsimultaneously. Also,
the splat count could be further reducedby using a less
conservative estimatefor thehole-freeproperty. This would
only marginally changeour algorithm sinceall forcesare
only de�ned by set-operationson the coveragerelationC̄e.
Anotherissueis theproperhandlingof sharpfeaturesto ex-
ploit the full functionality of recenthigh quality splat ren-
dererssuchas[ZRB� 04, BSK04].
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Figure 12: The Charlemagne model(left, 598K points) approximatedwith disk-shapedsplatsby settingthe relative error
thresholdto e= 0:03% (middletwo,66401splats)ande= 0:1% (right two,17445splats).

Figure 13: Fromleft to right in top row are thesub-sampledIgeamodelswith 218, 1621, 10737, and29847�lter edcircular
splatsand decreasingerror e = 0.8%,0.2%,0.05%,0.02%respectively. Thebottomrow showsapproximationswith 10737
circular splats(left) and8556elliptical splats(middletwo)at sameerror 0:05%andtheir respectivezoom-inviews(right two).
Noticetheimprovedvisualqualityof elliptical splats(far right).
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