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Abstract

Using surfacesplatsas a renderingprimitive has gainedincreasingattentionrecentlydueto its potential for

high-performancandhigh-qualityrenderingof complex geometricnodelsHowerer, aswith anyotherrendering
primitive, the processingcostsare still proportionalto the numberof primitivesthat we useto representa given
object. This is why compleity reductionfor point-sampledjeometryis as importantasit is, e.g., for triangle

meshesin this paperwe presenta new sub-samplingechniquefor densepoint cloudswhich is speci cally ad-

justedto the particular geometricpropertiesof circular or elliptical surfacesplats.A global optimizationscheme
computesan approximatelyminimal setof splatsthat covers the entire surfacewhile stayingbelowa globally
prescribedmaximumerror tolerancee. Sinceour algorithm convertspure point sampledatainto surfacesplats
with normal vectos and spatial extent,it can also be consideed as a surfacereconstructiortechniquewhich

genegrtesa hole-freepiecaviselinear C L continuousapproximationof the input data. Here we can exploit the
higher exibility of surfacesplatscompaed to triangle meshesCompaed to previouswork in this areawe are

ableto obtainsigni cantly lower splatnumbes for a givenerror tolerance

1. Intr oduction

Point-basedgeometry representationsave gained quite
some attention recently due to their conceptualsimplic-
ity [GPA 03]. Individual point samplescan be computed
or measuredn ary kind of surface descriptionand a suf-
ciently denseset of samplesalready provides an effec-
tive surface approximationthat is suitable,e.g., for high-
quality rendering[PZBGO0O0,RL0OQ]. The major advantage
over "classical"geometryrepresentationss that point sets
do not requireary connectvity information. This signi -
cantly simpli es their processinginceno topologicalcon-
sisteng conditionshave to be satis ed.

In orderto guaranteea visually continuousappearance
of the displayedobjects,the conceptof purely point-based
representations usually generalizedo splat-basedepre-
sentation§ZPBGO01],i.e., in nitesimal pointsarereplaced
by ellipsesor rectanglesgitherin objectspaceor in image
spaceDue to their intuitive geometricinterpretation espe-
cially objectspacetechniqueslike surfacesplatting have
beenusedwidely in applicationsrangingfrom high-quality
renderingandlevel-of-detailhandlingof complex modelsto
interactive shapedesignZPBG01,ZPKG02,PKKG03.

Althoughsurfacesplatsrequirethederivationof attributes
suchasorientationandspatialextentfor eachsplat,thecon-
ceptualsimplicity of point-basedepresentationss largely
presered. However, in a strict sensewe are dealingwith
a piecavise linear surface representatiorjust like triangle
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Figure 1: Optimizedsub-samplingof the Iphigenie (left,
35X points)using30181circular splats.The error toler-
anceis setto 0:05% of the boundingboxdiagonal. Thecen-
ter gureis rendeedwith EWA- Iter ed splatsand the right
zoom-in gur esshowthe sampledensityanddistribution.

mesheswith the importantdifferencethat the linear pieces
joininaC 1 fashionratherthanC®.
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On the otherhand,in mostapproacheshe generatiorof
surfacesplatmodelsstill hasthe a vor of asamplingproce-
duresincethepositionandnormalinformationis considered
to beassociatedavith the centerof eachsplatwhile the spa-
tial extent (radiusfor circular splatsand minor/majoraxes
for elliptical ones)is just neededo bridgethe gap between
two neighboringsamplesOurapproactin thispaperin con-
trast,takesthe full geometryof the circularor elliptical ob-
ject spacesplatsinto accountwhen carefully placing sam-
pleson a given surfacesuchthatthe collectionof all splats
formsahole-freerepresentatioof theinput geometry

Even if surface splatscan be processedxtremely fast
by exploiting the programmabldeaturesof currentgraph-
ics hardware [DVS03 BKO03], we would like to minimize
thenumberof splatsthatareneededo represena givenob-
ject sincethe processingime is neverthelessproportional
to the numberof geometricprimitives. This is why geome-
try simpli cation techniqueiave beendevelopedfor splat-
basedrepresentationsmost of them being derived from
well-establishedneshdecimationor hierarchicalclustering
scheme$GGKO02.

In this paperwe presenta sub-samplinglgorithmwhich
is especiallydesignedfor splat-basedepresentationsnd
which makes use of their e xibility. Since no topological
consisteng conditionsbetweenneighboringsplatshave to
beobsened,we canapplyanunconstrainedlobaloptimiza-
tion techniqueBY thiswe canconsiderablyeducethe splat
countfor agivenmodelwhile still observingaprescribecer
ror toleranceln contrastto previous approachesve arenot
focussingmerely on the relation betweensplat centes but
ratherconsidereachsplatasa linear surfacesegmentwith

nite spatialextent.

1.1. RelatedWork

Using points as renderingprimitives was rst introduced
by Levoy et al. [LW85] and later followed and improved

by [GD98, PZBG00,RL00,ZPBG01 WFP 01,BWKO02]

aiming at ef cient and high-quality renderingof comple

models. Most recently various applicationsdealing with

point-based geometry have been intensiely discussed
including shape acquisition and authoring [MPN 02],

high quality rendering [ZPBGO01,RPZ02 BSK04], (re-)

samplingand simpli cation [SD01,PGKO02], aswell asas
shapeediting [ZPKG02 PKKG03. See[GPA 03] for a

completesuney.

Pure point representationsare discrete samplings of
the input geometry and hence proper reconstruction |-
ters have to be appliedin order to enablehole-freeren-
dering. Approachesappliedin image spacesimply render
"large” pointsassquareor circles[GD98, SD01,KV03b].
Object space approachesuse (disk-shapedor elliptical)
surfacesplats[ZPBG01,RPZ02 BWKO02, Paj03, quadratic
[KV03a], or evenhigherorder[ABF 03,0BA 03] patches
to reconstructthe surface geometry In this paper we

are using circular or elliptical object spacesplats, since
they seemto provide the best quality/performancerade-
off whenimplementedn programmablgraphicshardware
[RPZ02 BKO03,ZRB 04].

Marny existing sub-samplingnethodsfocusonly on the
relationbetweersplatcentersandhencerequireextra effort
to estimatethe actualspatialextent of splatsto Il the gap
betweersamplesLinsen[Lin01] andAlexaetal. [ABF 03]
adoptedgreedyschemeso iteratively remove samplegrom
the input point cloud. The greedy nature of thesealgo-
rithms cannotguarantee globally uniform point distribu-
tion. Moenning et al. [MDO3] use fast marchingfarthest
pointsamplingfor pointsetsimpli cation. While it is simple
andef cient, reliableerrorcontrolis notsuppliedandseems
nottrivial toembedIn [PGKO0Z, Paulyetal. adapted/arious
mesh simpli cation techniquesto simplify point-sampled
geometrywhich, however, cannottake an a-priori approxi-
mationerrortoleranceinto account.Their puregreedysim-
pli cation producegesultswith smalla-posteriorierror but
alsowith non-uniformsamplingdensity This is why they
post-optimizethe resultwith a particle simulationscheme
which, alas,increaseshe approximatiorerror Our scheme
usesarelaxationschemehattakesapproximatiorerrorinto
accountandusesthe completeanisotropicgeometryof the
elliptical splats- notjusttheir centersin this senset differs
signi cantly from previous isotropic samplingapproaches
like [PGKO2] or [SAGO3].

Other approaches[RL00O, BWKO02, Paj03 KVO03b] to
splat simpli cation are basedon hierarchical clustering
schemesThe input points are rearrangedn a hierarchical
spatialpartitioning datastructureand splatsare createdfor
every nodeby analyzingthe local surface properties.This
techniques simpleandfastbut sincethereis no optimiza-
tion strat@y involved, the resultsareusuallyoverly conser
vative andtendto containlots of redundansplats.

2. Overview

Let a surfaceS be given by a setof samplepointsP = f p;g
which aresufciently densein the sensethatthey form an
r-sampleof Sfor somevaluer < 1 [ABK98]. If r is chosen
small enoughthenthereexists a constank suchthat tting
aleastsquareglaneto ary point p; andits k nearesnheigh-
borsyields a reliable estimateof the surfacenormaldirec-
tion atp;. A consistennhormalorientationcanbe propagited
via aminimumspanningreefor the pointsetP [HDD 92].
We denoteby Ng(pi) the setof k nearestneighborsto p;
measuredy Euclidiandistanceandthe graphN = (P,E)
representghis non-symmetrimeighborhoodelationwhere
the edge(i; j) belongsto E iff pj 2 Ni(pi). The actualdis-
tanced; = kp;  pkk to thek-th neighborcanbe usedasan
estimatefor the local samplingdensityand we associatex
surfacearea elementw; = pd? with eachsamplepoint p;.
The graphstructureof N canbe computedmostef ciently
by usinga hierarchicabinary spacepartition[Sam94].
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Our goalis to nd a minimum setof surfacesplatsT =
ftjg that approximatesP with an error belov some pre-
scribedtolerancee. Dependingon the application,the user
canchoosef circular or elliptical splatsshouldbeused.EI-
liptical splatscanadaptto the local curvatureof the surface
usuallyleadingto sparsesetsT but they needmorestorage
spaceper splat.A circular splatt; is given by its centercj,
its normalvectornj, andits radiusr j. For elliptical splatswe
replacetheradiusr; by two additionalvectorsu;j andvj to
de ne themajorandminor axes.

For everyinputsamplep; we measurets distancdo T by
orthogonabprojectionontothesplatstj, i.e.,

dis(pi; T) = dist(pi;tj)) = in] (pi  ¢))i

if
T 2 2
(pi ¢j) njp(pi cjnj r (1)
for circularsplatsor
2 2
uj (i c)  + V(P ) 1 Q

for elliptical splats.If p; projectsinto theinterior of several
splats we chooseheminimumdistancelf (1) or (2) do not
holdfor ary t; we setdist(p;; T) = 1 .

For a given setof splatsT andan errortolerancee, con-
ditions (1) and (2) imply a coverage relationC P T
whichincludesall pairs(p;;tj) for which (1) or (2) holdsand
dist(pj;tj) e We de ne the surfacepatcdh Q; = Ge( ;tj)
correspondingo a splatt; asthe setof all samplesp; for
which therelation(pj;tj) 2 G holds.The areaof the patch
Qj is givenby

a w
pi2 Qj
Theoptimizedsub-samplingaskcannow be formulatedas
the minimumdominatingset problem[CLRSO0] for the 2-
colorablegraph(P[ T;Ce) whoseconnectity is de ned by
the coveragerelation Ce. Sincethe dominatingsetproblem
is known to be NP-hard,we have to nd an approximate
optimizationalgorithm.

W =

Ouralgorithmproceedsn threestepsvhichwe explainin
thefollowing subsectiongrirst,a maximumsplatt; is com-
putedfor eachinput samplep; whosesizeis limited by the
prescribecerror tolerancee. Thesesplatsare centeredat p;
in the sensethat p; projectsto the centerc; but we do not
requirep; = ¢;. Thisrelaxedconditionturnsoutto becrucial
for the effective reductionof the splatcount.Notice thatfor
extremely comple input dataP we canapply simple pre-
decimation[PGKO02] before generatingthe initial splatsto
speedupthecomputationThis doesnothave signi cantim-
pactonthe nal result.

From the initial setof splats,we selecta subsetwhich
sarely coversthe whole surface.This is doneby a greedy
procedurewhere the selection criterion guaranteesthat

¢ TheEurographic#ssociationandBlackwell Publishing2004.

neighboringsplatshave sufcient overlapto provide ahole-
free approximationof the input surface S Sincethe error
tolerancee hasbeentaken into accountin the splatgener
ation step,ary selectionof splatst; suchthat the union of
their correspondingpatchesQ; completelycovers P auto-
matically satis estheapproximatiortolerance.

In the third step,the greedysolutionis furtherimproved
by aglobalrelaxationprocedureTheideais to iteratively re-
placesubsetof splatsby new setsthathave fewer elements
or at leasta bettersplatdistribution. Notice that for circu-
lar splats,isotropic distribution is optimal while for ellipti-
calsplatsanisotiopicdistributionaccordingo minimumand
maximum curvatureis optimal. Since our algorithm takes
minimum and maximumcurvatureinto accountwhencre-
ating elliptical splatsand sincethe relaxationis controlled
by mutualoverlapof the splats,we canguarantego always
producea nearoptimalsplatdistribution.

3. Initial Splat Generation

Initially we generatea circularsplatt; = (c;j; n;;r;) for each
samplep; in the (possibly pre-decimatedjnput setP. Op-
tionally thisinitial splatcanthenbe extendednto anellipti-
calsplatt; = (ci; nj; uj; Vi) in thenext step(cf. Sec.3.1).

Startingwith a seedpoint p; we rst estimatethe local
normaldirectionn; by tting aleastsquareglaneto p; and
its k nearesheighborgJol86. Thenwe grow the splatby
addingneighboringsamplepointsin the orderof their pro-
jecteddistancegl) to p;. For eachnew pointpj we compute
thesigneddistance

hj = nf (pj i)

and the grawing stopsas soonas the intenal [hmin; hmax]
becomedargerthan2e. Thecenterof the splatis thensetto

in+
G = pi+ Mni
andtheradiusis setto

= (pj o) n(p; c)n

wherep; hasthe largestprojecteddistance(1) beforethe
prescribeckrrortolerances violated(cf. Fig. 2).

Figure 2: Growing a splatt; initially centeed at p;. Sym-
bols3,2 and standfor conqueredfront and un-covered
samplegespectivelyTheleft gure showsa view in tangent
directionandtheright gureis viewedin normaldirection.
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Thesplatgrowving procedureanbeimplementedjuiteef-
ciently by breadthrst traversalof theneighborhoodjraph
N in a"fastmarching’manner Sincewe do not updatethe
normaldirectionn; while the splatis growing, thereis no
needto updatethe orderingof the neighborsamplesor to
recomputethe signeddistanceintenal [hyin; hmax]. Notice
thatre- tting aleastsquaregplaneto the conqueredsample
pointsafterthe splatgrowing reduceshe k k»-errorbut it
mightactuallyincreasehek ki -errorandhencecouldvi-
olatethe prescribecerrortolerancee.

3.1. Elliptical Splats

After amaximumcircular splatt; seededat the point sam-
ple p;i is generatedit is optionally possibleto continuethe
growing procedurento the minimum curvaturedirectionto
obtain an elliptical splatwhich better adaptsto the local
anisotropicsurface curvature while still keepingthe error
tolerance(cf. Fig. 4). In additionto the centerc; and nor-
mal n; we needtwo non-normalizedangentvectorsu; and
v; to de ne the major and minor axis of the elliptical splat
accordingo (2).

In orderto nd arobustestimateof the(normalized)prin-
cipal directionsgmin andgmax, we usethe shapeoperatorof
[CSMO03. Sincethis operatoris de ned for trianglemeshes,
we triangulatethe surfacepatchQ; by projectingthe corre-
spondingsamplepointsinto thesupportingplaneof thesplat
andcomputinga 2D Delaunaytriangulation.

With r; beingthe radiusof the initial circular splatt;, we
de ne theminor axisof theelliptical splatby vi = gmax=ri.

A<
A>1

“
\

Figure 3: A circular splat with centerc; and radiusr; is
extendednto an elliptical splatwith semi-axesl; andv;.

Let P | bethe (unknawn) aspectatio of theresultingel-
liptical splatthenwe canorderthe neighboringsamplesp;
by increasingaspectatio, i.e., by

e (Gnin(pj 6))°
P (dhax(py ©))?

wherewe doonly consideisamplegor whichthedenomina-
tor is positive. We continuethe splatgrowing proceduredle-

scribedin thelastsectionbut this time we addthe neighbor

ing samples; orderedby increasingd j. Again, the grow-

ing procedurestopswhenthe intenal [hmin; hmax] becomes
larger than2e andif pj is the last addedneighborbefore

theerrortolerances violated,themajoraxisof theelliptical
splatbecomes

Figure 4: A torus approximatedwith error tolerance0:2%
by 510elliptical splats(left and center)and by 734 circular
splats(right).

3.2. Hole-freeApproximation

In theselectiorandoptimizationstepsve will chooseasub-
setof active splatsfrom the initially generatedsetof can-
didate splats.During the processwe have to verify if the
currentsubsebf splatsactuallycoversthe whole surfaceS.
Thisis dif cult in generakincewe only have adiscretesetof
samplepoints.A muchsimplerconditionis to checkif each
samplepointp; 2 P is coveredby atleastonesplat. Testing
thelatter simply requiresto iterateover all active splats,tag
all coveredsamplesdasedon therelationCe, andeventually
checkif thereareun-taggedsamplepointsleft.

However, asshown in Fig. 5, covering all samplepoints
pi by active splatsis not sufcient to guarantee hole-free
approximatiorsinceholescanappeainbetweerthe sample
points.Hencewe have to modify the de nition of the patch
whichis sarely coveredby a splatt;.

After the growing procedurefor a splatt;j stops,the set
of conqueredamplepointsde nes alocal surfacepatchQ;
which projectsinto the interior of the splatde ned by the
splatcenterc; andits radiusr; or by its minor and major
axesu; andv; respectiely. As a by-productof the 2D De-
launaytriangulationwithin the supportingplaneof the splat
(cf. Sec.3.1) we can computethe corvex hull of the pro-
jectedsamplepointswhich alsolies completelyin the inte-
rior of thesplatdueto corvexity. Now we de ne theinterior
patchQ; asthesubsebf Q; which excludesall theboundary
vertices,.e.,all sampleghatlie onthecornvex hull.

If werestrictour coveragerelationCe to theinterior cover-
ageCe thenthetestif all samplepointsp; arecoveredby the
currentselectionof active splatsis a conserative estimate
for theconditionthatthewholesurfaceSis approximatedn
ahole-freemannerHerewe assumehattheinitial sampling
is sufciently dense Severely undersampledegionsshould
beconsideredsintentionalholesin the surfaceS.

Sincethe hole-detectioraswell asall the following op-
erationsareonly basedon the coveragerelation CGe, we can
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simply consideisplatsassetsof samplesindwe do nothave
to distinguishbetweertircularandelliptical splatsin therest
of thealgorithm.

Figure 5: Theleft gure showsthat all samplepoints are
covered but the small blue region betweernthe samplesre-
mainsas a hole The middleand right guresshowsplat-
basedmodelswith and without holes for the sameerror
threshold.The greenpointson the left indicate the bound-
ary pointsQj nQ; of thatsplat.

4. GreedySelection

Fromthesetof candidatesplatsT we selectanactivesubset
TOthatcoversthewhole surfaces, i.e.,which satis es

P= [ Qi
t2TO
accordingto our above discussionof hole-free approx-
imation. Since nding the minimum subset T? is NP-
hard[CLRSO0] we haveto nd anapproximatesolution.As
with mostgeometricabptimizationproblemswe nd thata
greedyselectionstratey providesa suitablesolution.

Similarto [DDSDO03 werankthesplatsaccordingo their
incrementalsurface areacontribution. For every candidate
splattj 2 T we sumthe areaelementsw; associatedvith
thosesamplepointsp; 2 Qj thatarenot alreadycoveredby
previously selectedsplats.Thenin eachstepwe selectthe
splatwhich addsthe maximumsurfaceareato the active set

andupdateheareacontritution of theremainingcandidates.

To implementthe areacontritution update we explicitly
storethe relation G two times. Onceorganizedby patches
Q; andonceorganizedby samplepointsp;. Whena splatt;
is selectedyve iterateover all sampleg; 2 Qj andsubtract
the areaw; from eachpatchthat overlapsp;. By this, the
computationcostsfor the updateonly dependon the size
of the splatsandthe degreeof overlapbut not on the total
numberof splatsin T.

5. Global Relaxation

Even if it can be proven theoreticallythat the greedyse-
lection producesa splatsetT0 which is closeto the opti-
mum [Hoc95 Hro01], therearestill situationswheresome
splatsareredundantcf. Fig. 6). Moreover, thelocal decision
aboutwhich splatto selectusuallycausesa disturbingnon-
uniformity of the splatdistribution (cf. Fig. 7). This hasto

¢ TheEurographic#ssociationandBlackwell Publishing2004.

beovercomeby someglobaloptimizationschemevherewe
canexploit the factthat splat-basedurfacerepresentations
do not have to respectry consisteng requirementsHence
we canaddandremove splatsin arbitraryorderaslong as
we presere afull hole-freecoverageof theinput samples.

Figure 6: Greedy selection produces redundant splats.
Splatsa, b, c andd are selectecconsecutivelpasedontheir
incrementalarea contribution (left). Eventuallya's areais
fully covered by the remainingsplatsand could be removed
(right). A greedyschemecannotdetectsud situationssince
no badtracking beyondearlier decisionds possible

Our global relaxationproceduremimics the behaior of
repulsingparticleson the surface[Tur91]. Sincewe do not
have a continuoussurfacerepresentatiowe have to usethe
neighborhoodtructurewhichis encodedn theconnectvity
of the neighborhoodgraphN . This neighborhoodelation
betweersamplepointscanbetransferredo splatssinceeach
splatt; is uniquelyassociateavith thesamplepointp; which
hasbeenusedasa seedwhengrowing t;. In this sensewe
misusethe notationNy(tj) to referto thosesplatst; whose
seedpointspj arein Ne(pj).

The local movementof a splat-particlet; is achieved by
removing tj from the active set and replacingit with an-
othersplattj; 2 Ni(tj). Thechoiceof the new splatt; is con-
trolled by a local relaxationforce. In contrastto previous
approache§Tur91,PGK03, we derive this force by taking
thecompletesplatgeometryinto accountanddo not simply
considettherelationbetweersplatcenters.

We usetwo operationsto improve the splatdistribution
andto remove redundansplats.In the rst operationwe it-
erateover all active splatsandcheckif thereis anothersplat
in the vicinity that haslessoverlap with its neighbors.In
the secondoperation,we checkfor eachsplatif it canbe
removed, i.e., if the hole resultingfrom its removal canbe
re-coveredby locally "moving” the neighboringsplats.The
overalloptimizationprocedurelternatebetweerrelaxation
phasesaandredundansplatremoval phasesSincethe con-
vergencein our experimentsturnedout to be quite fast,we
are usually applying eachphasejust once.More iterations
canstill improve theresultslightly but theeffect percompu-
tationtime is decreasing.

We introducethekernelof asplatt; 2 TOastheset

— [
Ki = Qn Qj (3)

27961
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Figure 7: A Female-toso model (left, 171K samplepoints) is appoximatedby 422 circular splats after greedyselection
(middletwo). Global relaxationfurther reduceshe numberof splatsto 333 (right two). The gur esshowboth, EWA- Itered
splatsfor approximationquality and smallersplatsfor distribution quality. Theerror toleranceis e = 0:47% of the bounding
boxdiagonal.Noticetheimprovedsplatdistribution after the global relaxationstep.

which consistsof all samplepointsthatareonly coveredby
ti andnot by ary otheractivesplattj. The kernelis critical
to presere the hole-freepropertyof the active splatsetT0
during global relaxation:if we remove tj we have to make
surethatK; is coveredagain aftertherelaxation.

LetVj= G(pj; )\ TObethesetof currentlyactivesplats
thatcover agivensamplepoint pj. Thenthe kernelK; for a
splatt; consistsof all pointsp;j 2 Q; suchthatV; contains
justoneelementf tjg. In practiceit turnsout thatit is more
ef cient to pre-computeéhekernelsk; oncein thebeginning
andthento updatehemaftereachrelaxationstep.Thesame
holdsfor the coveragesetsv;.

5.1. Relaxation

With this operationwe areimproving the regularity of the

splatdistribution. Sincelocal non-uniformityin the sparse
setTis indicatedby large overlap of neighboringsplats,
we iterateover all active splatsandtry to replaceeachsplat
ti 2 T by anothercandidatesplattj 2 T nT® suchthatthe

hole-freepropertyis presered.

Usingthekernelnotationfor splatswe nd thattheset

U= 42 N(t)iKi Q TnT® (@

de nesthesetof choicedor hole-freerelaxation Noticethat
Ui cannotcontainanactive splatt; 2 T°dueto thede nition
(3) of thekernel.

Theoverlapareabetweertwo splatsis measuredyy sum-
ming the surfaceareaelementf all sampleghatare cov-
eredby bothsplats

overlapgti;t)) == & W
P2 Q\ Q;
Hencein eachstep,therelaxationreplacesa splattj 2 TO by

anothersplatt; 2 U; which minimizesthe maximuroverlap
to ary otheractie splat. Notice thatit canturn out thatt;

alreadyis a local optimum. In this casewe simply keept;
active.

Therelaxationoopoverall active splatsis performedser-
eral times until corvergence(no more splat replacements
take place) or until a maximum number of iterationsis
reached10to 15in all our experiments).

To obtainthe setU; we checkfor eachtj 2 N(t;) if it is
notactive andif K;  Q;. Thenfor eachelement; 2 U;, we
nd its maximumoverlapto ary otheractive splatt; from
theset

[
VVj = Vim;
Pm2 6]
whereoverla(tj;t) is computedoy accumulatinghe area
elementsvm for all samplepointspm 2 Qj whosecoverage
setVim containg; .

By using hash-tableso associatesplatst; with their in-
dicesi, the compleity of theselocal operationsdepends
only onthe numberof samplegersplatandnot onthetotal
numberof splats.

Sincethe relaxationforce is de ned in termsof mutual
overlaparea,it turnsout that the densityof splatsdepends
ontheir sizes.Hence for circularsplats the relaxationgen-
eratesa uniform andisotropic splatdistribution andfor el-
liptical splatsthe distribution is anisotropicaccordingto the
orientationandaspectatio of the splats(cf. Fig 4).

5.2. Removing Redundant Splats

If thekernelK; of anactive splatt; is emptythenthis splat
can be removed without creatinga hole in the splat-based
surfaceapproximationlf thekernelis notemptywe canstill
try to replaceneighboringsplatsin a relaxationprocedure
suchthatthe holeK; whichis causedy remwing t;j is cov-
eredby thosesplats.Herewe canexploit the full e xibility
of splat-basedepresentationsinceno topologicalrestric-
tionshave to betakeninto account.
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We iterate over all active splatsin TO andin eachstep
we tentatvely remove onesplatt;. In orderto Il theresult-
ing hole K, we apply a relaxationoperatorto all currently
active splatstj 2 W that have a non-emptyoverlapwith t;.
Therestrictionto this setW is not necessaryut it acceler
atesthe implementatiorsincewe canusethe quick overlap
computationproceduresketchedin the last section.If after
therelaxationthe holeK; couldnotbe closedwe backupto
the splatcon guration beforethetentatve removal of t; and
continuewith the next splat.

Therelaxationforcein this casefavourssplatsthatcover
a maximum portion of the hole K = K;. Justlike in (4),
we de ne for eachsplatt; 2 W the setof possiblechoices
Uj. Among thosechoices,we pick the splatt, that maxi-
mizesoverlagt|; K). After eachrelaxationstepwe have to
updatethe remaininghole K KnQ, to accountfor the
local change Notice thatthe de nition of U; automatically
guaranteethatno otherholescanappeaduringrelaxation.

6. Resultsand Comparisons

We have appliedour sub-samplingechniqueo awiderange
of different unstructuredpoint-set models obtained from
laserscanningto demonstratéhe quality and performance.
In all experimentsve setthek-neighborhoodo 10 suchthat
theonly userde nedinputparameteis theerrortolerancee.
Theoptimizedsplatsub-samplingoworksfully automatic.

In Tablel we reportthe overall runningtimesof the sub-
samplingalgorithmmeasurean a Pentium42.8GHzCPU,
2GB memory system.Note that the additional time used
for elliptical splatscomparedto the circular onesmainly
resultsfrom computingthe local surfacecurnvaturetensors.
Dueto theexactk ki errorcontrolin the splatgeneration
phaseand the global optimizationin the relaxationphase,
therunningtimesarehigherthan,e.g.,[PGK0Z whereonly
approximateerror measuresand a pure greedy approach
is used.Neverthelessthe timings are acceptableas a pre-
processingtep.By applyinganotheroundof relaxatiorand
redundantsplat removal we can usually reducethe output
complity by anotherl 2% but this furtherincreaseshe
computatiortime.

Table 2 shows the timings and splatcountsfor the Igea
model(cf. Fig. 13) with differenterrortolerance®. Thetim-
ings aremeasuredeparatelyor the threephaseof the al-
gorithm. As one expects,the computingtime for the splat
generatiorincreasesor largererrorthresholdsThis comes
from the factthatwhile the numberof candidatesplatsde-
pendonthenumberof inputsamplesthesizeof thesesplats
depend®nthetoleranceConversely thetime for theglobal
relaxationincreasesvith smallererrorthresholdsinceit de-
pendson the numberof active splatsand not so much on
their size Adding all timings together it turnsout thatthe
overall computingcostshave a global minimum for some
intermediateerrortolerance(cf. Fig 8). If e becomedarger,
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model #points &%) type time(s) #splats
Charlemagne 598386 0.1 C 935 17445
Buddha 546730 0.1 C 592 13249
E 1048 9405
Dragon 437645 0.2 C 354 4450
Iphigenie 351750 0.05 C 663 30181
E 1207 20714
Max 199169 0.2 C 189 1271
Female-torso 171094 0.2 C 236 861
E 394 698
Igea 134345 0.2 C 116 1621
Horse 50697 0.3 C 27 1138
E 42 898
Bunry 34835 0.3 C 14 1371
Torus 30000 0.2 C 12 734
E 19 510

Table 1: Running-timeof the algorithm on various mod-
els. The 'type' standsfor the splat shape: (C)ircular or
(E)lliptical.

e (%) times(s) # splats
create greedy relax greedy relax
0.8 352 73 26 242 218
04 149 38 24 658 580
02 72 12 31 1864 1621
01 34 7 46 4856 4285
0.05 20 4 85 11813 10737
0.02 11 3 192 31154 29847

Table 2: Timings and (circular) splat numbes after the
greedyselectionand global relaxationfor the Igea model
with deceasingerror tolerancee.

the splatgeneratiordominateghe computingcostsandif e
becomesmaller therelaxationwill thendominate.

The rateby which the numberof splatsincreasegor de-
creasingerrorthresholdein Table2 indicateshatour piece-
wise linearC ! continuoussurfacereconstructiorscheme
in facthaslinear precisionand hencequadraticapproxima-
tion order Thisjusti es thatsplat-basedeometryrepresen-
tationsandtrianglemeshesreequallypowerful in approxi-
matingfreeformgeometryFiguresl, 7,9,12and13demon-
stratethe visual quality of the splat-basedepresentations.
Whetherthemodelsareglobally smoothor have mary small
featurespur sub-samplin@lgorithmalwaysproducesplat-
basedapproximationshathave high visual delity , uniform
sampledensity no holes,andare guaranteedo staywithin
theprescribeckrrortolerance.
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Figure 8: Overall computingcostsvs. error tolerancee for
thelgeamodel(cf. Table 2).

6.1. Elliptical vs.Circular Splats

We rst comparethe approximationpower of two typesof
splats.Sinceatorushasa simplegeometrywith clearcurva-
ture changeswe useit asa benchmarlobjectin Fig. 4. Our
resultson otherlesssyntheticobjectsare similar but some-
timesoverlayedby effectscausedy ne geometricdetail.

We found that for a given error tolerancee, the required
numberof elliptical splatsis usuallyabout30%lessthanthe
numberof circularsplats(cf. Fig. 9). Besideghe additional
computatiortime during the splatgeneratiorphase gllipti-
cal splatsalsorequireslightly more perpixel computation
during rendering However, asdemonstrateéh Fig. 13, the
improvedvisualqualitywhenusingPhongshadindBSKO04]
de nitely justi es theuseof elliptical splats.

Figure9: Thelphigeniemodelapproximatedoy 20714ellip-
tical splatswith error tolerancee = 0:05% (left). Theright
gur es showits zoomed-inviews of 30181 circular splats
(top) andfewer elliptical ones(bottom).

6.2. Comparing to Point Cloud Simpli cation

We compareheresultsof our algorithmto the greedyitera-
tive point cloudsimpli cation schemeproposedn [PGKO0Z

using circular splats as [PGKO02] only considerscircular
ones By usingthetechniqueof [Paj03, we derive splatradii
for [PGKO02]'s outputandthencomputethek ki approxi-
mationerrorfrom theinput point cloudto the outputsplats.

Fig. 10 shawvs the resultsof the greedypoint cloud sim-
pli cation and of our algorithm on the Torus model. With
aboutthreetimesthe computatiortime, our algorithmpro-
ducesa splat-basednodelwith the samenumberof splats
but with a signi cantly smallerapproximationerror (which
comesfrom the superiorsplatdistribution). The more uni-
form distribution of the splatsin our casealsoequalizeghe
sizesof the splatsandhenceimprovesthe visual quality. If
we allow for anequallyhigh errortolerancethenour global
relaxationschemecan reducethe splatcountby onethird.
This indicateshow far away from the optimal solutionthe
greedysolutionis.

Figure 10: Samenumberof 734 circular splatsgeneated
by point cloud simpli cation [PGKO02] (left) and by our al-
gorithm(center)with respectiveunningtime4:5 secand 12
secandapproximationerror 0:29% and0:2%. Theright g-

ure showsour sub-samplingesultat 0.29%error usingonly
493splatscreatedin 16 seconds.

6.3. Comparing to Mesh Simpli cation

We alsocompareour resultsto the well-establishedyreedy
mesh simpli cation algorithm [GH97]. Triangle meshes
have the advantageover circular splatsthat they canadjust
anisotropicallyto the local minimum and maximumcurva-
ture while disk-shapedsplatscan only adjustisotropically
to the maximumcurvature.On the otherhand,splatrepre-
sentationsare more e xible sincethey do not have to sat-
isfy c? continuity conditionsbetweerthelinear piecesOur
experimentsndicatethatthetwo advantagesomavhatbal-
anceeachotherbut the e xibility of splat-basedepresenta-
tion (evencircularones)almostalwaysleadsto bettervisual
quality aswell asto lowerk ki approximatiorerrorwhen
usingthe samenumberof primitives(cf. Fig. 11).

By comparingFig. 11 with Fig. 4 we seethat elliptical
splatsyield the samevisual quality while usingabout30%
fewer primitives.
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Figure 11: Torussimpli ed to meshesvith 367 verticesand
734faces(left), 734 verticesand 1468faces(center)by the
greedyalgorithm [GH97] and sub-sampledvith 734 circu-
lar splatsbyour algorithm(right). Theapproximationerrors
are 0.66%, 0.38% and 0.2% respectivelyThe modelsare
rendeed with Phong-shadedriangles and Iter ed Phong
splats[BSK04.

7. Conclusions

In this paperwe presented sub-samplingscchemeahatcon-
vertsadensesetof pointsamplesnto asparsesetof circular
of elliptical object-spaceplatsthat provide a hole-freeap-
proximationof the original dataup to a prescribecerrortol-

erancee. The schemechievescomparablylow splatcounts
anduniformsplatdistributionby applyingaglobaloptimiza-
tion schemeThe schemes not asfastas pure greedyap-
proachesut theincreaseadtomputatiorcostsarepaidoff by

aconsiderablymprovedoutputquality.

In the future we are planningto improve the algorithm
into variousdirections: The initial splatcandidategenera-
tion couldbeacceleratedigni cantly by quantizingheleast
squaresiormalsandthensaving computationtime by gen-
eratingsplatswith similar orientationsimultaneouslyAlso,
the splat count could be further reducedby using a less
conserative estimatefor the hole-freeproperty This would
only mamginally changeour algorithm sinceall forcesare
only de ned by set-operation®n the coveragerelation Ce.
Anotherissueis the properhandlingof sharpfeaturego ex-
ploit the full functionality of recenthigh quality splatren-
dererssuchas[ZRB 04, BSK04].
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Figure 12: The Charlemane model(left, 598K points) apptoximatedwith disk-shapedsplatsby settingthe relative error
thresholdto e= 0:03% (middletwo, 66401splats)ande= 0:1% (right two, 17445splats).

Figure 13: Fromleft to right in top row are the sub-sampledgea modelswith 218 1621, 10737 and 29847 Iter ed circular
splatsand deceasingerror e = 0.8%,0.2%,0.05%,0.02%respectivelyThe bottomrow showsapproximationswith 10737
circular splats(left) and8556elliptical splats(middletwo) at sameerror 0:05%andtheir respectiveoom-inviews(right two).

Noticetheimprovedvisualquality of elliptical splats(far right).
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