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Abstract

In this paper we extend the standard method to derive and optimize subdivision
rules in the vicinity of extraordinary vertices (EV). Starting from a given set of
rules for regular control mesheswe tune the extraordinary rules (ER) sud that the
necessaryconditions for C* cortinuity are satis ed along with as many necessary
C? conditions as possible.As usually done, our approac setsup the general con-
guration around an EV by exploiting rotational symmetry and reformulating the
subdivision rules in terms of the subdivision matrix' eigencommnerts. The degrees
of freedom are then successiely eliminated by imposing new constraints which al-
lows us, e.g.,to improve the curvature behavior around EVs. The method is exible
enoughto simultaneously optimize seweral subdivision rules, i.e. not only the one
for the EV itself but also the rules for its direct neighbors. Moreover it allows us
to prescribe the stencils for the ERs and naturally blends them with the regular
rules that are applied away from the EV. All the constraints are combined in an
optimization schemethat seardiesin the spaceof feasible subdivision schemesfor
a candidate which satis es somenecessaryconditions exactly and other conditions
approximately. The relative weighting of the constraints allows usto tune the prop-
erties of the subdivision schemeaccordingto application speci ¢ requiremerts. We
demonstrate our methgd by tuning the ERs for the well-known Loop scheme and
by deriving ERs for a = 3-type scheme basedon a 6-direction Box-spline.
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1 Intro duction

Subdivision shemeshave becomea well-establishedrepresetation for freeform
surfacegeometryin many elds of computer graphics and geometric design
(Zorin and Sdreder, 2000). The mostimportant advantage of subdivision sur-
facescomparedto other freeformrepresetations sud assplines(Farin, 2002)
is that they can be de ned by cortrol mesheswith arbitrary connectivity and
hencecan generateglobally smaoth surfaceswith arbitrary (manifold) topol-
ogy. An e cient algorithm to appraximate subdivision surfacesis to apply a
subdivision operator to the given cortrol mesh.This generatesa sequenceof
mesheswvhich quickly convergeto a smooth limit surface.A subdivision opera-
tor consistsof a splitting rule that re nes the meshresolutionby inserting new
vertices and splitting faces,plus a smathing rule that computesnew vertex
positions by weighted a ne combinations of old vertex positions.

During the last years, many di erent sthemeshave been proposed(Catmull

and Clark, 1978;Doo and Sabin, 1978;Loop, 1987;Dyn, 1992;Kobbelt, 1996;
Peters and Reif, 1997; Kobbelt, 2000; Velho and Zorin, 2001) and attempts
have beenmadeto classifythem accordingto variouspropertiessud asprimal

vs. dual splitting rules, tensorpraduct smaothing rules vs. non-tensorpraluct,

or interpolatory vs. appraximating. One commontheme in the derivation of
all these shemesis that one usually starts with a subdivision stheme for
regular meshesand then derives special smoothing rules for the vicinity of
extraordinary vertices (EV) (with valenceé 6 for triangles meshesor valence
6 4 for quad meshes).

Sincethe regular rules are often taken from the uniform knot-insertion oper-
ator of some(Box-) spline surface(de Boor et al., 1994), the analysisin the
regular caseis usually trivial: by construction the re ned meshescorvergeto
piecewisepolynomial surfaceswith a known degreeof smoothnessbetween
the patches.Moreover, we can construct sihemesof arbitrary smaothnessby
applying repeated averaging operators to the mesh (Stam, 2001; Zorin and
Sdireder, 2001).

What then remainsis the derivation of extraordinary smoothing rulesin the
vicinity of EVs and the analysisof the resulting limit surface.Sincethe split-
ting rules do not introduce new EVs during subdivision, it is sucient to
chek the smoothnessat an isolated point. The known necessaryconditions
for the smoothnessof a subdivision surfaceat an EV are typically formulated
in terms of the eigenstructureof the subdivision matrix (Doo and Sabin,1978;
Ball and Storry, 1988;Reif, 1995;Warren and Weimer, 2002).This matrix is a
represemation of the linear operator which mapsa given meshneighborhood
of an EV to the sameneighborhood on the next re nemernt level.



The standad approat to nd extraordinary rules (ER) is to apply somege-
ometric heuristic that leavesjust one free parameter (Doo and Sabin, 1978;
Loop, 1987; Kobbelt, 2000). Then this parameter is chosensud that cer-
tain conditions on the eigenstructureof the resulting subdivision matrix are
satis ed. By this approad exactly one valencedependen extraordinary rule
is found and all degreesof freedom are used up by satisfying one speci c
necessaryC? conditions (in addition to satisfying the C! conditions by con-
struction). We are generalizingthis approad by using a genericconstruction
of feasible subdivision sdhemeswhich provides seveal free parametersthat
can be usedto satisfy more constrairts.

Another, purely algebraic, approad is to start with somedummy ER and
then modify the eigenstructureof the resulting subdivision matrix sud that
the necessarnC*! (or even C?) conditions are satis ed (Prautzsch and Umlauf,
1998). Although this approad provides more exibilit y with respect to the
smaothnessconditions, it modi es all rulesin the analysedneighborhood of
the EV causingthe stencilsto cover the whole one-ring neighborhood after the
modi cation. More recenly, Loop (2002) proposedan improved versionof his
stheme, also basedon the samelarge stencils, where Chelyshev polynomials
arejudiciously usedin orderto cortrol the value of the di erent stencils'coe -
cierts. It resultsin a shhemewhich hasthe corvex hull property in addition to
boundedcurvature. Howewer, in the di erent approadespreseried above, no
special cortrol is exertedon the eigervectors. As a concequencesomecurva-
ture eigervectorscan se\erely violate somenecessaryC? cortinuity conditions
and although the stheme has bounded curvature, indesirable atness can be
generatedat the EVs. This phenomenoncan be obsened in (Loop, 2002,Fig-
ure 5(d)), whereafter the rst stepof subdivision of a saddle-like cortrol mesh,
the rst ring around the EV is almost at.

Finally, Umlauf (1999) usesfairness functionals in order to determine the
subdivision matrix' eigencompnerts by energy minimization. Howe\er, this
method leadsto non-stationary sthemesand doesnot provide cortrol over the
stencils of the subdivision rules. In cortrast, our goalis to derive stationary
subdivision rules with prescriled stencils.

In this paper we are proposing a construction for the ER which extendsthe
standard approat. We usethe well-establishedmethod wherethe subdivision
matrix is setupin its generalform. By represeting the subdivision matrix in
terms of its eigervectorsand eigervalues,it is easyto take natural restrictions
like rotational symmetry into accoun. From this state, we shov how to derive
the degreesof freedomand how to eliminate them by imposing further con-
straints emergingfrom the application of the regular smoothing rule for the
verticesin the 2-ring neighborhood and from fundamertal properties of the
characteristic map. Eventhough C* cortinuity is not guararteedtheoretically,
our experimerts have always provided C?! cortinuousscdemes.The remaining



degreesof freedom are usedto appraximately satisfy further C2? conditions
sud asthe well known bounded curvature condition (Doo and Sabin, 1978)
or arecertly investigated quadratic precisioncondition (Gerot et al., 2004).

We point out that through our formulation of subdivision rulesand constrains
in terms of the subdivision matrix' eigencompnerts, we can choose which
rulesareto be modi ed (one or seweral) and we can prescribe the stencilsand
symmetriesfor theserules. On the other hand, we can directly cortrol the
eigenstructure,e.g., by setting the subdominant eigervaluesappropriately.

In the following we will rst review the theoretical badkground to setup the
notation usedthroughout the paper. Then we will explain the generalproce-
dure that de nes the eigervectors and eigervaluesof the subdivision matrix.
Finally we will demonstrate how topa_pply this technique to the well-known
Loop subdivision shhemeand anew  3-type subdivision schemederived from
a 6-direction Box-spline. The choice of the 6-direction Box-spline emphasizes
the ability of our technique to deal with complicatedsubdivision shemehav-
ing large support and complexeigervalues.For this reason.this paper focusses
on triangular lattices. The application of our approad to Catmull-Clark's
stheme (Catmull and Clark, 1978) and more generally to quadrilateral lat-
ticeswill be the topic of our future work.

2 Theoretical background

In recursive subdivision, the operator which mapsthe vicinity of an EV into
the samevicinity on the next re nement level is called the suldivision matrix .
Ead row of the subdivision matrix is a smaothing rule which computesa new
vertex asan a ne combination of verticesof the original mesh.

The corvergencebehavior of a subdivision scheme at an EV is completely
de ned by the eigencompnerts of its subdivision matrix. All standard tools
to analysethe limit surfacecortinuity at an EV are basedon this eigenstruc-
ture (Reif, 1995;Zorin, 1997; Peters and Reif, 1998; Prautzsd, 1998; Zorin,
2000; Peters and Umlauf, 2001). Moreover, the eigencompnerts have a nice
geometricinterpretation: they can be consideredas a local Taylor expansion
whereone term is de ning the limit point, two more terms are spanningthe
tangert plane (Ball and Storry, 1988),and yet three more de ne the curvature
behavior (quaditic natural con guration) (Sabin, 2002).As a consequencée
componerts de ning the tangert plane are responsiblefor C* cortinuity and
the curvature componerts are responsiblefor C? cortinuity.

For our purposes,we considera two-rings con guration around an EV in a
triangular lattice. Let 1; ; ; ., s sbethe sixlargesteigervaluesofthe sub-
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Fig. 1. Local parametrization around a valency n EV when we consider the
two-rings neighborhood. We point out the special indexing of the secondring ver-
tices used in order to keep notations simple in the equations X! = coq2j n)R;
and Y = sin(2} n)R;j. On the left, the vertices de ned by the two subdominant
eigervectors X and Y . On the right, the minimal set of parameters necessaryto
fully de ne the rotationaly symmetric parametrization.

division matrix andlet X = [X/]andY = [Y!] betwo orthogonaleigervectors
for the double eigervalue . In our notations, the lowerscript i is the intra-
sectorindex of the verticesand superscript j is their cyclic index (seeFig. 1).
The two vectorsX andY inducea local parameterization(characteristic map)
with respect to which the subdivision sthemereproduceslinear polynomials.
By exploiting rotational symmetry we can transform the coordinate system
fX;Y ginto polar coordinatesand it is su cient to de ne the vector of radii
R = [0;Ry;R2; R3] sinceR, X and Y are linked by X! = cos(3 »)R; and
Y! = sin(2j ,)R; with , = =nandn isthe valencyof the EV (Fig. 1). The
con guration can be scaledsud that the rst ring is at a radius of unity, i.e.
R; = 1.1t is then enoughto considerthe vector of radii R = [0; 1; R,; R3] in
order to de ne the tangert plane con guration.

The condition 1> j j> max(j j;j sj) is necessarffor C! smaoothnessat the
EV. It isewensu cient if the characteristic map is regular and injective. The
subdominart eigervalue de nes the shrinking factor by which the sizeof the
local con guration is scaledin every subdivision step (Fig. 2(a)). In the opti-
mal setting, the valuefor j j equalsthe shorteningfactor of the edgescause@;_/
the re nement operator, e.g.j j = 1=2 for binary subdivisionand j= 1= 3
for 3 subdivision. If the actualj j happensto deviate signi cantly from that
optimal value, the face shrinkage near the EV is much faster or much slower
than elsewherewhich leadsto the so-calledpolar artifact (Sabin and Barthe,
2002) (Fig. 2(b)).

The conditionsfor C? cortinuity are much harderto satisfy. Henceoneusually
restricts to certain necessaryconditions which do not imply C? but at least
guarartee preferablebehavior nearthe EV. First of all one hasto make sure
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Fig. 2. (a): One sector of the two-rings con guration in the tangert plane and the
action of the subdivision operator S. (b): lllustration of the polar artifact. The top
of the gure hasbeende ned by a regular control meshand the bottom by regular
rings around a valency 14 EV. Both meshesare shawn after thr ee subdivision steps
using the standard Loop's stheme. While the size of the polygonesremains the
samein the regular case,we can clearly seeits distortion in the vicinity of the high
valencyEV (j | 1=2).

that only three eigervectorsin uence the curvature behavior, which is guaran-
teedif in addition to the C* condition 1> j j > max(j ;] sj) all other eigen-
valuesare strictly smallerthan min(j j;j sj). Additionally onewould like to
have boundel curvature (Doo and Sabin, 1978)which requiresj j=j sj= 2.
Local quadatic precision (Gerot et al., 2004)with respectto the characteristic
map parameterization follows from the componerts of the quadratic natural
con gurations which correspnd to the eigervalues . and the two . We
notice that there is no proof that the property heredenotedaslocal quadatic
precision and which is de ned below actually implies the quadatic precision
of the limit surfacein the vicinity of the EV. Howewer as showvn by Gerot et
al. (2004), the local quadatic precision is a necessarycondition for C2 con-
tinuity and it is a fundamertal criterion that needsto be satis ed in order
to improve the stheme'sbehavior at EVs. The eigervectors asseiated with
the eigervalues . and the two ¢ correspnd to the quadratic polynomials
x2+y2 Z.(with Z. > 0), 2xy and x? y? respectively whosecoe cien ts are
geometricallyinterpreted asaltitudes over the tangert planede ned by X and
Y . We distinguish the elliptic con guration, denotedascup con guration with
the eigervalue . and the vector of altitudes C,; = [Ci] from the two hyper-
bolic con gurations, denotedassadde con gurations with eigervalues ¢ and
the vectors of altitudes S}, = [cos(4 =2)S] and S%, = [cod4j ) Si].
The sthemehaslocal quadiatic precision if in addition to boundel curvature,
it satises [Ci] = [R? Zc] and [S]] = [R?] (deducedrespectively from the
conditions[Ci] = [(X])?+ (Y/)? Z], Sg = [2X{Y/]=[cod4j n =2)R}]

alt

and SZ, = [(X])2  (Y/)?] = [cog4j n»)R?).
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Fig. 3. One sector of the two-rings con guration and the action of the subdivision
operator S in (a) the cup con guration and (b) a saddle con guration.

In the cup con guration, the certral vertex lies at the altitude Z. and all

the verticessharingthe samering lie at the samealtitude. Hence,this con g-

uration is de ned by a vector C = [Z; C;; C;,; C3] and onceit is scaledsut

that C, =1 Z, it is enoughto considerthe vector C = [Z.;1 Z;Cy; Cq]

(asillustrated in Fig. 3(a)). On the other hand, the two saddlecon gurations

are rotationally symmetric for valenciesgreaterthan 4, sothat they generate
idertical conditions exceptfor the low valencies3 and 4 wherethey haveto be

consideredndividually. In the generalcase(valency> 4), avertex (X/;Y/) in

asaddlecon guration liesat the altitude Z! = cog4j ,) S; sothat it is enough
to conciderthe vector S = [0; 1; S;; S3] to de ne the saddlecon gurations (see
Fig. 3(b)). In the special caseof valency 4 , one saddle con guration is de-
generatedand in the caseof valency 3, both con gurations are degenerated.
The full study of thesecon gurations remainsan unsoled researb problem

which is outside the scope of this paper. Howewer, in order to addressthe

polar artifact for theselow valenciesaswell, all eigervectorscomingfrom the

degeneratedcon gurations are not consideredand the correspnding eigen-
valuesare setto a value which is strictely lessthan ? sothat the curvature is

boundedand the miss-kehavior which can be introducedby the degenerated
componerts vanishesin the limit.



3 General approach

In the vicinity of EVs, the subdivision stheme behavior is usually improved
by computing a set of stencils' coe cien ts sud that the subdivision matrix
has someprescribed eigencompnerts in the tangert plane, the cup and the
saddle con gurations. By doing so, a subdivision stheme with the desired
eigensgctrum is locally de ned around the EV and subdivision step after
subdivision step, it generatesnew rings that will be later subdivided with
the regular rules. In previouswork, only the verticescomputedusing ERs are
concideredin the analysis,and the irregular triangle fan is consideredwithout
taking into accourt the areawherethe regular and ERs overlap. As a result,
no compatibility is ensuredwherethe in uence of thesetwo schemes(regular
and irregular) overlap and this often producesundesired atness at the EV
and ripples wherethe rules blend.

The key of our approad is to begin from the regular rules which de ne the
outer rings around the EV and to go from outside in up to the de nition of
the ERs. This reverse engineeringprocesscan be understood by looking at
the behavior of the subdivision sdhemearound a n-sided hole instead of a va-
lency n vertex. Following this idea, we proceedin three steps:First, we decide
which vertices are to be computed with ERs and which are to be computed
with regular rules. We then cortinue by reformulating the regular subdivision
rules in ead con guration, in terms of the di erent eigencompnens. This
gives us the set of equationscortrolling the overlapping area, plus the set of
degreesof freedomavailable to improve the sdhemebehavior. In the second
step, as done with the regular rules, we reformulate the ERs in order to ex-
pressthe ERs' coe cien ts in terms of the degreesof freedomand in the last
step, we apply constrairts improving the scheme behavior on the degreesof
freedom.The constrairts are expresseds a least squareproblem, which once
minimized, provides a set of eigencompnerts from which the correspnding
ERS' coe cien ts are computed.

We considertwo levels of tuning: One whereall the subdivision rules but the
certral oneare regular, and the other wherethe regular rules de ne only the
two outer rings (leaving the rule for the onering and the certral EV irregular).

3.1 Reformulation of the regular suldivision rules

As illustrated in Fig. 2(a) and 3, the application of the subdivision operator
performsonestep of subdivision in the di erent con gurations (tangert plane,
cup andsaddle),i.e.eath componert of a subdivided con guration is computed
from the original con guration using the suitable subdivision rule. We call re-



Fig. 4. lllustration of the reformulation of a regular subdivision rule f 3 in the tan-
gert plane con guration in the caseof a standard diadic scheme. This regular rule
computes jR3 (seeFig. 2(a)) in terms of the tangernt plane con guration's com-
ponerts: j jRz = f 2"9°"(Ry; Ra).

formulation of a suldlivison rule the expressiorof a subdivided con guration's
componert as an operator applied to the non-suldivided con guration. The
subdivision rules are ane combinations denotedf ©™ if the rule is regular
and £°" if it is extraordinary. The lowerscript i is the intra-sector index of
the new vertex generatedby the application of the subdivision rule (i = 0
for the new certral vertex, i = 1 for the new rst ring vertices, etc) while
the superscript index conf denotesthe con guration in which the subdivision
rule is applied. In Fig. 4 we illustrate the reformulation procedure,and in this
example,the reformulation of the regular subdivision rule f 3 in the tangent
plane provides the following equation:

j jRa= 7" (Ry; R3)
= 3+ ¢} (2c0s(2,) + 2Rpc0g 5) + Ra)

We now reformulate the regular subdivision rules in the di erent con gura-
tions and we derive the set of degreesof freedom that we will be able to
manipulate in order to tune the sthemeat the EV, dependingon the selected
level of tuning.

3.1.1 Tangentplane con guration

A sdeme’s con guration in the tangert plane is de ned by the subdomi-
nant eigervalue and its assaiated vector of radii R. In the standard tech-
niquesusedto derive ERSs, only the rst ring is considered(Doo and Sabin,
1978; Prautzsdh and Umlauf, 1998). This generic con guration has a one-
dimensionalvector R = [R;] with R; = 1 when scalingthe parametrization
accordingly Hence, the onering con guration provides a unique degreeof



freedom:The shrinkagefactor . When ERs are usedfor both the certral ver-
tex and the onering neighborhood, all the componerts of the con guration
are set by the ERs. Howewer the boundary of the n-sidedhole de ned by the
regular rules is the secondring and since only the one-ring con guration is
concideredfor the construction of the ERs, none of its eigencompners can
be accessedThis leavesno cortrol on the areawherethe regular and the ERs
overlap. Therefore, we prefer to considerthe two-rings genericcon guration.
It is de ned with a vector of radii R = [0;1;R;; R3] and it provides thr ee
degreesof freedomwhich are the shrinkagefactor and the two radii R, and
Rs (Fig. 2(a)).

Whatever the chosenlevel of tuning, we reformulate the regular rules gener-
ating the secondring and we obtain the following equations:

J JR3= féangent(Rzi R3)
j iRo= 18" (Rzi Ro);

We note that eat application of a regular rule eliminates one degreeof free-
dom in the con guration, henceat this stage, only one degreeof freedom
remainsin the tangert plane con guration.

One hasnow to decidewhich level of tuning is to be used:

(1) Usean ER only at the EV itself: The regular rule is then reformulated
to derive eigencompnerts of the rst ring:

jj=17"""(RyRa):

It leadsto minimum modi cations of the original stheme, but the con-
guration is fully set by the regular rules and it does not provide any
degreeof freedom.

(2) UseERsat the EV andfor the rst ring: It providesonedegreeof freedom
which can be usedto give more analytic properties at the EV (bounded
curvature,...), but it leadsto more modi cations of the original scheme.

3.1.2 Cup-like con guration

The behavior of the curvature dependson a cup-like and a saddle-like con gu-
ration. We rst identify the degreesf freedomgiven by the cup con guration.
Curvature behavior in a cup con guration is de ned by the subsuldominan
eigervalue . and its assaiated vector of altitudes C. We mainly apply the
sameprocedureasthe oneusedfor the tangert plane,with the di erence that
the cup eigervector hasan additional componert Z..

In the two-ringsgenericcon guration, C isfour-dimensionaland equals[Z; 1

10



Fig. 5. lllustration of the reformulation of a regular subdivision rule f3 in the
cup conguration in the case of a standard diadic scheme. This rule com-
putes j ¢jCz (see Fig. 3(a)) in terms of the cup con guration's componerts:
j ciCa=1f3"(Ze;C2Ca) = (1 Zo)+ F( Ze+ 2(1 Zc) + 2Co + Cy).

Z.; Cy; C3]. Hence,the con guration provides four degreesof freedomwhich
are the shrinkagefactor ., the displacemen Z. and the altitudes C, and C;
(Fig. 3(a)). As in the tangert plane, the compatibility of the ERs and the
regular rules have alsoto be guararteed. It is done by reformulating the reg-
ular subdivison rules a ecting the secondring asillustrated in Fig. 5 and it
providesthe following equations:

j dCs= f:;:up(zc; C2; Cy)
j dCa= fgup(zc; Cz; Cs):
The two levels of tuning yield the following degreesof freedom:

(1) The regular rule is reformulated to derive the eigencompnerts of the
rst ring:

j cj(l Zc) = ffup(zc; CZ;C3);

leading us to thr ee equationsfor four unknowns. Hence, unlike in the
tangert plane, the con guration provides one degreeof freedom.
(2) In this case,there are two degreesf freedomleft.

3.1.3 Sadde-like con guration

Curvature behavior in a saddle con guration is de ned by the subsuldomi-
nant eigervalue ¢ and its assaiated vector of altitudes S. This con guration
and its treatment is very similar to the tangert plane con guration. In the
two-rings genericcon guation, the vector S equals[0; 1; S;; S3] and the con-
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Fig. 6. lllustration of the reformulation of a regular subdivision rule f3 in the
saddle con guration in the case of a standard diadic scheme. This rule com-
putes j sjSz (see Fig. 3(b)) in terms of the saddle con guration's componerts:
j siSs= f52998(Sy;S3) = ¢ + ¢} (2cog4 1) + 25,092 ) + S3).

guration providesthr eedegreesf freedomwhich are the shrinkagefactor ¢
and the altitudes S, and S; (Fig. 3(b)).

In this con guration again, we have to guarartee the compatibility between
the ERs and the regular rules. Hencewe reformulate the regular subdivision
rules in terms of the degreesof freedom of the secondring as illustrated in
Fig. 6. This givesus:

J siSs= fgsaddle(szi Ss)
J siS2= fzsaddle(szi Ss):
The two levels of tuning yield the following degreesof freedom:

(1) The regular rule is reformulated to derive the eigencompnerts of the
rst ring:

j sj - ffaddle(sz; 83),

removing the last of the thr ee original degreesof freedom.
(2) Whenthe rst ring is free, there is one degreeof freedomleft.

3.2 Derive irregular rules

In order to provide a shemewhosesubdivision matrix is expressedn terms
of the degreesf freedomgiven by the di erent con gurations (tangert plane,
cup and saddle), we reformulate the ERs in terms of the eigencompnerts of
eadt con guration. When we usethe ER only at the EV, the rule only a ects

12



the cup con guration (sincefor the other eigervectors, the certer componen
is zew) and the con gurations provide a singledegreeof freedomwhich is ..
The reformulation of the ER g in terms of the cup's eigencompnens gives
us the following equation:

J dZc= f~(‘):up(zc; C,; Cy); (1)

from which we derive (we useMaple to do this) a coe cient ¢ of the ER g
expressedn terms of the unique degreeof freedom :

0

@ = ol o):

When we useERs at both the EV and the rst ring, the con gurations give
us a set of four degreesof freedomdenotedD. The set D hasto be chosen
with one degreeof freedom coming from the tangert plane con guration,
two coming from the cup and one coming from the saddlecon guration. For
instance,D canbesetasD =f ; (;Z.; sg. The rst-ring ER f7 a ects ewvery
con guration, and its reformulation in ead of them gives us the following
equations:

ji= "9 (R;Rs) )
j (@ Ze)=f1™(Ze; Cy; Ca) 3)
j o = f70de(s,; S;): (4)

This systemof thr ee equationsallows us to expressup to thr eecoe cien ts ¢!
(i=0:N; 1,N. 3)ofthe ER f7 in terms of the degreesof freedomD:

¢t =c¢(D); i=0:N, 1

The introduction of three equations(2, 3, 4) removesthree degreesf freedom
from D. Howewer, at the sametime that they remove degreesof freedom,
these equationsintroduce the coe cien ts of the ER as new unknowns, and
for eat of them, one degreeof freedomis reinsertedin the system. Sincethe
ER's coe cien ts are expressedn terms of the degreesf freedomD, oncethe
ERs are reformulated, we obtain a nal set D of degreesof freedomwhose
dimensionis N + 1 (where N. is the number of coe cien ts provided by the
ER).

The ER fj5 displacing the EV acts only on the eigervector correspnding to
the cup confuguration and the rule is reformulated with equation (1) in order
to expressa coe cient ¢ of the ER as:

¢ = Go(D):

13



All the eigencompnerts of the thr ee con gurations are now expressedin
terms of the nal degreesof freedomD using the equationspresened in Sec-
tions 3.1.1,3.1.2and 3.1.3. This concludesthe secondstep of our procedure
and we can now constrain the eigencompnerts in order to imposemore ana-
lytic propertiesto the stheme.

3.3 Minimization process

3.3.1 Analytic properties

Sincewe want to increasethe quality of the stheme'scurvature and reducethe
polygon distortions around the EV, we proposeto provide the sdheme with

the most of the following properties: bounded curvature (for cup \bcc” and
saddle\ cs"), local quadratic precision(for cup\Igpe" and saddle\ Igps’) and
no polar artifact \ pa". Thesepropertiesare detailed in Section2. The generic
con gurations do not provide enoughdegreesof freedomto satisfy all these
properties and in order to satisfy the most important oneswhile taking the
othersinto accoun, we proposeto usea least squareminimization:

F = pbchbcc+ pbcstcs+ plqchquc+ plqpsFqus + ppana; (5)

wheremap F is the function to minimize, mapsFy measurethe failure to meet
the property x and scalarspy set their priority in the minimization process.
Even though the minimization processis a heuristic approad which doesnot

provide theoretical insight into the structure of the spaceof possiblesolution

and into how the tuning of oneproperty a ects the others, it hasthe important

advantage of providing a solution even when an exact approad fails to yield

provable properties. The mapsFy are de ned asfollows (seeSection2 for the

value of Polar in Eg. (6)):

Foee= ( ¢ 2)2

Foes= (s 2)2

Fepe= (C2+ Z¢ R3*+ (C3+ Z Rj)?

Fps=(S2 R3)*+ (S3 Rj)?

Fpa= ( Polar)? (6)

When we usethe ER at the EV, the single degreeof freedomavailable is ..
Hence,we can only manipulate the componerts of the cup con guration and
it is natural to bound the cup componert of the curvature. This is done by
setting ppcc = 1 and all the other priorities px = 0. In this case,our geometric
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construction leadsus to the samefreedomand the sameanalytic solutionsas
the standard methods usedto derive the ERs.

When the ERs are usedat both EV and rst ring, we have more freedomand
more tuning can be performedon the schemeby choosingdi erent valuesfor
the priorities py.

3.3.2 Constraints

The analytic properties represeted in map F (Eqg. (5)) are focussedon the
improvemen of the subdivision sdheme behavior. They do not ensurethe
coheren organization of the verticesin the characteristic map, the variation
diminishing property, the corvex hull property and the correct ordering of the
eigervaluesaccordingto the blocks in the Fourier transform of the subdivision
matrix.

Thesefour fundamertal properties are introduced in our minimization pro-
cess,adding someconstraints which are formulated using \barrier" functions
By (well known in the litterature as exmnential penalty functions (Alvarez
and Cominetti, 2002)). Our barrier functions are expresseds follows:

Bx = axexp( b(X Ly)); ay > 0;

where X is the constrainedvariable, Ly is its minimal value if b, is positive
and its maximal value if b, is negative. The amplitude of coe cients a, and
b, cortrol the barrier sharpness(in our application we use a, = 1=2 and
b, = 500).

To ensurea coherem organization of the verticesin the characteristic map
and to avoid axial oscillations, we constrain the eigervector componerts of
the tangert plane asfollows (n is the valency of the EV):

R2>cosﬁ ; Rz > 1,

The variation diminishing property is taken into accourt by prefering mono-
tonic (radially decreasing)pasisfunctions assaiated with the EV. We express
this constraint by ensuringthat the in uence of the certral EV on the new
vertices decreasewith increasingradius. We denote as ¢, the coe cient of
the j ! ring subdivision rule which weighsthe EV (j = 0 correspndsthe EV
subdivision rule). Thesecoe cien ts are sorted asfollows:

&> d> &
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The convex hull property is satis ed if all ER's coe cien ts are positive. Subdi-
vision rules are a ne combinations and hence,the coe cien ts of an ER must
sum up to unity. This is automatically ensuredwhenthe N+ 1 coe cients
of the j!" ER are de ned by the set olgfree coecientsfdg, i = 0:N. 1land
the (N.+ 1) coe cien't is setto 1 i & . The conditions for the corvex hull
property are then:

. X
d>0 for i=0:N, 1 and 1 g >0

Furthermore, we have to provide a correct ordering of the eigervalues.We can
directly constrain the eigervalues of the di erent con gurations: 1 > j | >
max(j ¢j;j sj), but it is more complicated to guarartee that min(j j;j sj)
is greater than any other eigervalue (which is not and 1). To be rigorous,
we have to analysethe subdivision matrix in the frequencydomain (Ball and
Storry, 1988;Stam, 1998)in order to derive the equationsof all the di erent
eigervaluesfor the di erent valenciesof the EV.

Howewer, the largesteigervalue is in generalone of the dominart eigervalues
of the di erent frequencyblocks and they canbe computedusingthe interpre-

tation preseted in Section?2 for the tangert plane and saddlecon gurations.

At ead pair of frequencies ! (0< jl'j n=2) correspndstwo rotationally

symmetric generic con gurations, so that we can restrict ! to the frequen-
ciesO < ! n=2. For a frequency! , the con guration has the dominan

eigervalue ' andthe asseiated vector V' = [0;1;co42! )V, ;V; ], e.g.the

tangert plane con guration correspndsto ! = 1 and the saddlecon gura-

tions correspndto ! = 2. For! > 2, the eigervalueshave to be expressed
in terms of the degreeof freedomD in orderto be compatibleto our formula-

tion of the minimization process.This is doneby solving the following system
of equations:

Ve =15(V50V;) (7)
j Vs =15(V25V5) (8)
=tV V) 9)

and this leadsus to the following conditions to provide a correct ordering of
the eigervalues:

jli<mingG dii &), ! = 3n=2

We strongly recommendto try theseconditions rst, becauseit avoids the
computation of the subdominart and the subsuldominart eigervalues(for all
valencies)which is in generalvery complexdueto the large matricesproduced
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by the two rings con guration and the free coe cients of the ERs. In our
practical examples,theseconditions always ensuredadequateresults.

Other constraints can be combined, like for example bound the componerts
of the cup and saddleeigervectors, etc.

All the inequalitiespresetied above are formulated in terms of \barrier" func-
tions By and their sum givesus the penality function B to add in the mini-
mization process.The nal function Fsi,5 to minimize in terms of the degrees
of freedomis then:

Ffina = F + B:

The minimization of Fs i,y providesusthe valuesfor the degreesf freedomin
D and we just have to plug them into the equationsde ning the coe cients
d to obtain the ERs.

4 Practical examples
4.1 Loop's suldivision

We now apply our genericprocedureto Loop's subdivision (Loop, 1987) be-
causethis sthemeis widely usedand any improvemert hasimmediate practical
applications. As pointed out in Section 3.2, in the con guration where only
the rule for the EV is used,our approad leadsto the sameresultsasthe stan-
dard ones.For this reason,we focus on the con guration wherethe rules for
both EV and rst-ring areirregular. We remind that Loop's schhemedoesnot
generateany lattice rotation through subdivision and hence,the eigervalues
of the subdivision matrix are real.

In the tangert plane, the genericcon guration and the di erent subdivision
rules are showvn in Fig. 7. The reformulation of the regular subdivision rules
(Section3.1.1) givesus:

R 3= 1=16(10+ 2cos(2) + 2R, cog ) + R3)
R ;= 1=16(12cos() + 2R5);

wheren is the valencyof the EV and = =n.

The reformulation of the regularrulesin the cup and the saddlecon gurations
is donein the samemaner (Sections3.1.2and 3.1.3) and it provides the set
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Fig. 7. On the left, one sector of the two-rings con guration in the tangent plane
and the action of one step of subdivision, in the caseof Loop's subdivision. The
componerts derived from the regular rules are drawn with squaresand thosederived
from the ERs are drawn with circles.On the right, the di erent regular and irregular
subdivision rules.

of equations:

CC3: 1216( ZC + 12(1 ZC) + 2C2 + C3)
Co=1=16( 2Z.+ 12(1 Z.) + 2C))
sS3=1=16(10+ 2cos(4) + 2S5,c092 ) + S3)
sS, = 1=16(12cos(2) + 2S,) :

At this stage,the thr eegenericcon gurations give usa setD of four degrees
of freedomwhich canbe chosenasD = f ; (;Z. 0.

We now look at the ERS' coe cien ts (following the procedure presened in
Section 3.2). The reformulation of the ER applied on the rst ring givesus
the thr ee equations(from Eq. (2,3,4)):

=2ccog2 )+ (1 ¢ 2
(1 Zo= Ctl)zc"' 2C§1L+ (1 C%) ZC%) 1 Zzy
s=2cicod4 )+ (1 ¢ 20);

and the reformulation of the ER appliedto the certral vertex givesus (Eqg. (1)
in Section3.2):

Ze= GZe+ (1 @)1 Zo):

The rst-ring rule hastwodi erent coe cien ts (Fig. 7), hencethr eedegreeof
freedomare removed by the equationsand two are restoredby the coe cien ts
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cs and ci: The nal dimensionof D is three and it can be chosenasD =
f; ¢ s0. All coe cients andeigencompnerts of the di erent con gurations
are expressedn terms of the thr ee degreesof freedomD . Before writing the
function F which will be minimized, the systemof equationscortrolling the
ordering of the eigervalueshave to be solved (Eq. (7),(8),(9) in Section3.3.2).
For Loop's scheme, we obtain a simple closedform solution for ' which is:

''=2ctcoq2! )+ (1 ¢ 20):

From this equation,j 'j is expressedn terms of the degreesof freedomD for
I = 3:n=2, and the schemeis ready to be tuned.

One has now to choosethe value of map F priorities py in order to decide
which analytic properties have to be satis ed. The map Fsina IS minimized
and from the obtained valuesof the thr eedegreesf freedomof D, we directly
derive the ERS' coe cien ts.

Sincewe have thr ee degreesof freedom, we cannot expect to be able to set
all boundedcurvature, quadratic precisionand no polar artifact. Howewer an
improved behavior of the sthemewith respectto curvature or to polar artifact
can reasonnablybe expected. We preser two di erent setsof priorities py:

Pocc = 10G Pocs = 10G Pigpc = 0:01 Pigps = 0:01 Ppa = 0
Pocc = 10; Pocs = 1; Pigpe = 0:00001 pigps = 0:000001 ppa = 100

The rst is focussedon the improvemern of the curvature and allows us to
provide a schhemewith bounded curvature and signi cantly improved saddle
and cup eigervectors (Fig. 10 left). The secondminimizesthe polar artifact,

while maintaining the cup bounded curvature (Fig. 8 and 9). The ERs' coef-
cients correspnding to thesetwo set of priorities are respectively given in

Table 1 and 2. The automatic tuning procedureis not very sensitive to slight

changesin the priorities (we use powers of 10 values) and depending on the
desiredanalytic properties, one can easily generatedi erent versionsof the
scheme.For instance,Fig. 10 (right) illustrates rules optimizing the curvature
while providing a reducedpolar artifact.

This practical implemertation revealedtwo sidee ects that have to be taken
into accoun. The rst comesrom EVs having a valencylessthan 5. As noticed
in Section2, they do not behare like the other valenciesand speci ¢ priorities
have to be used.Here is presened a set of priorities py tuned to reducethe
polar artifact for respectively valency4 and 3 EVs:

Pocc = 10; Ppes = 0:1; Pigpc = 0.1, Pigps = 0; Ppa = 100
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Fig. 10. lllustration of the curvature improvemerts. On the left hand side, a pure saddle control
mesh with a certral valency 10 EV (top, left) is subdivided using standard Loop's scheme (2"
column) and using our rules fully optimized for curvature (3"% column). The ideal curvature lines
generated by a C2 contin uous scheme (bottom, left) allow us to notice the improvemert brought
by our rules in the curvature (bottom row) while preserving the shape (top row). On the right, a
decimated car model is used to shov how a rule tuned to improve the curvature while reducing
the polar artifact corrects somebad behavior of the standard Loop's scheme (closeup on a feature
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Table 1

Our Loop's subdivision ERs fully optimized to improve the curvature. The 2" and
3'd columnsprovide the subdivision rule's coe cien ts for the certral EV and the 4%,
5 and 6" columns provide the coe cien ts to compute the new one-ring vertices

(seeFig. 7).

Valency n c3 1 =n o c 1 ¢ 2d
3 0.32517| 0.22494 || 0.15658| 0.14427 0.55488
4 0.50033| 0.12492 || 0.26721| 0.12495| 0.48288
5 0.59464| 0.081072 || 0.33539| 0.11252| 0.43957
6 0.625 0.0625 0.375 0.125 0.375
7 0.63903| 0.051567 || 0.36909| 0.14673| 0.33745
8 0.67821| 0.040224 || 0.25579| 0.16074| 0.42273
9 0.6866 | 0.034823 || 0.2521 | 0.18939| 0.36911
10 0.69248| 0.030752 || 0.24926| 0.2222 0.30633
11 0.69678| 0.027566 || 0.24706| 0.25894| 0.23506
12 0.70014| 0.024988 || 0.2452 | 0.29934| 0.15612

Table 2
Our Loop's subdivision ERs reducing the polar artifact.

Valency n c3 1 §)=n c ct 1 ¢ 2
3 0.32517| 0.22494 || 0.15658| 0.14427| 0.55488
4 0.49954| 0.12511 || 0.25029| 0.12524| 0.49923
5 0.59549| 0.080902 || 0.34547| 0.11182| 0.43088
6 0.625 0.0625 0.375 0.125 0.375
7 0.63873| 0.051609 || 0.38877| 0.14771 0.3158
8 0.64643| 0.044196 || 0.39644| 0.1768 0.24995
9 0.65127| 0.038748 || 0.40132| 0.21092| 0.17684
10 0.67358| 0.032642 || 0.42198| 0.20354| 0.17094
11 0.68678| 0.028475 || 0.43423| 0.20505| 0.15566
12 0.69908| 0.025077 || 0.44579| 0.19828| 0.15765
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Fig. 11. On the left, one sector of the two-rings con guration in the tangent plane
and the e ect of onestep of subdivision, in the caseof the 6-direction Box-spline 3
subdivision. The componerts derived from the regular rules are drawn with squares,
and those derived from the ERs are drawn with circles. On the right, the di erent
regular and ERs.

Pocc = 10Q Pyes = O; Pigpc = 0:001; Pigps = 0; Ppa = 10

The secondis the generationof a at limit surfaceat the EV whenwe try to
setboundedcurvature without preverting the valuesof the saddleeigervector
componerts to becometoo small (with respect to R3 and R32). If bounded
curvature is not a major priority, the atness canbe avoidedby increasingthe
priority of the saddlequadratic precisionand decreasinghe one of either the
saddleboundedcurvature or the polar artifact.

4.2 6-direction Box-splinep 3 suldlivision

The regular rules of the 6-direction Box-spline P 3 subdivision have beensug-
gestedby Ron (2000) (seeFig. 11, middle for the regular subdivision rules).
This schemeis C2 cortinuousin the regular casebut dueto its complexeigen-
valuesand its large support, it is very dicult to analyse,and sofar, no ER
have beenproposed.Our procedurehandlesthis sdhemein the sameway as
Loop's stheme(Section4.1) and provides practical subdivision rules.

We rst derive subdivision rulesin the casewhereonly the rule for the EV is
irregular. This is doneusingthe procedureexplainedin Section3. It is applied
in the con guration shavn in Fig. 11 with the rule for the rst ring regular
instead of irregular. It leadsus to the standard level of tuning where we only
can setthe cup boundedcurvature ( .= 2). As illustrated in Fig. 12(a), the
generatedsheme producesvery large polar artifacts. Furthermore, the con-
straint maintaining the variation diminishing property (Section3.3.2) prevens
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Table 3

Our 6-direction Box-spline P 3 subdivision ERs. The 2" and 3'¢ columns provide
the subdivision rule's coe cien ts for the certral EV and the 4th, 5t 6th and 7t
columns provide the coe cien ts to compute the new one-ring vertices (seeFig. 11).

n| @& |0 =] ci G G 2

3 || 0.18059| 0.27314 | 0.14431| 0.18751| 0.13445 0.34621
4 0.1466 | 0.21335 || 0.12566| 0.30087| 0.067749 0.13711
5 || 0.29487| 0.14103 | 0.27127| 0.14951| 0.10384 0.22204
6 | 0.33333| 0.11111 || 0.22222| 0.22222| 0.11111 0.11111
7 || 0.44264| 0.079622 | 0.22615| 0.23274| 0.11501 0.078362
8 || 0.49043| 0.063697 || 0.22446| 0.22303| 0.13516 0.059169
9 || 0.56834| 0.047962 || 0.23609| 0.23381| 0.12682 0.042655
10 || 0.61432| 0.038568 | 0.23904| 0.23737| 0.12832 0.029582
11 || 0.64637| 0.032148 | 0.2396 | 0.23693| 0.13367 0.019188
12 || 0.67301| 0.027249 || 0.23895| 0.23741| 0.13831 0.0096209

the sthemeto have cup boundedcurvature for valenciedessthan 6 (Fig. 12(c)
and 14), producing a totally divergen curvature.

In order to improve the sdheme'sbehavior at EVs, we apply our procedure
with both EV and rst ring computed with ERs, using the tangert plane
con guration shown in Fig. 11. The regular rules reformulation gives us a
set D of four degreesof freedom(Sections3.1.1, 3.1.2and 3.1.3), and the
reformulation of the ERs (Section3.2) removesthr eedegree®f freedomwhich
are restoredby the thr ee rst-ring ER's coe cien ts (Fig. 11).

This total of four degreesof freedomallows us to provide the sdheme with

boundedcurvature and cup quadratic precisionfor valencieggreaterthan 6 and
boundedcup curvature for valencieslower than 6. As illustrated in Fig. 12,13
and 14, the improved version of the sdheme exibits nice curvature properties
and the correspnding ERS' coe cients are given in Table 3. It generates
smaoth re ection lines (Fig. 15) while maintaining a reducedpolar artifact.

5 How to treat the rst step of subdivision

When we useERs to treat both EV and rst ring, we can facean ambiguity
at the rst step of subdivision. This situation, happens when two EVs are
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. \
Fig. 14. The rst row illustrates two meshesand their curvature (shown by the re ection lines)
obtained at the vicinity of valencies12 and 4 EVs after seweral steps of our standard 6-direction
Box-spline subdivision. The secondrow illustrates the action of our rules improved for curvature
on the samemeshes.
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Fig. 15. Comparison of the smoothing properties of our curvature improved schemes. The rst
row shows the control meshes,the secondrow shows Loop's subdivision and the third row shows
our 6-direction Box-spline = 3 subdivision. Notice the improved smoothness for the 6-direction
Box-spline, even for rather non-uniform control meshes.
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Fig. 16. Example of construction of a Loop-like one-ring subdivision rule from the
ERs' coe cien ts specially computed to treat the rst step of subdivision. Vertex
New is the new vertex incerted using the subdivision rule, and the others are the
vertices of the original mesh.

adjacent: Which ER should we useto compute verticesof the rst ring?

In this special casewe proposeto useERs whereonly the coe cien t ¢, which
correspnds to the EV can be modi ed. Theserules are derived using our
procedureby setting the other coe cien ts of the ERs to the regular values.
When an ER is applied, ead vertex givesits own coe cien t to the subdivision
rule, andthen the rule is normalised(an exampleof sut a constructionis given
in Fig. 16). This is an ad-hoc solution but it hasthe advantage to remove the
indeterminacy and to provide more than onedegreeof freedomalready at the
rst step of subdivision.

6 Conclusion and future work

In this paper, we have presertied a genericand heuristic procedureto improve
the curvature behavior and the polygon distortions when a meshis subdi-
vided in the vicinity of an extraordinary vertex. This method is derived from
standard techniquesand it allows us to automatically compute irregular sub-
division rules' coe cien ts sud that the generatedsubdivision sthemesatis es
prescribed analytic properties (bounded curvature, quadratic precision, \no
polar artifact”, etc). Two fundamerial advantagesof our procedurehave to
be noticed: It allows usto choosewhich subdivision rules are to be irregular
(we chosethe rules for the certral EV and the one for the one-ring vertices
to be irregular) and to prescribe both the foot-print and the free coe cien ts
of eat of them (we prescribed the foot-prints of our irregular rules to be
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the sameas those of the regular rules and all their coe cien ts are free). We
have demonstratedthe e ciency of our approad on practical examples:We
provide a variant of Loop's subdivision with very little triangle distortions
and bounded curvature, and we have showvn the gobustnessof the method
through the analysisof the 6-direction Box-spline 3 subdivision, providing
the shemewith boundedcurvature and a reducedpolar artifact.

This work leadsus to many directions of further investigation sud asthe ex-
ploration of the di erent schemetuning possibilities, the treatment of bound-
aries and creasesthe application of our generic procedure on quadrilateral
meshesa deeper study of large support subdivision sthemesand additional
improvemers of the curvature behavior in the overlaping area.
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